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Crucial Experiment Concerning the Origin of Meteorites* 


S. F. Smncer 
Physics Department, University of Maryland, College Park, Maryland 
(Received August 6, 1956) 


It is suggested that the He*: He‘ ratio of iron meteorites be measured after the samples have been heated. 
It is anticipated that the ratio will be greater than in corresponding unheated samples. Results of such 
experiments are of importance in dating the breakup of the meteorite’s parent planet as well as for estimating 


the value of the prehistoric cosmic-ray flux. 


N an earlier publication,! we have considered the 

effects of cosmic rays on meteorites, calculated the 
production of helium, and pointed to the production of 
a large fraction of He*. Subsequent experiments? have 
established the presence of He’ in iron meteorites in 
amounts consistent with the calculations. This ability 
of cosmic rays to produce He’ allows us to separate 
uniquely the cosmic-ray produced helium from the 
helium produced by radioactivity. It therefore becomes 
possible to treat the meteorite as a cosmic-ray meter 
which accumulates He’ from the moment of its creation, 
i.e., when its parent planet is broken up.'* The breakup, 
and therefore, the commencement of cosmic-ray ex- 
posure, must have occurred after the formation of the 
parent planet, and after the solidification of its core.‘ 

Some differences have now arisen concerning the 
interpretation of the experimental data. From the 
measured uranium content and radiogenic helium 
content (obtained after subtracting the cosmic-ray 
produced helium) very low ages of solidification have 
been obtained, of the order of one hundred to two 
hundred million years.® Comparing this time period 
with the measured amount of He’, Martin concludes 


* Presented at the [UPAP Cosmic Ray Congress, Guanajuato, 
Mexico, September, 1955. 

1S. F. Singer, Nature 170, 728 (1952). 

* Paneth, Reasbeck, and Mayne, Nature 170, 728 (1952); 
Geochim. et Cosmochim. Acta 2, 300 (1952). 

4S. F. Singer, Astrophys. J. 119, 291 (1954). 

4S, F. Singer, Sci. American 191, 36 (1954); American Asso 
ciation for the Advancement of Science, Symposium on the Origin 
of Meteorites, Boston, December, 1953 (unpublished). 

5G. R. Martin, Geochim. et Cosmochim. Acta 3, 288 (1953). 


that the cosmic ray intensity must have been at least 
three times as large as its present value.® 

We prefer the following explanation: (i) The uranium- 
helium solidification ages are too low because most of 
the radiogenic helium has escaped from the meteorite; 
(ii) however, very little, if any, of the cosmic ray 
helium has escaped or diffused out.‘ 

This explanation is based on the hypothesis that 
cosmic-ray helium is produced throughout the meteorite 
and therefore contained in the tight crystal structure 
produced wherever 


whereas radiogenic helium is 


uranium finds itself, mainly on the boundaries of the 
crystal grains, from where the helium can diffuse out 
rather easily. The hypothesis is supported by the fol- 
lowing facts: 


(i) Experimental data® indicate a constant cosmic-ray flux 
in the last 10° years; there is no reason, as we shall see, to assume 
that it has been much higher in the distant past 

(ii) Hurley’ has pointed out that the ages obtained from 
mesozoic rock can be explained in terms of the leakage of helium 
in just the manner described above 

(iii) Experiments by Patterson, Brown, Tilton, and Inghram 
have shown that if the metal phase of a meteorite is separated 
from the troilite and other impurities, practically all of the 
uranium remains with the impurities.* 

(iv) Urey® has given theoretical arguments for supposing that 
uranium leaves the iron-nicke!l mass, when the latter cools and 
solidifies to form the Widmanstdtten crystal structure 


* J. L. Kulp and H. L. Volchok, Phys. Rev. 90, 713 (1953). 

™P, M. Hurley, inJNuclear Geology, edited by H. Faul (John 
Wiley and Sons, Inc., New York, 1954), 

* Patterson, Brown, Tilton, and Inghram, Phys. Rev. 92, 1234 
(1953). 

*H. C. Urey, Nature 175, 321 (1955). 
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To the argument advanced here, namely, that radio- 
genic helium leaks out fairly easily, one might reply 
that experiments by Paneth” show that when meteorite 
samples are heated, not more than 5% of the helium 
escapes. On closer examination, however, it will be 
noted that the meteorite from which the samples were 
taken was Mt. Ayliff whose helium is practically all 
cosmic-ray produced, Paneth’s experiment therefore 
supports the hypothesis advanced here, namely, that 
cosmic-ray helium is retained. 

The crucial experiment suggested here is similar to 
that of Paneth. Let us assume our hypothesis is correct ; 
then if we take a sample from a meteorite whose 
He’: He* ratio is low (indicating the presence of a 
substantial amount of radiogenic Het‘), heating it 
should drive off the radiogenic He* and thus increase 
the measured He’*:He* ratio. If therefore we take 


samples from the meteorites San Martin or Bethany . 


Harvard (which have a He’*:Het* ratio of about 0.17 


” F. A, Paneth, Occasional Notes Roy. Astron, Soc. 5, 37 (1939); 
Geochim. et Cosmochim. Acta 3, 257 (1953). 
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as compared to Mt. Ayliff’s 0.31), we should find after 
heating to 500 to 1000 degrees an increase in the 
He’: He‘ ratio." 

It will be of great importance for the question of the 
origin of meteorites to verify this point; at the same 
time it may clarify the argument concerning the pre- 
historic cosmic-ray intensity. 


"G, W. Reed and A. Turkevich [Nature 176, 794 (1955) ] have 
demonstrated experimentally the practical absence of uranium in 
two iron meteorite samples, in conflict with Paneth’s measure- 
ments. It might therefore be objected that all of the helium in 
meteorites is of cosmic-ray origin so that the crucial experiment 
proposed here would show a negative result. We do not think so: 
First, we cannot explain measured He’: He‘ ratios (some as low 
as 10%) from cosmic-ray production alone [M. Galli and S. F. 
Singer, Nuovo cimento (to be published) ]; more likely, our 
proposed experiment may succeed in removing the radiogenic 
helium altogether and thus give the érue cosmic-ray He’: Het 
ratio. Secondly, the conflicting uranium determinations might be 
reconciled in the following manner: Paneth had to use much 
larger samples and may therefore have included some of the 
troilite; as shown by Patterson ef al.,* the uranium content 
measured depends on how the sample is selected [see also (iii) 
above }. 
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The system under consideration is an N-particle quantum-mechanical system enclosed in a volume V, in 
which the particles interact via two-body hard-sphere potentials, with hard-sphere diameter a. The two-body 
hard-sphere problem is first discussed by a generalization of Fermi’s pseudopotential by means of which the 
problem is formulated entirely in terms of the scattering phase shifts. It is then shown that a pseudopotential 
for the N-body problem can be introduced, and leads to an expansion of the energy levels of the system in 
powers of a. The first order energy levels of a Bose and a Fermi system are calculated. For the Bose system, 
the first order energy formula exhibits an “energy gap” above the ground state, leading to properties of the 
system not dissimilar to that of a superfluid. The ground state energy for a Bose system is calculated to order 
a‘ and that for the Fermi system, to order a*. The physical interpretation and validity of these results are 


discussed 


1, INTRODUCTION 
HE aim of the present investigation is to formulate 
the quantum-mechanical many-body problem in 
terms of the solution of the two-body problem.' In 
particular, at low energies, the purpose is to formulate 
the problem in terms only of the low-energy parameters 
of the phase shifts, e.g., scattering length, effective 
range, etc. The general program is to make expansions 
in powers of these parameters and to determine the 
region of validity of such expansions. 

It is physically obvious that a complete knowledge of 
the detailed interaction potential is often not necessary 
for a satisfactory description of the system. For ex- 
ample, when a state of the many-body system is such 
that the particles are so far apart from one another that 
their fields of force do not appreciably overlap, their 
mutual influence is essentially determined by the 
asymptotic wave functions, which are directly related to 
the phase shifts. Furthermore, under certain conditions 
only a few phase shifts are important. For example, at 
low energies, all but the S-wave phase shift are negli- 
gible. The proposed formulation would provide a natural 
framework in which an approximation such as this could 
be systematically carried out. 

Our formulation will be made for the special case of NV 
particles with hard-sphere interactions. This will make 
the discussion concrete and help to make the physical 
picture more easily visualized. There is in fact little loss 
of generality in considering this special case as it em- 
bodies the main difficulty of the many-body problem. If 
this particular example is understood, it would not be 
difficult to extend the method to a more general case. 

The general method we follow is to replace the 
interaction between the particles by suitable boundary 
conditions. Such methods have been discussed by vari- 
ous people.” In particular, Fermi,’ Breit,‘ and Blatt and 

! Somewhat similar ideas have been discussed by Brueckner in 
his work on the nuclear problem. See K. A. Brueckner and W. 
Wada, Phys. Rev. 103, 1008 (1956) and papers referred thereto. 

* This idea appears to be first discussed by E. P. Wigner, Phys. 
Rev. 83, 253 (1933). 

5 E. Fermi, Ricerca sci. 7, 13 (1936). 

4G. Breit, Phys. Rev. 71, 215 (1947). 


Weisskopf® have introduced a “pseudopotential” as an 
equivalent of the boundary condition. The use of this 
pseudopotential has always been confined to the Born 
approximation in scattering problems. We shall prove 
that for the two-body system a suitably generalized 
pseudopotential can be found that gives exact results. It 
will be demonstrated further that for the many-body 
problem the corresponding pseudopotential has a simple 
physical meaning which suggests a systematic approxi 
mation procedure, 

The application of this procedure to the N-body hard 
sphere problem results in expansions of the eigenvalues 
and eigenfunctions of the system in powers of the hard 
sphere diameter a. The ground state energy for the Bose 
system is carried out to order a’, and that for the Fermi 
system to order a’. For a finite number of particles, 
these expansions become meaningful for sufficiently 
large volumes. To the orders specified they are exact, 
The method can therefore be applied to obtain series 
expansions of the equations of state for a Bose or a 
Fermi imperfect gas with hard-sphere interactions. We 
shall return to this in a subsequent paper. 


2. TWO-BODY PROBLEM 


(a) Formulation of the Pseudopotential 
in the Two-Body System 


We shall first formulate the two-body problem in 
terms of a pseudopotential. As stated in the introduc 
tion, we consider the special case of a system of two 
particles with hard-sphere interaction. The wave func 
the then 


satisfies the equations 


tion in center-of-mass coordinate system 


(r> da) 


(V?-+- kW (r) =0, 
v(r) 0, 


(1) 
(r<a) 


where a is the hard-sphere diameter, r= |r], 


relative position vector. The boundary condition at 


with r the 


5]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 74 
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Fic. 1. Boundary con- 
ditions for two-body 
hard-sphere problem: 
¥(r)=0 when r is on 
some distant surface S, 
and ¥(r)=0, when r=a. 


@ 


infinity is, for example, that ¥(r)=0 for r on some 
arbitrary surface S (see Fig. 1). 

For orientation, let us first discuss the S-wave part of 
the solution. As is well known, the S-wave phase shift 
for this case is 


no= —ka. (2) 


We recognize that the hard-sphere diameter a can also 
be looked upon as the scattering length. According to 
Blatt and Weisskopf,‘ one can extend the wave function 
into the region r<a such that 


a] 
(V?+- hk) (r) = 42ab(r)—(np), (3) 
or 


where the operator operating on on the right-hand side 
of (3) is known as the pseudopotential. 

We now proceed to give a derivation of a generalized 
pseudopotential, which would exactly replace the hard- 
sphere potential for all partial waves and at all energies. 
Equation (3) is inexact for two reasons: First, it has not 
taken into account the higher partial waves, and 
secondly, even for S waves, it is valid only for very low 
energies since it has not included the S-wave parameters 
beyond the scattering length, such as the effective range. 

We make an expansion of the wave function in 
spherical harmonics immediately outside the sphere 
r=: 


V(r) = ¥ A unl ji(hr) — (tanni)ni(kr) |V m(Q), (4) 
lm 


where VY j(&2) is a normalized spherical harmonic, and 
jt, 1, are the usual spherical Bessel functions. A im are 
constants which depend on the boundary condition on 
S, and the constants tann; are given by 


tann:= j1(ka)/n,(ka), (5) 


as required by the boundary condition ¥(a)=0. We see 
that 7, is no other than the phase shift of the /th partial 
wave. We would like to find the wave equation satisfied 
by ¥(r) of (4), in such a way that the constants A ;,, do 
not explicitly occur. First define 


Vim(r) = fro V im*(Q)dQ. (6) 


We see that for r2a, 


Vim(7) =A tml jr(kr) — (tang, (kr) ). (7) 
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This last equation serves also to define pi» inside the 
sphere r=a. Near the origin r=0, we make use of the 
well-known expansions for the spherical Bessel functions 
jrand n;: 


julkr) —» (hr) !/(21+1)1!, 


ni(kr) ae (21—1)!!/(kr)*, 


where 


(214-1) !!=1-3-5--- (2141). 
We can now write 
Vim(r) —> Bint '(14+[(2—1) 11 
X (21+-1) tanni/(kr)?"*}, (8) 
Bim= A tmk'/(21+-1)!!, 


where 


and in fact, 


d 2l+1 | 
B= (—) (7+ im) 
d 


, ral) 


Now, from the definition (7) of Yim, we have 
(V?+-k?) (¥ im im) 


l(l+1) 
= Vm] +H = -— te 
r. 


L(l+-1) 
=—YVinA r(tanno| V+ HE a Jnutir 


r 


5(r) 


Y te, 
2 


(10) 


—. 


C(21+1) 11 
=Bin| - . 


rit 


which can be easily verified by integrating both sides of 
(10) over a small volume about the origin r=0. From 
(4) and (7), 


¥(r)= > Y im(Q)Pim(1), (11) 
l,m 

so that by combining (9), (10), and (11) one obtains the 

equation 


4r 0 
(V?-+h*)yp(r) =————4(r)— (rp) 


—kcotn Or 


2 +1 (21-+-1)!!F 
+2 u [= 


l=—1 m=—I 
8(r) 0 2l+1 
s —) (r*+WD im)Aim(Q). (12) 


r'*?\ Or 


tanm 


The solution to the above equation then coincides with 
the actual wave function for r2a. We have thus suc- 
ceeded in formulating the two-body hard sphere entirely 
in terms of measurable phase shifts. 
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It should be remembered that Eq. (11) may actually 
be incorrect inside the sphere r=a, as the right-hand 
side may fail to converge. However, if we neglect all 
phase shifts 9; with /> L, say, Eq. (12) would have only 
a finite number of terms on the right-hand side. The 
solution of such an equation would satisfy the boundary 
conditions at r=a for all partial waves up to /=L. 
Equation (12) is therefore to be understood in the 
following sense: it is to be solved by first taking a finite 
number L of spherical harmonics and then approaching 
the limit L>~, 

The first term on the right-hand side of (12) repre- 
sents the exact pseudopotential for S waves. If we 
expand its strength in powers of k?: 


1 
——=a+}(ka)*(a) +++, 
—k cotno 


(13) 


we see that the first term, the scattering length, was the 
only one included in the approximate equation (3). The 
next term involves the effective range 4a, and is of the 
order a’. If we contemplate a perturbation calculation in 
which a can be considered an expansion parameter, the 
first term above describes correctly effects up to the 
order a’. 

The other terms on the right-hand side of (12) give 
the contributions from higher partial waves. The 
strength of the /th multipole is 


((2/+-1)!!P 


— tann, 


= (2/+-1)a*"*!+-power series in k?. (14) 
Thus P-wave effects are of the order a’, D-wave of the 
order a°, etc. The lowest order term in each multipole is 
independent of k*. If higher order terms are considered 
in a calculation, we may look upon k? as an operator 
whose effect on the wave function is given by the 
implicit equation 


kp = { — V?+-pseudopotentials}y, (15) 


so that through an iterative procedure we may under- 

stand, symbolically : 

4 0 
a*6(r)V? 

3 


or 


0 
kh? = —V?+-49a6(1)—1— 


or 


Equations (12), (15), and (16) define the pseudopotential 
for the two-body system under consideration. It yields 
the exact energy and the exact wave function for r> a. 

It should be pointed out that the pseudopotential 
derived here is not a Hermitian operator. This should 
not cause any misgivings since the extended wave 
function is not supposed to represent a wave function 
for any physical system. It coincides, however, with the 
actual wave function except for a limited region of space 
which is of no physical interest, The non-Hermiticity of 
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the pseudopotential requires that some care be exercised 
when one applies the usual perturbation formulas in an 


actual calculation. 


(b) Illustrative Example 


To illustrate the method of pseudopotentials intro- 
duced previously, we now apply it to a simple problem 
in which the exact solution is trivially known. By 
comparing the exact solution with an approximate 
solution obtained by treating the pseudopotentials as 
perturbations, we can hope to gain some familiarity 
with the method. 

The example we shall discuss is the spherically 
symmetric solution of the wave equation 

(V?+ k*)y=0, (17) 
with the boundary conditions 


y=0 for r=R 


The normalized spherically symmetric solutions can be 
written down immediately : 


and r=a, (R>a). (18) 


sink,(r—a) 


¥n=([2n(R—a) + 


r 


(19) 


with eigenvalues 


k,=an/(R-—a), n=1, 2,3, °-:. (20) 


This admits a power series expansion in a. In fact, by 
direct expansion of (19) and (20), we can write the wave 
functions as follows: 


Wn= YP ty," ty,” re “’ 


1 SINK at 


(21) 


V(2rR) 4 


1 Kya r 
pn? — - (1 -_ 
/(2eR) ¢ R 


mn/R, and for the eigenvalues: 


SINK af 
COSK pt —4 , (21a) 


Kn 


where xk, 
k,?=n'n?/(R—a) 
(1+-1)(a/R)'x,?. 


En €, +e," + €,” + '. "2 


(21b) 
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For spherically symmetric solutions the S-wave 
pseudopotential exactly replaces the boundary condition 
at r=a, so that from (12), (13), and (16) the equation 

7) 
5(r) 


or 


(V+ y= (rp) 


—k cotka 


0 
= 4araé(r)[1+-40°V?+ --- }—(rp) (22) 


or 


is exactly equivalent to (17) and (18). We can be certain 
that a perturbation calculation based on (22) with a as 
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the expansion parameter gives, order by order, the cor- 
rect solution to the problem, since we know that the 
actual problem admits a power series expansion in a. We 
want to demonstrate that such a perturbation calcula- 
tion is also practicable by actually carrying it out. 

To order a’, we need only solve the equation 


0 
(V?+-k?)W = 49a6(r) (rp), 
m (23) 


¥(R)=0. 


We treat 
methods, using PY, 
and treating as perturbing potential U/ 
whose matrix elements are 


this equation by standard perturbation 
as our unperturbed wave functions, 
4ma6(r)(0/dr)r, 


(24) 


Van [var vyainars (2an*/R*)mn. 


Note that the factor (0/dr)r in U is equal to unity when 
it acts on an unperturbed wave function. 
The first-order energy correction is obtained at once: 


a 4 
€n l nn 


2am'n*/ R® = (2a/R)k,’, (25) 


which agrees with (21b). The first-order wave function 
is 


Oana 


viv= Do 


mMmAn Ky 


Vn 


2 2 
~ Km 


1 2an m sinmé 


(26) 
r Ry/(2rR) men m?—n? 


where 0@ r/R. Upon summing the series in (26), one 
verifies the agreement between (26) and (21). 
The second-order energy is then obtained by 


¢," [osovg.iar, 


It is important that we evaluate the above integral by 
putting in the closed form of ¥," from (21a), instead of 
letting LU operate on its series representation (26) term 
by term (leading to a divergent integral). The factor 
(0/dr)r in U is now essential. It just serves to “weed 
out” the singular 1/r term in y,”, giving finally a finite 
second-order energy 


(27) 


€, = 3(a/R)*x,2, 


in agreement with (21). 

The third-order perturbation calculation can also be 
carried out. One must include now the contribution (of 
order a*) of the effective range to the pseudopotential. It 
is easily shown that when this is done, one again obtains 
the correct third-order energy. 


anD CS. . 
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3. MANY-BODY PROBLEM 


(a) Formulation of the Pseudopotential 
in the Many-Body System 


We consider a system of N particles, each of mass m, 
enclosed in a cubical volume V, with two-body hard- 
sphere interactions. The Schrédinger equation for the 
system is 


[ (h?/2m)(V2+02+-+-+0y2)+EW(1---N)=0 


for r;j>a, all iA%7, (28) 


W(1i---N)=0 for rijSa, any ix}, 

where r;;=|r;—1r;|. We have used the abbreviation 
1---N to denote the set of coordinates r,---ry, plus 
spin or isotopic spin coordinates, if any. The boundary 
condition at large distances will be taken to be the usual 
periodic boundary conditions in a cubical box of volume 
V=L. 

Before going into any formal considerations, it would 
be helpful to interpret the hard-sphere boundary condi- 
tions in a geometrical way. Consider the 3-dimensional 
configuration space of the system. The subspace defined 
by the condition r;;= a, for example, is a “cylindrical” 
surface which is easy to visualize. There are altogether 
4N(N—1) such cylinders in the configuration space. 
Taken together, they represent a complicated but well- 
defined tree-like surface, on which the wave function 
must vanish, 

To help visualization, we may try to draw a part of 
this “tree,” in a very schematic way, as in Fig. 2. The 
cylinder labeled 12, for example, represents the region 
for which r;2= <a, while coordinates other than rj, rz are 
free to vary. Similarly, the surface formed by the 
intersection between the cylinders 12 and 13 represents 
the configuration for which ry2=a, r4;=a, while all 
coordinates other than 1, f, rs are free to vary. 

A way of reformulating the problem immediately 
suggests itself. It would probably be instructive at this 


Fic. 2. Schematic 
representation of the 
“tree’”’-like surface in 
3N-dimensional con- 
figuration space on 
which ¥=0, as re- 
quired by the hard- 
sphere interactions 
among the particles. 








e— |7,-7| 6 onthis 
surfoce 
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point to recall the previous treatment of the two- 
particle problem and visualize it in a similar geometrical 
fashion. There the “tree” was in fact the sphere r=a. 
The introduction of the pseudopotential amounts to 
nothing more than considering the surface “charge” 
induced on this sphere, and then making a multipole 
expansion of the surface charge. As long as we stay 
outside of the sphere, the wave function is correctly 
given by that produced by a series of multipoles placed 
at the origin, with multipole strength appropriately 
chosen. 

In the many-body case, the same physical idea may be 
applied. We can regard the boundary condition that 


W=0 on the surface of the “tree,” 


as equivalent to the existence of induced ‘“‘charges” on 
the surface of the “tree.”’ It would then be natural to 
make a multipole expansion of this surface charge, 
namely, to replace it by multipoles along the “axial 
lines” of the “tree,” 

Mathematically, we can formulate the above idea as 
follows: Define first a Green’s function G(r---ry, 
r':+-ty’) by 


[ (h?/2m)(ViP+ +++ +Vn*)+ 2 1G(1 ++ ew’: ty’) 


= —4r6(r,—1;')- --5(ry—ry’). (29) 


Then, by Green’s theorem, 


¥(I--¥)=O(1--N)+ f GCa -oEy,ti'+ ++ By’) 


1 0 
x| W(1’---N’) [er (30) 
4a On 


where ® satisfies everywhere the equation 
[(h?/2m)(ViP+--++Vy?) +E }b=0, 


and 0/0n denotes the normal derivative with respect to 
the “tree.”’ The integral in (30) is extended over the 
surface of the “tree” for which dT” is a surface element. 
The boundary condition at infinity for G and # can be 
arbitrary as long as they lead to the correct asymptotic 
behavior of W as given with (28). 

The expression [(1/42)dV/dn] can thus be inter- 
preted as the surface charge density induced on the 
“tree” as a consequence of the boundary condition. We 
can decompose the surface integral in (30) into a sum of 
integrals over the various branches of the “tree.” The 
simplest branches are, of course, the “cylinders” r;;= <a, 
corresponding to effects of binary collisions. The 
multipole expansion for these branches reduces to the 
two-body problem we had previously discussed, and the 
pseudopotentials due to the “axial multipoles” for these 
branches can be written down immediately. Thus, with 
only binary collisions taken into account, the extended 
wave function satisfies the equation 


(Ho+H' v= EW, 


(31) 


(32) 
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where 


Ho= — (h?/2m)(V 2+ +--+’), 


and H’ is (—h*®/m) times the operator on the right-hand 
side of (12), summed over all pairs of relative distances 
rij, With k* interpreted by an obvious generalization of 
(15) and (16). We shall display HW’ only to the lowest 
order in a: 


4rah? 0 
Dd 6(ri—8;) 


i<j Or i; 


H'= (33) 


m 


One notes that the pseudopotential 7’ is not Hermitian. 
It is, of course, understood that while we have now 
extended the wave function W into the region in the 
interior of the “tree,” only the solution of W outside the 
“tree” coincides with the actual wave function and has 
physical meaning. The attitude we take here regarding 
the convergence of the multipole expansion is the same 
as that for the two-body case previously discussed, 
namely, that we must first ignore all multipoles higher 
than a given order L, solve the equations, and then let L 
approach infinity. 

The effects of collisions higher than binary can only be 
estimated in a rough way. For example, the effect of the 
three hard spheres 1, 2, and 3 simultaneously colliding 
will be represented in our geometrical picture by the 
multipole required at the intersection of cylinders 12 
and 13. By a dimensional argument, one expects the 
lowest pole order (monopole) required there to be of at 
least order a‘. Similarly, the effects of four hard spheres 
simultaneously colliding will be at least of order a’, 
Consequently, in a perturbation calculation in which 
orders are classified by the powers of a, the expression 
H’ given in (33) correctly accounts for effects up to and 
including a’, 

Instead of going further into the question of the exact 
pseudopotential to be used for the many-body system, 
together with such questions as convergence and rigor, 
we shall now assume that at least under certain circum- 
stances it is meaningful to speak of a power series ex- 
pansion of physically interesting quantities in powers of 
a. We shall then treat the pseudopotential as a pertur- 
bation, and examine the consequences of a perturbation 
calculation which includes effects up to order a’ only, 
Accordingly, H’ as given by (33) will be the perturbation 
Hamiltonian adopted for the remaining part of the 
investigation. 


(b) First Order Energy for a Bose System 


We consider as the unperturbed system a free Bose 
gas consisting of N particles, of mass m each, in volume 
V. The unperturbed wave functions and energy levels 
are therefore, respectively, 


Sei ryt thy NY N/2 


vy, = 
(34) 


EE, = 


ag Na (h*h,?/2m), 
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where k,-- -kw are the momenta of the particles, n, are 
the occupation numbers for the momentum states, and § 
is the symmetrizing operator. The index n stands for the 
set of occupation numbers. The periodic boundary con- 
ditions in a cubical box requires that each momentum 
vector be of the form 


k= (2n/L)(mnJ), L=V', (35) 


where m, n, l, are + integers. The pseudopotential (33) 
is treated as a perturbation on this system. 

For the sake of calculations, it is often convenient to 
go over to the equivalent description of a many-body 
system in the language of quantized fields. As usual, one 
introduces the field operator ¥(r) which can be expanded 
in a Fourier series: 


¥(r)= V4. dae**e"', (36) 


where d,, d_*, respectively, denote the annihilation and 
creation operator for the single particle state of mo- 
mentum k,, with commutation rules 


(a4,0p* ]=5ap, (37) 


as is appropriate for Bose statistics. The perturbation 
Hamiltonian can then be written 


4rah’\ 1 
u'=( - ). faeudeape(ewe(eao(rr—1) 


m 


0 
X—[riw (ri) (12) ). 


OT ie 


(38) 


Noting that the differential operator (0/0r)r is equal 
to unity when it acts on the unperturbed state, one gets, 
for the first order energy : 


E,, il) 


= (V,, (0) lV a’) 
= (4rah?/m)k > (Wn aa*ag*a,ay¥ ,) 


afyh 


X(a8|6(ti—42)|yA), (39) 


where 
(af | 6( 1, k,—k,), 


where the 6 function of the momenta above is a 
Kronecker delta, expressing the conservation of total 
momentum. One easily obtains® 


E,, = (4rah?/mV)(N?— 


— 1s) | yA) = V8 (ka +ks— (40) 


4N—} Da M2’). 


For the ground state of the total system, this correction 
ia? 
is 


(41) 


E, = (2mah*/m)(N/V)N (42) 


* Equation (41) was obtained by a different method in 1953 by 
Luttinger and Yang (unpublished). Dr. P. Price subsequently 
informed us that he had obtained the same expression inde- 
pendently [P. Price, thesis, Cambridge University, Cambridge, 
1951 a nes 

™W. Lenz, Z. Physik 56, 778 (1929) has given a formula 
equivalent to (42) for the ground state of a particle moving 
through the field of the other particles which are held fixed. 
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The form of the first order energy, expression (41), can 
be understood in physical terms. The first term, propor- 
tional to aN(N/V), is that expected on the basis of an 
“index of refraction approximation.” If we imagine each 
particle to move through the system as if the latter were 
a uniform optical medium, we can expect each particle 
to have an increment in energy proportional to n’—1, 
where n is the index of refraction. Now for a medium of 
low density, a classical result of Lagrange states that 


—1«N/V. 


From this picture, therefore, one expects the energy 
increment of the total system to be proportional to 
N(N/V). In a more detailed interpretation of the 
present case, we may say that at very low energies, the 
interaction between particles is shape-independent, and 
is characterized by only a single parameter, the scat- 
tering length a. We may therefore replace the actual 
interparticle potential by a square well of such radius 
and depth that it gives rise to the same scattering length. 
To a single particle which moves through the system, 
the square wells presented by the remaining N—1 
particles may overlap to form a constant potential, 
whence the medium-like behavior of the system. The 
depth of this effective constant potential is of course 
proportional to the scattering length a. 

The last term in (41), of the form —>_, n,’, is purely 
quantum mechanical in origin. By virtue of this term, 
the energy increment of the system due to the hard- 
sphere repulsions is smallest when all particles are in the 
same momentum state. In other words, the particles 
tend to condense into the same momentum state in 
order to minimize the spatial repulsion; ie., spatial 
repulsion leads to momentum-s pace condensation.® This is 
a consequence of the Heisenberg uncertainty principle 
applied to the canonically conjugate pair: relative 
momentum and relative distance of two particles. 

One further notes an interesting property of the first 
order energy. For the low-lying states of the system, the 
only important term in the sum >>, ,” is the single- 
particle ground state contribution, namely mo’. One can 
write the first order energy levels of the system, to a 
good approximation, as 


= oa Ma(h?h.?/2m)+ (4rah?/mV)(N?—}ne?). (43) 


To change the number m of particles in the ground 
state by one unit would require a finite amount of energy 


A= (4rah*/m)(no/V). (44) 


The energy level spectrum of the entire system therefore 
consists of a series of continua, each separated from the 
others by finite energy gaps, as indicated in Fig. 3. If a 
very small amount of energy is applied externally to 
excite the system, all one can do is to induce transitions 


® This is a well-known point. See, for example, F. London, 
Superfluids (John Wiley and Sons, Inc., New York, 1954), Vol. 2, 
p. 39. 
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in which only particles not in the ground state are 
affected. In this sense, the system exhibits some prop- 
erties of a superfluid, in that a part of the system, i.e., 
the particles in the ground state, will not exhibit such 
properties as viscosity until energies higher than a 
critical amount A is transferred to the system. Note that 
the energy gap is a function of mo. Note further that the 
first order energy here, on account of the quantum 
mechanical term, cannot in any sense be imagined to be 
a simple sum over WN single-particle contributions. It 
involves the cooperative contribution of all the particles.° 

The above discussion, based on the first order energy 
alone, is to be taken as suggestive rather than con- 
clusive. It serves to point out that as a result of the 
hard-sphere interactions, the energy level density of a 
Bose gas near the ground state may experience violent 
changes. 


(c) Second and Third Order Energies 


The ground state energy of a Bose gas with hard- 
sphere interactions can be calculated to third order with 
the pseudopotential H’ given by (33). The contribution 
to the pseudopotential from the effective range parame- 
ter, normally or order a’ [see (13) ], vanishes for the 
ground state, where all particles have zero momentum 


Ne non! n~2 n-3 

Fic. 3. Energy levels of the system of Bose particles with hard 
sphere interactions according to the first-order formula (43). The 
levels may be grouped into continua, each labeled by mo, the 
number of particles in the single-particle ground state. Successive 
continua are separated by an energy gap A, given by (44). 


*It must be pointed out, however, that the formula (41) is not 
exact, even to first order. This is because the unperturbed energy 
levels are degenerate. Instead of describing the splitting of the 
levels under the perturbation, (41) gives only the “center of 
gravity” of the split levels. This fact in itself is of no great conse- 
quence, since in dealing with a system of a large number of 
yarticles, for example in the evaluation of the partition function, 
it is only the behavior of the system averaged over levels that is 
important. However, the fact that the degeneracy is not removed 
in first order means that one must exercise caution in going to 
higher order approximations. Second and higher order approxima- 
tions, therefore, can only be carried out for the lowest state, which 
is not degenerate. 

It should further be pointed out that formula (41), when taken 
literally, would Jead to the crossings of the levels as the diameter a 
becomes of the order of V'/N, which in turn means that the per- 
turbation calculation breaks down for larger values of a. This 
shows the intrinsic limitation in the applicability of the formula to 
the case of finite densities. However, it may be emphasized that 
(41) does not lead to a crossing of the ground state with any other 
state. Perturbation calculations, therefore, can be expected to be 
better for the ground state. 
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in the unperturbed system. For the Bose gas considered 
here, P-wave scattering is evidently absent. 

We shall need the first-order correction ¥,™ to the 


ground state wave function of the system: 


(W nw”) AY) 


V,0= 7. y,. 
ee E,, 


ng 


(45) 


where the unperturbed ground state wave function is 
just a constant: 


V,O= VN KO = (), (46) 


The only nonvanishing matrix elements of H’ appearing 
in (45) connects the ground state to states V, in which 
two particles, say a and @, are excited with equal and 
opposite momenta: 


k= —ks=k, 


while all other N—2 particles remain in the single- 
particle ground state. We may use the vector k to label 
the excited wave functions, and find 


(Vi. AV) = (4rah®?/mV)LN(N—1)}', (47) 


where 


¥,=(N(N—1) AV 


N/2 SF pik: (gry) 
2B e . , * 
iA) 


(48) 
Therefore, 


VY, = —(4na/V) SS F(ris)¥,, 


i<j 


(49) 


F(r)= > ef */k?. 


ko 


(50) 


The k sum above extends over all momentum vectors of 
the form (35), except zero. 
It is easy to show that F(r) satisfies the equation 
V*F (r) 


—4rp(r), (51) 


where 


p(r)=(V/4r)[4(r)+ & 4(r+nL) 


n#0 


1/V], (52) 


with m a vector whose components are + integers, 
Hence F(r) is (V/41) times the electrostatic potential at 
the point r, due to a cubic lattice of unit positive point 
charges immersed in a uniform negative charge of 
density 1/V (see Fig. 4). The lattice constant being L, 
the total charge in a unit cell is zero. 

The behavior of F(r) near r=0 can be readily ob- 
tained. Since the charge distribution in each cell has 
cubic symmetry, the electrostatic potential due to each 
cell drops off outside of the cell at least as fast as that 
due an electric 2* pole. Therefore, near r=0, i.e., near 
the center of a particular cell, the contribution to F(r) 
comes almost entirely from the point positive charge of 
that cell and the cubical block of its own negative 
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positive unit point charge 


uniform negative charge, 
density = 1/ tad 


+ 




















+ + 
Fic. 4. The charge distribution whose electrostatic potentia 


is equal to the function F(r) appearing in the first-order wave 
function (49). 


charge, which can be easily calculated. One finds 


a 3 Mak & 
F(r)— ( ), 
r~d4eN\r L 


where C is a constant reminiscent of Madelung’s con 
stant in the theory of ionic crystals, and is found to be 


(54) 


(53) 


C= 72.37. 


‘The second order energy for the ground state is then 


given by 


4rah’ 4ra 
E? = (4 HV) ( )( ) 
m V 


N(N—1) dr 0 
x J 6(r)—-[rF'(r) | 
2 V j 


or 
2.37(a/L)E,"”. 55) 


Therefore, for any reasonably large volume, E, is 
essentially zero. 

The third order energy correction for the ground 
state may be calculated by means of the general per- 


turbation formula 


E.” (VOW. ED 


(Vn? LV 9) 
v%). (56) 
E,© - En, 


{ (v.20, H’ ® 

men 

The calculation is straightforward, and we shall merely 
quote the result: 


E,® = (2.37)? + (&/#*) (2N — 5) }(a/LYE,™, (57) 
where 
+2 1 


iz he « (P+ m+ n?)? 


aN? Cc. Bs 
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The prime in the summation above means the omission 
of the term with /=m=n=0. The third order energy 
E,® is small compared to the first order energy only if 
N(a/L)*«1. The question of the meaning of this 
perturbation expansion of the energy levels will be 
discussed in Sec. 4. 


(d) Fermi Statistics 


One can also treat a system of fermions with hard- 
sphere interactions by the method of pseudopotentials. 
The pseudopotential H’, correct to order a’, is also given 
by (33). In the quantized field language, H’ can also be 
written in the form (38), with the field operator y(r) 
defined by (36), except that the commutators (37) 
should be replaced by anticommutators. The result of a 
perturbation calculation will now be summarized. 

We consider a system of N fermions with spin and 
isotopic spin variables. It is possible for the wave 
function to be symmetric under the spatial exchange of 
some pairs of particles, so that binary S-wave collisions 
exist. The unperturbed wave function is as usual a 
Slater determinant of the following single-particle wave 
functions with periodic boundary conditions: 


V~teika-t§(54,0)5(ta,T), (58) 


Ua(¥,o,7) 


where a, r are, respectively, the spin and isotopic coordi- 
nates, which may assume values +1, —1. The quantum 
number labeling the spin state is s, and that for the 
isotopic spin state, t,. They also assume values +1 or 
-~1. The spin and isotopic spin eigenfunctions are the 
Kronecker deltas 6(5,,0), 6(ta,7) in (58). The two single- 
particle eigenstates of isotopic spin will be called 
“proton” and “neutron” states. The unperturbed energy 
is still given by (34); but the occupation numbers n, are 
now either 0 or 1. For the ground state of the system 
with equal numbers of “protons” and “neutrons” in a 


=(=) ~(= i 
40\ 3 m = 
as is well known. 


The first-order energy is given by 


large volume: 


E, (59) 


E = (V4, ,) = 4 (4xah?/m) 
XD ap Mats{ (a8 | 5(11— r2) | a) 
— (af | 5(11— F2) | Ba) } 
= (2rah?/mV)[N?*—> ap Matpd(Sa,Sp)5 (tats) |, (60) 


which gives for the ground state of the system 


mwah? /N 
E,™ = j— (=). 
m\V 


which is of the same form as that for the Bose case 
except for a numerical factor of 4. The origin of this 


(61) 
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factor is clear. It represents the fraction of the particles 
that can interact in the S state with a given particle. 

The calculation of the second order energy for the 
ground state is considerably more involved than the 
Bose case, because the Fermi ground state has a more 
complicated structure than that for the Bose system. 
We shall not go into the details here, but shall merely 
indicate a few steps in the calculation. In a manner 
analogous to (55), we now have 


Oh? (4ra\? oe O 
= ( ) a [rf(k,ky| r) ]r—0, 
V ky.ky, Or 


m 


E," (62) 
where 
oce e'kas r 
f(k,ky |= Y ’ 


ka kg ky? — Rap’ 


kas =4(ka— kg), (63) 


with the restrictions 
k,~kg~k, +k, 


k.+ kg- k,+ k,. 


The sums in (62), (63) are to be extended over occupied 
momenta in the ground state of the system. The explicit 
calculation of the second energy is extremely tedious. 
For a very large volume of the system, the result is 

Gg = 1.300(N/V)IE,™. (64) 


Comparing this to the corresponding formula (55) for 


the Bose case, we see that there is an extra factor NV}, 
which comes from the extra parameter absent in the 
Bose case, namely, the momentum of the Fermi level. 


4. DISCUSSION 


We shall attempt to give in this section a critical 
discussion of the range of applicability of the method 
developed above. 

(A) For the two-body problem with arbitrary given 
boundary condition at large relative distance, i.e. the 
problem discussed in Sec. 2(a), the method enables one 
to calculate, in principle, the exact energy levels and the 
exact wave functions outside the range of interaction. 
The information needed for the calculation are the 
phase shifts n; as functions of the relative momentum . 
It is clear that the method is applicable in this case for 
any interaction V(r) between the two bodies, provided 
that if V(r) is continuously distorted so that 7,0, the 
wave functions approach the free-particle wave func- 
tions. This last condition is evidently true for the hard- 
sphere interaction. It is in fact true for any V(r) that 
does not give rise to a bound state. This exclusion of 
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interactions that give rise to bound states is physically 
important. A given set of phase shifts correspond to a 
whole series of potentials, each differing from the others 
by the number of bound states it allows." The method 
developed in this paper depends only on the phase 
shifts, and is applicable only to the potential with no 
bound states. 

(B) For the many-body problem the method contains 
an intrinsic difficulty concerning the effect of three-body 
3(a). It can therefore only 
give approximate results insofar as such effects can be 
neglected. It is believed, however, that such effects are 
of order a‘ or higher. 

In addition, the following condition, similar to the 


collisions discussed in Sec. 


one discussed above, must be satistied by the interaction 
V(r): that if V(r) is continuously distorted so that the 
two body phase shifts nr, the many body wave 
functions must approach the free-particle wave func- 
tions. In other words, there must be no many-body 
bound states. 

An important question that arises in the many-body 
problem is: what is the dimensionless parameter of 
expansion in the perturbation calculation? One espe- 
cially wants to know the NV dependence of the different 
terms in the perturbation series, and whether the series 
is meaningful for finite values of a and (N/V) in the 
limit that V+. We do not know the answer to these 
questions, 

However, the perturbation series is meaningful if we 
consider N to be fixed while V assumes sufficiently large 
values. It is therefore entirely possible that a better 
treatment would result if we divide the total system 
into smaller subsystems and apply these methods only 
to the subsystems, while the long-range correlation be 
tween subsystems would be treated by a method 
analogous to the method of classical hydrodynamics. 

Another possibility which suggests itself is that since 
the perturbation series is certainly valid for fixed NV and 
infinitely large V, these methods are particularly adapted 
to a calculation of virial coefficients. Such a calculation 
is indeed practicable, and will be the subject of a 


separate paper.” 
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The method developed in the previous paper for the treatment of the quantum-mechanical N-body hard- 
sphere problem is applied to a calculation of the grand partition function of an imperfect Bose gas with 
hard-sphere interactions. The grand partition function is calculated to second order in an expansion in 
powers of a/d, where a is the hard-sphere diameter and ) the thermal wavelength. The approximate equation 
of state for the gas phase is thereby obtained by calculating all the virial coefficients to order (a/A)?. 

The first-order energy levels obtained in the previous paper embody some interesting physical properties. 
A fictitious system with exactly such energy levels is considered. The partition function for such a system 
can be calculated exactly and the exact equation of state obtained. It is shown that there is a phase transi- 
tion, which more closely resembles an ordinary gas-liquid transition than the Bose-Einstein condensation. 


1. INTRODUCTION 


this paper, we shall calculate the virial coefficients 
for an imperfect Bose gas with hard-sphere inter- 
actions, using the method of the pseudopotential de- 
veloped in the preceding paper.’ The calculation of the 
virial coefficients requires only a knowledge of the behavior 
of the system in the neighborhood of zero density, since 
they are the coefficients appearing in the expan- 
sion of the equation of state in a Taylor series about 
zero density. There is therefore no question that a 
perturbation treatment with the diameter a of the hard 
spheres as expansion parameter is valid. Accordingly, 
we adopt for the Hamiltonian of the system, in the 
same notations as I, 


H=Hot+H', 
Ho= — (h?/2m)(Vi2+>+-+Vn?), 


i) 
H' = (4rah*/m) >) 6(11— 1) —15, 
<7) OT ij 
where 74% {r;—1;|. The interaction Hamiltonian H’ 
will be treated as a small perturbation, and will cor- 
rectly account for effects up to order a’. 

We shall see that this program will enable us to 
calculate all the virial coefficients; but each virial 
coefficient is calculated only approximately to order a’. 
Actually, the dimensionless perturbation parameter will 
turn out to be a/A, where 


A= (2rh?/mkT)! (2) 


is the “thermal wavelength,” of the order of the 
de Broglie wavelength of a particle with energy kT. 
What we have then will be a low-temperature expansion 
of the virial coefficients. 

To make such a calculation is not entirely a trivial 
matter. We recall that the calculation of virial co- 


1K. Huang and C. N. Yang, preceding paper [Phys. Rev. 105, 
767 (1956) ] hereafter referred to as I. 


efficients in quantum-statistical mechanics is vastly 
more difficult than in classical statistical mechanics. In 
the latter case, with the help of the well-known Ursell- 
Mayer expansion of the partition function into cluster 
integrals, all virial coefficients are formulated in a 
volume-independent manner in terms of well-defined 
integrals involving the interaction potential. We may 
say that the problem there has been “reduced to quad- 
ruture.”’ In quantum-statistical mechanics, on the other 
hand, no such volume-independent formulation so far 
exists for virial coefficients higher than the second. The 
quantum-mechanical /th cluster integral involves either 
the wave functions or energy levels of / interacting 
particles, so that to evaluate it explicitly we would have 
to solve the general quantum-mechanical /-body prob- 
lem in a box. It is therefore not surprising that only for 
the second virial coefficient do we have a volume- 
independent formula involving the scattering phase 
shifts of the two-body system.’ 

An interesting question that arises in any theory of 
imperfect Bose gases is the effect of the imperfection 
on the Bose condensation. A mere knowledge of the 
virial coefficients, however, is not sufficient for the dis- 
cussion of this question. Accordingly, no attempt has 
been made here to discuss the Bose condensation on the 
basis of the perturbation calculation; but purely for 
heuristic purposes we have included in Sec. 6 a certain 
example of an imperfect Bose gas for which the con- 
densation can be rigorously discussed, and which a 
hard-sphere Bose gas may in some sense resemble. 


2. FORMULATION OF THE PROBLEM 


We collect here first a few definitions and formulas 
well known in statistical mechanics.’ The partition 
function of a Bose gas of N interacting particles en- 
closed in a volume V is 

Qn=Spe*", (3) 

2 E. Beth and G. E. Uhlenbeck, Physica 4, 915 (1937). 


* See, for example, D. ter Haar, Elements of Statistical Mechanics 
(Rinehart Publishing Corporation, New York, 1954). 
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where 8=1/kT, and the spur is taken over symmetrical 
states only. The grand partition function 9 is defined by 


9=> 2%On, (4) 
N=0 


where z is the fugacity, related to the chemical potential 
v by 
=e", (5) 
The equation of state is then obtained by the usual 
prescription of eliminating z between the following 
equations: 
PV/kT =log 9, 
0 (6) 
N=z— log 9. 
Oz 


It is customary to expand log 9 in a power series in 2, 
so that 

PF. 4 o 

—=— log 9=)>> b,z', 

kT V lm1 


N 0os/P w 
—=2% ( )=E dat! 
Vi Oz\kT l=1 


The coefficients 5; are the coefficients which correspond 
to the classical cluster integrals. They are actually 
functions of the volume V, but we shall be interested 
only in their values at V+, (In doing so we forsake 
all possible knowledge concerning the system except 
in the gaseous state.*) 

Our program consists in putting the Hamiltonian in 
(3) equal to that of N hard spheres of diameter a with 
periodic boundary conditions, and computing the 
coefficients b;: 

b= by +b,Y +b, +--+, (8) 
in ascending powers of a. 

The coefficients },, 

particles, is well known: 
b, == )~3]-5/2, (9) 


Since the Hamiltonian in (1) gives the same result 
as the hard-sphere Hamiltonian up to order a’, we shall 
use it in (3) for the calculation of b; and b,;. 

The calculation proceeds by expanding the partition 
function and the grand partition function in ascending 
powers of a: 


On . On (0 + On +On®+ tee, 


ie., the value of 5; for free 


(10) 


where 
On (0) — Spe Bio 
Qn) = —B Sp(e PH’), 

fe 2, (e+1)(-s)" 
Qv®=Sp| 5  aggggecege 
(j7+k+2)! 


10 k=O 
‘ Compare, e.g., C. N. Yang and T. D. Lee, Phys. Rev. 87, 
404 (1952). 


(11) 
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where Ho* means Ho to the power k. Correspondingly, 
9 will have the expansion 
9= 9) +4. 9”) + g@) $ ree 
* (12) 
g™ as > z%On™, 
N=0 


We have, therefore, 


@()) @(2) 
bn © ~ 


log = og (1 + 


@(0) 
™~ 


@(l) @(2) 1 9 
~ ~ 
_ log g® } + = ( 


(0 (0) 
ee Lem 2 


@(0) 
«x 


w 1 
> 5:2! =— log 9, 
1 V 


0 1 
Y bys! 


’ 
1 ) 9g 


@(2) Ql), 2 
E nowat 12) 
I V go 2\ 9 

It should be emphasized that by confining ourselves 
to the calculation of b; we do not have to investigate or 
to make assumplions concerning the infinitely many body 
priblem at finite density N/V. This is so because 
for any fixed J, the calculation of b; involves first the 
calculations of Q4,Q2,++-Q,, and then the limiting 
process V+ , The calculation therefore requires knowl- 
edge only of the / body problem at zero density. In this 
process we lose information, of course, concerning 
the condensed state. It is our feeling that to treat 
with rigor the problem of the condensed state (which 
requires a knowledge of the infinitely many body prob- 
lem at finite density) is a mathematical task of a differ- 
ent order of magnitude in its difficulty. 

In the calculation of the series expansion of Ow and 
9, it is important that all orders of V be kept. The 
limiting process V-+* should only be taken after the 
expression for b; has been obtained from (13). 


@(l) 
~ 


(13b) 


3. FIRST-ORDER CALCULATION 


The first-order partition function can be calculated 
as follows: 


On = —B > exp(—BE,)(¥, HV.) 


4rah’B . 
- ( ) >  exp( 
m V tia Lng N 


x (N2—4N 


B> Mata) 
bd ata’), 


where the notations are the same as those in I, and use 
has been made of (41) of L. The first-order grand parti- 


(14) 
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tion function is therefore 


4rah’B 
-( : )z CTILe exp(—Bee)}*] 
m no 4 


XC>X nangt+} a (n_— 


aX6 


—MNa) |. 
Hence 
9") 4rah’p 
9 -( mV ) 
XCX (na)(mp)+4 2X ((n_*)—4(n,)) |, 


aX 


(15) 
where ( ) denotes ensemble average. For example, 
st 
~Beéa) |\"/> [2 exp( 
nemed) 


~ Bea) 


Bea) 


z 


> nz exp( 


n=) 


(na) —Béq) |" 


z exp( 
(16) 
1—z exp( 


One can perform the summations in (15) by converting 
them into integrals. Upon substituting into (13a) and 
taking the limit V-+~, one obtains 


, 2a 1 « 
Dd by 2! (> bte!)*, 
1 LN A* 1 


where ) is defined by (2). 
4. SECOND-ORDER CALCULATION® 


The direct second-order perturbation calculation is 
complicated owing to the existence of degeneracies in 
the unperturbed system. We shall show now, however, 
that in the calculation of the partition function, and sub- 
sequently the equations of state, this difficulty can be 
easily circumvented, A similar situation exists for the 
first-order calculation. We recall that in (14), it is the 
diagonal matrix elements of H’ that enter into the 
calculations. These matrix elements, which are known, 
give the first-order energy shifts only in an average 
sense, because of the degeneracies of the unperturbed 
system. The detailed first-order level splitting is more 
difficult to obtain, but is unnecessary for the calculation 
of the partition function. 

The second-order partition function, defined in (11), 
can be reduced as follows: 


2 (k+-1)( 
E(¥. 4 ae 
n ped kd (7+k+2)! 


x (E,)*H’ ¥ (En) Hn), 


§)rrers 


where H'n,= (V»,/1’¥,). It is important that the sum- 
mation over m be carried out first, before the operator 


* From now on, we shall omit the superscript (0) on the wave 
functions ¥,, and eigenvalues F,,° 
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H’ is applied. Let 


k+1 oe oe x)e* 


S(x,y) => - shay = 
j= k=O (j+k+2)! (y—2)? 
Then 


On =H + (¥,, H’ S[S(—BE,, 


Therefore® 


—BEm)H'mnVm |). 
I on 
Ov® = prem (vn, de ae 4) 
En eR, Em En 


+4 > 6 *|H’..,|?. 


mn 
Em = En 


(18) 


In the matrix element in the first term of (18), we 
must not interchange H’ with the summation }~», since 
H’ involves a differentiation—a precaution we learned 
from I. The second term of (18) isolates the degenerate 
states, which now present no difficulty. [If there were 
no degeneracy in the unperturbed system, and if H’ 
were Hermitian, then (18) would reduce to the usual 
formula of second-order perturbation theory. | 

From (18), the second-order grand partition can be 
written down. However, we are actually interested in 
the combination (9°/ 9)—}( 9/9)? which ap- 
pears in (13b). In fact, each term of the a ket above 
would have a leading volume dependence of V?, giving 
a divergent contribution to 6, , in the limit of infinite 
volume. In the combination above, these divergent 
terms cancel. The explicit calculation for this quantity 
is given in the Appendix. We shall merely give the 
result here: 


(ilgeaies 


ne 


a bz! = 


l 


> 


1 


2 © gitktl | 
LoL anit’ 
1 1 (j+1)(k+1)(jkl)! 
5. EQUATION OF STATE AND THE VIRIAL 
COEFFICIENTS 


Collecting the formulas (7), (9), (17), and (19), one 


obtains the equations: 


Pr 2a 
( -) gs(z)-—Lg(z) F 
k7 


PN 
4 «(“) [tw PLey(z) J 


gitktl | 


(J+) (k+1) (jk)! 
+higher orders of (a/d), (20) 
ebm 


»~BEn 
‘The ter z[v., Wf p peel a. | var 
ta gy n m.Eem # Eon (Em E,} 7 ' 


ishes because the expression in the curly brackets is a wave func- 

tion that is regular everywhere. C onseque ntly H’ can be replaced 
by its Hermitian part: (4rah*/m)2Z,</6(1;—1;), which can be put 
under the 2,, sign. The expression then obviously reduces to zero, 
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N 9@0/\dP 
x—=1-(—), (21) 
V ozN\kT 

where 


ga(z)=>, Ez! (22) 
1 


The equation of state is obtained by eliminating z from 
(20) and (21). The virial coefficients a; are defined by 


PV 2 /N\o 
eer’ 
NRT oi \V 


(23) 


and may be worked out from (20)-(23). It is convenient 
to decompose a; into two parts. 


, 
ay=a, +a/, 


where a; are independent of a and are the well- 
known virial coefficients for the ideal Bose gas.’ The 
contributions from the imperfection is contained in a’, 
a few of which are (to order a?/*): 


2(a/X), 4) 
—4(a/i)?*, 


mn a\? 
6 d 


As we have mentioned before, for the second virial 
coefficient a,’ (and only for this coefficient), there 
exists a volume-independent formulation in terms of 
the scattering phase shifts. The result for the hard- 
sphere potential may be quoted here for comparison’: 


, 
ae 


as! (25) 


(26) 


a,’ = 2(a, \)- (44/3) (a/r)®+O(a/Xr)?. (27) 


The convergence of the expansion in powers of a/X is 
therefore very good. 

It is important to note that the expansion here is a 
low-temperature one, where quantum effects are pre- 
dominant. The hard-sphere diameter a enters into the 
calculations as a scattering length rather than as the 
radius of an excluded volume. The excluded-volume 
effect of the hard-sphere interaction—the only effect in 
the high-temperature classical region—does not enter 
into the present calculation, because it is at least of 
order a’, 

The virial coefficients given in (24)-(26) contain the 
parameter a as the scattering length of the interaction 
considered. We can be sure, therefore, that any inter- 
action which possesses the same scattering length a will 
give rise to virial coefficients whose lowest order terms 
are given by these expressions. Shape-dependent terms 
occur only in the higher approximations. The import- 
ance of the higher terms relative to the scattering 
7 J. de Boer and R. B. Bird, article in Hirschfelder, Curtis, and 
Bird, Molecular Theory of Gases and Liquids (John Wiley and 
Sons, Inc., New York, 1954), 
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length term depends, of course, on the particular 
interaction, 


6. BOSE CONDENSATION 


The virial coefficients calculated previously give the 
equation of state only in the gas phase, but furnish no 
information whatsoever about the condensed phase, 
nor the nature of the condensation. Nevertheless, we 
would like to have a hint of the existence and the nature 
of the Bose condensation of this imperfect gas, even 
though we cannot hope to obtain a rigorous treatment 
at the moment. 

In this section, we shall discuss the condensation of 
a fictitious imperfect Bose gas whose energy levels are 
rigorously given by the first order results for the hard- 
sphere gas derived in (41) of I: 


E,=> atatat (4rah®/mV)(N*—}no*), (28) 


where the term 4p? is all that we retain in the original 
sum 45°’. This is justifiable, because near the con- 
densation region, the average occupation number no 
of the single-particle “ground” state* is much greater 
than those for the “excited” states. 

Such a fictitious system, as we have pointed out in I, 
embodies some interesting physical properties. For 
example, it clearly exhibits the phenomenon, arising 
from the uncertainty principle and from the symmetry 
of the wave function under exchange of particles, that 
a spatial repulsion gives rise to a momentum-space 
attraction. The energy levels which correspond to 
states of the system differing in mp become separated 
by energy gaps—leading to a behavior of the system 
not dissimilar to that of a superfluid. It is felt, in- 
tuitively, that these are the properties which a hard- 
sphere Bose gas might really have, and that, although 
they have so far been demonstrated only to the first 
order, they might survive more rigorous calculations. 
It might therefore be interesting to look at the equation 
of state of a system whose energy levels are rigorously 
given by (28). 

It is important to stress that while any similarity 
between this fictitious system and an actual hard- 
sphere gas can only be advanced on a heuristic basis, 
the calculation of the equation of state arising from 
(28) will be rigorous. 

Briefly, then, we consider the partition function Ow 
of this fictitious system : 

On= er PEN 


na, ina N 


exp{—BLD tatat (4rah?/mV)(N?— ng?) }}, (29) 


. " ° . 
where /’y, defined by the above equation, is the Helm- 
holtz free energy. The partition sum over mq in (29), 


* Single-particle states no longer exist, of course, in the presence 
of interaction. The terminology “single-particle ground states,” 
étc., are used only for convenience. The quantum number no is a 
label identifying the state which (28) reduces to when the inter- 
action is switched off 
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subject to }-n,.=N, may be decomposed in the fol- 
lowing manner: 
N 
ot eee ee 


ta ing N nod na, Ina N—n6 


(30) 


We note that, by definition, 


> exp(—B > mata) 
na, UnanN—ng 
= On—no =exp(—BFn-no), 


(31) 


where Fw ~no is the Helmholtz for energy of an ideal 
Bose gas of N—no particles. We can write 


logOw= — (2ax*N?/V) 
+logl>- exp(ad?ng?/V) exp(—BF n—no™) }. 


no 


a BF w 
(32) 


In the second term above, the argument of the logarithm 
is a sum of positive terms. We can therefore apply the 
usual theorem that this logarithm may be replaced by 
the logarithm of the largest term of the summand and 
obtain 


— BF y= —BF v—no — (2aX*N*/V) + (ad*ne?/V), 


where no assumes that value which maximizes the sum- 
mand in (32). 
If no=0, then (33) gives 
—BF y= —BFy® — (2aNN*/V), 
The equation of state for this case is then not essen- 
tially different from that of an ideal Bose gas in the 


uncondensed state. 
If nox¥0, the value for no is determined by 


OF y © 2ad*no 
a( ) -— ’ 
ON’ N'=N—no V 


We note that the left-hand side is just the chemical 
potential v for an ideal Bose gas of N—npo particles, 
whose behavior is well known.’ Thus, mo will be ob- 
tained by eliminating the parameter z=e’ from the 
following coupled equations: 


(2ad*no/V) = —logz, 
N—no= (V/d*)gy(2), 


(33) 


(no= 0). (34) 


(no¥0). (35) 


(36) 
(37) 


where 


ga(s) =>, bs". (38) 
1 

The equation of state, for mo~#0, is then obtained by 
standard procedures resulting in the parametric 
equations: 
2anN*N? 1 
-—-—(logs)', 

4ad? 


Pst 
eet =" 
eal g4(2)— a logs. 
V 2an* 


(39) 
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To sketch the isotherms, we may first plot z as a 
function of V, at fixed N and T, as shown in Fig. 1. 
There are two branches of the curve. Branch I, which 
corresponds to mo=0, is essentially that for an ideal 
gas; but whereas the ideal gas curve would remain 
constant with z=1 below the critical volume 


V2= N)*/2-61, (40) 


the actual curve now goes over to branch II. Between 
V; and V2, 2 becomes triple-valued, with 


Vi=2-61V of gy (20) — (A/2a) logzo |", 
where 2 is the root of the equation 
£420) =A/ 2a. 


Only one value of z will be realized, of course. It is 
determined by requiring the Helmholtz free energy Fy 
to be minimum—a condition which mathematically 
follows from the procedure we used: that of taking the 
largest term in the summand in (32). 

Taking the behavior of z from Fig. 1, an isotherm is 
obtained as shown in the full curve of Fig. 2(a). This 
is not the equilibrium curve, because P is triple-valued 
between V; and V». The equilibrium curve is that with 
the vertical dotted line, a b cde f g, which results from 
minimizing 


(41) 


(42) 


(43) 


Fy=~ f Pay, at constant 7, 


such that the shaded areas are equal. The minimizing 
procedure is obvious from Fig. 2(b). 

Thus in the canonical ensemble, the isotherm ob- 
tained is a very unphysical one, in which the pressure 
drops discontinuously at a particular volume. However, 
we may go over to the grand canonical ensemble. It can 
be easily shown that this is achieved by applying the 
usual double-tangent construction shown in Fig. 2(b). 
The resulting isotherm in the grand canonical ensemble, 
abd fg, is in fact equivalent to that obtained by a 
Maxwell’s construction on the original curve, as indi- 
cated by the heavy horizontal line in Fig. 2(a). This 
new isotherm now exhibits a phase transition similar 
to that of an ordinary gas-liquid transition. 
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Fic. 1, The fugacity of the imperfect Bose gas as a function of V 
at fixed 7, Branch I—no=0. Branch Il—no+0. 
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It thus appears that for our fictitious system, the 
canonical ensemble and grand canonical ensemble yield 
different thermodynamic properties. In particular, the 
canonical ensemble predicts a nonphysical behavior 
that is not in accordance with van Hove’s theorem’ 
which states that the isotherm must be a monotonic 
function of V. This is not surprising, because the energy 
levels, as given by (28), describe a system which favors 
such strong density fluctuations that it does not satisfy 
the assumptions one usually makes about a physical 
system. In particular, if we cut the system into two 
volumes by inserting into it an impenetrable wall, the 
energy does not necessarily increase, as it must for 
van Hove’s theorem to be valid. [The first term of the 
expression (28), proportional to N?, satisfies that re- 
quirement. However, the second term, —4n? works 
exactly in the opposite direction. That is, if ever it 
becomes favorable to have particles go into the single- 
particle ground level in one side of the wall, this will 
happen in an avalanche until the entire system is 
transformed. } 

The grand canonical ensemble, on the other hand, 
has implicitly given the system the possibility of a 
two-phase equilibrium. For physical systems, in which 
such a possibility is inherent in the system anyway, the 
grand canonical ensemble yields the same results as the 
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Isotherm for ideal gas 
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Fic. 2. (a) Isotherm for the imperfect Bose gas, Calculated 
with canonical ensemble: abcdefg. Calculated with grand 
canonical ensemble: abd fg. (b) Free energy of the imperfect 
Bose gas. Minimization of free energy leads to the isotherm 
abcdefg of Fig. 2(a) (canonical ensemble), while the double 
tangent construction, equivalent to a Maxwell’s construction on 
the isotherm, leads to the isotherm abd/g of Fig. 2(a) (grand 
canonical ensemble). 


a “i van Hove, Physica 15, 951 (1949), 


BOSE GAS 


Isotherms for ideal gos 


Transition line for ideal gas 


Isotherms for imperfect gas 
/ 


/ . 
/ Transition Region for 
/ / Imperfect gas 








Fic, 3, Qualitative sketch of the isotherms of the moet Bose 
gas, calculated in the grand canonical ensemble 


canonical ensemble. For the present case, the grand 
canonical ensemble disagrees with the canonical en- 
semble in that the former does not take the energy 
level formula as literally as the latter. If we adopt the 
grand canonical ensemble, then the energy formula 
(28) is to be understood in the sense that it only gives 
the energy levels of the system in one single phase, and 
we have to assume in addition that a two-phase sepa- 
ration of the system is possible. Therefore, in the 
partition sum we would not only sum over possible 
states of the system in a single phase, but also states in 
which the system is broken up into two phases in equi- 
librium with each other. This in practice is achieved by 
using the grand canonical ensemble.” 

Taking the point of view of the grand canonical 
ensemble, then, we arrive at the isotherms for the 
system qualitatively summarized in Fig. 3, which is 
self-explanatory. For large volumes, the isotherm 
closely approximates that for the ideal Bose gas. At a 
volume V,, which is greater than the transition volume 
of the ideal Bose gas, the system breaks up into two 
phases. Then, at some smaller volume V,, the system 
is in a single phase again, and the pressure goes up with 
decreasing volume, because the energy of the system, 
as shown by (28), increases rapidly at high density. The 
condensed phase in this case has a finite density equal 
to N/V), unlike the ideal Bose case where the condensed 
phase has infinite density. Note that at the transition 
point V,, the isotherm is discontinuous in slope, in 
contradistinction to the case of the ideal Bose gas. This 
is a reflection of the fact that the spatial repulsion of the 
interaction enhances the momentum-space attraction, 

It is this difference between the predictions of the canonical 
and grand canonical ensembles which suggested the speculation 
mentioned in I, that a better treatment of the quantum-mechanical 
hard-sphere many-body problem may be obtained by applying 
the methods in I only to smaller subsystems, while employing 


hydrodynamic methods for the treatment of long-ranged cor- 
relations, 





HUANG, YANG, 


fixed T 


\ 


Imperfect 


Gas ¢ Gas 


| 
| 
) 
| 
\ Ideal 
| 
x 
| \ 4 e 
“ 
Se Se eS oS” 
VY Vy V, Vv, 





Fic. 4, Number of particles mo in the single-particle “ground” 
state, as a function of V at fixed 7. For an ideal Bose gas, no/N 
is zero for V > V2, and increases linearly to unity between V= V2 
and V=(@. For the imperfect gas the system breaks up into two 
phases at V=V, (point A). For one phase, no/N remains zero, 
while for the other phase assumes the value at V= V, (point B). 


The transition region, shown shaded in Fig. 3, does 
not terminate at a critical point. 

The nature of the two phases for this imperfect gas 
can best be described in terms of mo, the number of 
particles in the single-particle ground level. A plot of 
no is shown in Fig. 4, making use of (36) and the be- 
havior of 2 from Fig. 1. At very large volumes, no=0. 
This region corresponds to the “gas phase” of the sys- 
tem. When the volume is reduced to V,, indicated by 
point A in Fig. 4, a part of the system goes into a 
different phase in which the ratio no/N (where N is the 
number of particles in this second phase) assumes some 
finite value less than unity, as indicated by point B 
in Fig. 4. When the volume is decreased further, the 
pressure remains constant. Only the relative amount of 
these two phases is changed, while the compositions of 
the phases remain at their respective states A and B, 
Finally, when V = V;, there is only a single phase, and 
the entire system is at point B of Fig. 4. Upon further 
compression, the ratio mo/N approaches unity. The 
transition process may be pictured by the series of 
schematic diagrams shown in Fig. 5. At the instant of 
its formation, the “liquid phase” possesses a finite 
ratio of mo/N, so that the number of particles in the 
ground state increases discontinuously in going from 
the “gas” to the “liquid” phase. This again reflects the 
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Fic, 5, Schematic pictures of the imperfect Bose gas when the 


volume is varied at constant temperature. 
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enhancement of the momentum-space attraction due 
to the repulsive interaction. 


APPENDIX 


In this appendix we shall derive (19). The second- 
order grand partition function will be written 


Q® = ¥+ 9", (Al) 


where, from (18) 


Bas 
7=B> ctl ¥., H’ ¥. ———YVn 
n Em#En Eem— En 
oF En| H' nn|?. 


a 


mn 
Em =En 


Q'= 19 


To evaluate 9’, let us first examine the matrix ele- 
ments H’,,, in (A2), Let the initial and final states be 
characterized by their respective occupation numbers: 


/s 
|m) = | m,M1,Mo, ee P 


|n) = | M9,21,M2,° ee 


(A4) 


Then, for a given initial state |”), H’», connects only 
three types of final states |m), all subject to conserva- 
tion of total momentum, and all off the energy shell. 
It is best to list these types by displaying their occupa- 
tion numbers that are different from those of |n): 
Type 1, 

*)s 

| m) = | +My Lee my— Le mgt 1+ + mgt1---) 

y, A, a, 6 all unequal, 

K,,=Kis, Ky=k,+h, 

kyv~-rkas, k,,=4(k,—k,), 

H' nn= (Srah?/mV){ nny (nat1) (ng+1) }}. 


\ | 
|n)= | 1+ *fhy? "Ny***Na’?* Ng’ 


(AS) 


Type 2, 

| ), 
|m)=|+++my—1+++my—1+++mg+2---), 

y, A, a all unequal, 

K,,= 2k, 

k #0, 

H' nn= (8rah?/mV)[ ny (ta+1) (tat 2) }}. 


| on 
|n)= ‘thy °° * Na?’ 


Type 3, 
|m)=|+++myss*My*° +), 


| m) = | ee ‘Ny+1: ° ‘m+1- ° ‘Nag 2: ° -) 
(reversed transition of type 2). 


*Nea’ 


(A7) 


Restrictions same as type 2, 
H' mn= (8rah?/mV)((ny+1)(m.+1)(ta—1) M4}. 


The sum over m in (A2), for given n, is then the sum 
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over these three types (i.e., over the indexes a, 8, y, A), subject to conditions given for each type. Hence we have 


Bas 8rah* Ms 
X,= - 7 . v= ( )x 
EmAEn En E, m V 


(i? /m) kay? 


[ 2,2(tat+1)(ng+1) }! 
(1) a 
(h?/m) (Ras? — ky?) 
_. [tym (tat 1) (ta+2) |! 


1, ta +1, na+1) 


n,—1, 


Ny—1, 2y,—1, %a+2) 


[(n, +1) (my +1) (ta _ 1 \Na |! 


+> 


where 5°") denotes a sum over states of type 1, etc. 

Now the expression X, is to be operated on by H’. 
This is best done by representing H’ in the second 
quantized form given by (38) of I, and note that al- 
though the differential operator (0/dr)r in H’ may not 
be taken to the right across any summation, the crea- 
tion and annihilation operators may. Performing then 
the required operations, we obtain, after some straight- 
forward reduction: 


NNy(NaNp+Natng) 
( ) 


82a? h? 
aX.) = (/ )fsx I 
mV? Rap’ — ky" 


4 O- _, NyNy (Nat 1)(mat2) 
+2> Ny (rG(k+,8) |rno— >, we 
yA 


yh or y#h 


0 Na(Na—1)(nyny+-ny+Ny) 
+42,” , 
ky? 
0 
+> na(Na— 1)- [rF(r) |rmof, (A9) 
r 


a dO 


where F(r)=)>oy«o(e'*''/k?) and has been calculated 
in (53) of I, and 


eikr 
G(ko,r)* > P 


kO kxky R? — ko? 


(ko), (A10) 


where all k vectors are single-particle momenta defined 
in a box of volume V=L* with periodic boundary 
conditions. We note that the quantity G(ko,r)—F(r) 
is not singular at r=0. It is thus convenient to consider 


G(ko,r) —F (r) 


elke 1 
= ky “ ~ ¥4 giker 

’ 
kO kX ko bh? ( p? - ko?) ke hem keg 


from which we conclude 
0 . 

[ rG(ko,r) ]sm0 = 
Or 


0 
[rF (1) ]rmo 
wv 
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= I 1 . 
: dy 1, 


+ ky? na 
kHO kk kh? (k? “ k¢*) ki? km keg 


lnyt+1, m+1, na 
(h?/m)k,,? 


where we already know, from (53) of I, that 


ff) V 2-37 
[rF(r) |, ( ) 
or 4dr L 


Substituting these into (A9), we see that all terms 
in (A9) other than the first sum (the one involving the 
summation >>") may be neglected, since they are all 
smaller than the first sum by at least one power of the 
volume V. Furthermore, in the first sum itself, the 
terms involving four occupation numbers sum to zero. 
Substituting (A9), thus calculated, into (A2), we ob 
tain in the limit V>~, 


(A13) 


9’ 64a")? (Na)(ny)(ny) 
1 


(A14) 


g\) V? 


where (n,) has been defined in (16). The states | m) 
of type (1) are characterized by the momenta of the 
single particles levels a, 8, y, and \: k,, ks, k,, ky. Inter- 
changes of k, and ky, or k, and k, produce the same 
state. We shall explicitly display (A14) as a sum over 
the independent momenta k,, ky, k,, ky as follows 


9 16ma*d? (na)(n,)(ny) 


B( ka’ { kp? k / 
al k,, | ks k, 


9 VY? ky*) 


k,), (A1S5) 
where the >’ is taken over all k,, kg, k,, and k, with 
the restrictions that k,#~ks, k,#k,, and that terms 
with a vanishing denominator k,’+ky’—k,’—k,* are 
omitted, 

To calculate (A15) explicitly, we convert the sum >~’ 
into an integral. To take into account the restriction 
ki +ke—k,—ke 0, the singularity in the denomina- 
tor in (A14) is avoided by taking the Cauchy principal 
value of the integral. We then have 


Y 16ma*r* / 4V3 oo w 
( ) Ey 
jml ke 


Q — Vt Nant] imi tt im 


oitk+l 0 
* I (u,vjw), 


‘ (A16) 
(j+k+D(j—k)l ou 
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where 


I (u,v,w) pf 


% 


(A17) 


w 
2m 


Calculation yields 


OJ u(w—v) 


Ou 4[(w+vr)?*—0 |[4wv— ve? }! 


w (j+k+)'j—k) 


. (A19) 
8? (j+-1)(k+1) (jk)! 
Substituting this into (A16), and (A16) into (A14), 
we finally obtain 
Y 80V @ @ « gitott 
- oe . (A20) 
QO —® jet mt bt (7+1) (R41) (phd)! 
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The calculation of 9” is easier. It can be readily 
proved that in (A3) we need only retain the terms for 
which m=n. The other terms do not contribute to 
b, in the limit V-+«. One therefore obtains, after 
some algebra, 


9 ans 
((2¥° nangt+>, n?—> na)’. 
2 Vy? a¥f a a 


9\9) 
«a 


But we have, from (15), 


9) an 


= ———[2 Do (ma) (mp) + (ma?) — 2 (na) J. 


9 V axXB a 


We obtain, therefore, as V->~, 


9" 1 9") 2 Raq? 
7 -1= (0 (ma))® Xo ((ng*)— (ng)*) 
9g) 2 g® Vy? e B 
(A21) 
8a? V aL : w 
=— Co Hs! Ps"), 
r® 1 1 


Adding (A20) and (A21), and using (13b), one obtains 
(19). 
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The isothermal flow properties of helium II have been studied at pressure heads between 1 and 16 cm of 
helium and in slits with an average width between 2 and 5 microns. The results can be partially described in 
terms of the mutual friction theory of Gorter and Mellink. The prediction of the theory that the flow rate 
should be proportional to the one-third power of the pressure head was verified for the entire pressure range 
investigated. The agreement is not complete, since our work is consistent only with a mutual friction con- 
stant, A, which is a function of temperature and of the slit dimensions. There was no evidence of critical 
velocity effects in the velocity range investigated (10-30 cm/sec). Interpretation of the experimental work 
of Allen and Reekie and of Hollis-Hallet indicates that there is a small superfluid friction proportional to the 
square of the superfluid velocity in addition to the mutual friction. This friction was not observed in the 


velocity range of our experiments. 


INTRODUCTION 


N a previous paper,'! we reported some results of 
experiments on the flow properties of helium II. 
Since then, the flow measurements have been refined 
and extended. The object of these experiments has been 
the study of the dissipative processes that take place 
in pure superfluid flow. The flow measurements were 
made isothermally in slits of a few microns width. These 
widths are small enough to nearly remove the contribu- 
tion to the flow by the normal fluid, yet large enough 
to give easily measurable rates for the flow of superfluid. 
Previous experiments on the flow in wide capillaries,’ 
the nonstationary fountain effect,’ and the damping of 
an oscillating disk,‘ have shown that there are dissipa- 
tive forces acting in liquid helium other than the viscous 
forces of the normal fluid. The ‘‘mutual friction” theory 
of Gorter and Mellink® describes these forces with some 
success, but Atkins has shown in a review article® that 
this theory does not describe all experiments ade- 
quately. We have studied the isothermal flow properties 
of the superfluid in an attempt to test the predictions 
of the Gorter-Mellink theory and to see if the forces 
acting could be described by mutual friction forces, or if 
some other forces were necessary. Measurements have 
been made for several slit widths between 2 and 5 
microns and at pressure heads corresponding to 16 cm 
of liquid helium. 


EXPERIMENTAL METHOD 


The apparatus and methods used in the study of the 
flow properties were described previously.' The flow 
channel was formed by pressing a ground glass plate 
against a ground flange at the bottom of a glass reser- 
voir. Optical examination revealed that the slits formed 


* Research supported in part by the National Science Founda 
tion. 

1R, T. Swim and H. E. Rorschach, Phys. Rev. 97, 25 (1955). 

*K. R. Atkins, Proc. Phys. Soc. (London) A64, 833 (1951), 

§’ Hung, Hunt, and Winkel, Physica 18, 629 (1952). 

4A. C. Hollis-Hallet, Proc. Roy. Soc. (London) A210, 404 
(1952). 

5C, J. Gorter and J. H. Mellink, Physica 15, 285 (1949). 

*K. R. Atkins, Advances in Phys. 1, 169 (1952). 


in this way were not uniform. The deviations from 
uniformity were sometimes as much as 40%. The 
average slit widths were determined from the flow rate of 
helium I and its known viscosity of 30 micropoise’ and 
should have been accurate to within approximately 5%. 
All slit widths quoted are averages obtained in this way. 

Flow rates were determined from plots of reservoir 
height / vs ¢ (see Fig. 1). The time intervals for given 
increments of the reservoir height were recorded by 
energizing with a hand switch the movement of an 
Esterline-Angus recording milliammeter while observing 
the reservoir level visually. A roll speed of 3 inches/ 
minute allowed the measurement of time intervals to 
within 1/5 of a second. 

Flow measurements were made for flow into the 
reservoir and flow out of the reservoir. The results for 
inflow and outflow were identical in almost all cases. 





SLIT WIDTH* dy» 3.54 
T *1.54°K 


Net 
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neo L Nel 
6o f bey 
Fic. 1. Primary experimental observations of reservoir level 
h vs time t. The points are from several separate measurements. 
The solid curves give the dependence of A on ¢ for various cases 


n=1, Poiseuille flow; n=4, turbulent or Torricelli flow; n=O, 
flow at constant velocity. 
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The vapor pressure was controlled by an automatic 

regulator with a precision of 0.1 mm Hg. Temperatures 

were determined from the 1949 Agreed Temperature 

Scale. 

EXPERIMENTAL RESULTS 


The volume flow rate as a function of pressure head 
could be determined from the experimental data in two 
ways. One method is illustrated in Fig. 1. The expres- 
sion h« (AP)" has been used to fit the primary data 
over the whole range of pressure heads. The experi- 
mental points fit the expression with n= 1/3 quite well. 
Another method involves the direct determination of the 
velocity from the graphical time record and the expres- 
sion h= (Ah/ Ab) average. These velocities, h, are shown in 
Fig. 2. The solid line is the velocity calculated from the 
curve which was fitted to the points of Fig. 1 over the 
entire pressure range. Although there is considerable 
scatter at the highest pressures, the time-measuring 
method gives consistent results. In the previously 
reported work,' the behavior of the flow rate at high 
pressure heads was uncertain. The results shown in 
Fig. 2 seem to show that no saturation effects occur at 
high pressure heads, and that h=C(AP)! is a satis- 
factory description of the flow at all pressures investi- 
gated. This interpretation is consistent with other 
recently reported flow measurements at high pressure 
heads.* Attempts to extend our measurements to higher 
pressures by a direct application of helium gas to the 
reservoir have been unsuccessful. The condensation of 
the gas in the reservoir always produced a thermo- 
mechanical effect and a net inflow. The flow rates ob- 
tained with this thermomechanical effect were always 
consistent with the gravitational rates under the corre- 
sponding pressure heads. 

The temperature dependence of the flow rate is 
shown in Fig. 3. The solid curve is p,/p as measured by 
Andronikashvili.® The points represent A determined at 
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Fic, 2. Rate of change of the reservoir level vs the reservoir 
level. The points were obtained directly from the primary date 
(see text). The curve represents the rate of change calculated from 
the equation fitted to Fig. 1 with n=}. 
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a pressure head of 13.0 cm He, and normalized to 
p,/pat 1.81°K. The dashed curve shows the temperature 
dependence expected from the Gorter-Mellink mutual 
friction theory. The results of three separate runs show 
that the temperature dependence of the flow is ac- 
curately given by p,/p. 

The rate of change of the reservoir level as a function 
of average slit width is shown in Fig. 4. The rates have 
been determined at a pressure head of 13.0 cm He and 
normalized to 0°K by the factor p,/p. The filled circles 
represent the previous results.' The solid curve is 
h=0.0167 (d,)** where d, is the average slit width in 
microns. It seems likely that there was an error of 
approximately 30% in the 4.3-micron average slit 
width determination previously reported. The slit 
appears to have been approximately 3.3 microns in 
width. This does not change the general character of 
the previous results but it does change some of the 
detailed comparison with theory. 





Fic. 3. Rate of change 
of reservoir level vs 
temperature. The rates 
were determined at a 
pressure head of 13.0 
cm helium and have 
been scaled to the p,/p 


curve at 1.81°K. The 
dashed curve is 2.45 
PaPn ' 
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The side-tube behavior previously reported! was 
again observed. However, in view of the nonuniformity 
of the slits, we have not tried to include this point in our 
description of the results. 
All of our flow results can be rather closely repre- 
sented by: 
V = Bd™(p,/p)(AP)!, 


where V is the volume rate of flow in cm*/sec, d is the 
slit width in cm, m=5/3+1/3, and B~12X10? cgs 
units for m= 5/3. 


DISCUSSION OF RESULTS 


The thermohydrodynamic equations of motion for 
liquid helium may be written in the following form®: 


dy, 
Ps 1 oer (p./p)VP+pSV T- F.— F,, 


al 


dv», 
Pn—= — (pn/p)V P—pSVT+1nVVn 


dt 
+4V(V-v,)+F,,.—F,, 


where F,, F,, and F,, represent frictional forces. For 
isothermal flow in narrow slits, the second equation will 








FLOW OF HE II 


be satisfied for v,—»0, and we therefore neglect the flow 
of the normal fluid. The first equation can be solved, 
since the acceleration and Bernoulli terms may be 
neglected. The solution for the pressure gradient is: 


vP=- (p/ps) (Fant F,) > 


and if we assume that F,, is given by the Gorter- 
Mellink expression,’ F,,=Ap.pn(v.—v,)*, and that 
F,=0, then we obtain 


VP=-A Pnpvs. 


Integrating over the slit length, we get the total pres- 
sure drop: 


AP=0.026A pav.* (Ri) 


’ 


0,(R,)=3.38(Apn)"(AP)!, 


where R; is the inner radius of the annular slit and v,(R,) 
is the velocity of the superfluid at R;. The average flow 


TABLE I. Values of Ap, computed from Ap,=C/pd?. 


Diameter d Apn 
(microns) (cgs units) 
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velocity is then given by: 
d= (p.d,)/p, 


where the bar represents an average over the cross 
section of the slit. To relate the average velocity to the 
experimental results, we use: 


V = 2nR di(R,) = 24Rd(p,/p)3.38(A pn) (AP)A, 


where 0(R;) is the average fluid velocity at R; and d 
is the average slit width. 

The calculation can also be carried the other way. 
We can determine the form of the “mutual friction’ 
which would yield the experimental results. This calcu- 
lation leads to a mutual friction term: 


Foes 


with K=2+1 and C~49X10~ cgs units for K=2. If 
we compare the experimental results with the predic- 
tions of the mutual friction theory, we note the following: 

1. The dependence on the pressure head agrees with 
the prediction of the mutual-friction theory. There is 
no particular evidence of saturation at higher pres- 
sures. Some recent work has indicated that there is a 
critical velocity below which the mutual friction van- 


(C/d*) (p./p)¥.', 
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Fic. 4. The rate of change 
of reservoir level vs the 
average slit width. The 
rates were determined at a 
pressure head of 13.0 cm 
helium and scaled to O°K. 
The two filled circles at 2.4 
microns and 4.3 microns 
represent previously ob 
tained results.! 
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ishes."” No critical velocity effects were observed in our 
work. However, the critical velocities expected are of 
the order of 10 cm/sec. 
pressure heads of 1 cm He were approximately 10 
cm/sec. In addition, the nonuniformity of the slit would 
tend to obscure any critical velocity effects. 

2. The observed temperature dependence does not 
agree with the theory. The Gorter-Mellink theory pre- 
dicts that the temperature dependence of the volume 


Our minimum velocities, v,, at 


rate of flow should be given by p,p,~'. This function, 
normalized to the experimental results, is plotted as 
the dashed line in Fig. 3. Other isothermal experi 
ments’* have given results consistent with a mutual 
friction whose temperature dependence is given by 
p,/p. Atkins’ results in wide capillaries yield values of 
Ap, which are more nearly constant than the values 
of A. The results of Hollis-Hallet with a pile of disks 
can be fitted as to the temperature dependence by a 
mutual friction proportional to p,/p. 

3. Values of Ap, may be calculated from our measure- 
ments for comparison with other work. If we set 
Ap,=C/pd? we obtain the results shown in Table I. 
The agreement is satisfactory as regards order of 
magnitude. 

4. The results of Fig. 4 indicate that the mutual 
friction term, F,,,, depends on the slit dimensions. This 
possibility was not anticipated in the original formula 
tion, since F,, was considered a body force. Our work 
indicates that the mutual friction is proportional to 
d*, However, the exponent is not accurately de 
termined, owing to the small number of experimental 
points in Fig. 4 and the fact that the flow rate depends 
on the cube root of the friction force. Other recent 
results*"" have also shown that F,, is a function of the 
slit dimensions. These workers report that the de- 
pendence on the slit width is given as F,,«d~4. The 
difference between the two exponents may possibly be 
due to the nonuniformity of our slits. It should be 
noted, however, that the results of Atkins do not fit 
easily into this picture unless the dependence on d 
becomes less as d increases. In any case, the dependence 
on d indicates that the form given the mutual friction 
term is not correct. F,, ought to involve differential 


Winkel, Delsing, and Poll, Physica 21, 331 (1955); Winkel, 
Broese van Groenou, and Gorter, Physica 21, 345 (1955) 
4 Winkel, Delsing, and Gorter, Physica 21, 312 (1955), 
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operators, and the slit dimensions would then be intro- 
duced through the boundary conditions. 

Some investigations have indicated that forces act 
on the superfluid in addition to the mutual friction. The 
rotating viscosimeter experiments of Hollis-Hallet” 
show that mutual friction is inadequate, although this 
conclusion may be modified if the mutual friction turns 
out to be dependent on boundary conditions. The 
results of Allen and Reekie" on the fountain pressure in 
wide capillaries also indicate that F,~0 is necessary 
if we wish to use the two-fluid hydrodynamic equations 
to describe the flow of helium II. If we suppose that 
F,,=0 and add the two equations of motion for the 
normal and superfluid, we obtain, in the steady state, 


vP=n,V,—F.. 


If we assume that the normal fluid velocity profile is 
not changed, then 


vn= (6/d*)[ (d?/4) — 27 Wa. 
If in addition we take 


F,=D\%,|¥,, 
then 
VP = —(12n,%,/d*)— D\%,|%,. 


For steady-state heat conduction, p,¥,+,0,=0 and 
therefore 


VP=- (129n/d*)¥n+D(pn/ps)*|Fn| On. 
The heat current is given by 
W=pST¥,. 


Thus for small heat currents, the heat current is pro- 
portional to the fountain pressure, and we obtain the 
rule of Allen and Reekie.“ For large heat currents, the 
fountain pressure must change sign. The maximum in 
the fountain pressure occurs at a value of W which is 1/2 
the value at which the fountain pressure is zero. This 
prediction, which depends on the fact that F,«%,’, is 
roughly confirmed by the results of Allen and Reekie.” t 


A.C, Hollis-Hallet, Proc. Cambridge Phil. Soc. 49, 717 (1953). 

4 J. F. Allen and J, Reekie, Nature 144, 475 (1939). 

“J. F. Allen and j 
(1939), 

t We have attempted to repeat the experiments of reference 13. 
Our results differ from those of reference 13 and indicate that the 
above interpretation is probably not applicable, since the conduc- 
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The above considerations suggest that the hydro- 
dynamic equations must be modified by adding a term 
F,=D\%,\%, in addition to the mutual friction. Our 
isothermal! flow results, however, do not indicate a 
friction term proportional to 9,7 of any magnitude. Of 
course, this term is likely to be small, as is indicated by 
the success of the mutual friction theory in describing 
the flow in small channels. It is also possible that in 
sufficiently small slits F, depends on a higher power of 
v,. In any event, the results of the present experiments 
do not preclude the existence of a small superfluid fric- 
tion proportional to %,? which appears at low velocities 
and in wide channels. 


CONCLUSIONS 


The results of the present work show that the iso- 
thermal flow of helium II in narrow slits can be de- 
scribed roughly by the mutual friction theory. There are 
some discrepancies, especially as regards the tempera- 
ture dependence of the flow and the dependence on the 
slit dimensions. The experimental results are consistent 
with a “mutual friction” having the same temperature 
dependence as p,/p. Such a temperature dependence is in 
agreement with results reported by Atkins and by 
Hollis-Hallet. A consideration of the results of experi- 
ments by Allen and Reekie and by Hollis-Hallet indi- 
cates that a small superfluid friction F,«%,? must be 
added to the hydrodynamic equations in addition to 
the mutual friction, F,,. It is likely that both F, and 
F,,, involve differential operators and that v, and v,—V, 
are subject to some boundary conditions. A detailed 
comparison of the results from different flow geometries 
would be difficult unless these conditions were known. 
This friction term, F,, did not appear at the high 
velocities and in the narrow slits that we used for our 
observations on isothermal flow. 
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tion of heat occurs along two paths. However, the above analysis 
ought to apply to an experiment in which the heat is conducted 
along a single path. 
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The energy band structure of a one-dimensional crystal is calculated using a Kronig-Penney model, 
The width of the forbidden band and the effective mass of electrons are determined as a function of the 
atomic spacing and the asymmetry of the potential. Calculations for a specific average potential show that 
the effective mass increases monotonically with the potential asymmetry, contrary to a previously published 


calculation. 


I. INTRODUCTION 


N a one-dimensional Kronig-Penney model! of a 

crystal, the electrostatic potential is represented by 
an array of Dirac delta functions located at the lattice 
sites. Although with such an idealization one can solve 
exactly for the band structure and the effective mass, 
the physical inferences remain at best qualitative in 
nature, 

Recently Seraphin’ has applied this model to com- 
pound semiconductors having the zincblende structure. 
He considered the atomic planes normal to the [111] 
axis. These planes are populated alternately by the 
two different types of atoms constituting the compound. 
The lattice constant is taken to be the distance between 
two similar atomic planes. Seraphin represents the 
electrostatic potential of any atomic plane by a Dirac 
delta function whose position is the intersection of that 
plane with the [111 ] axis and whose strength is propor- 
tional to the binding strength of the type of atoms 
lying in the plane in question. Since the spacing ratio 
of the atomic planes considered is 1:3, Seraphin thus 
arrives at a diatomic one-dimensional Kronig-Penney 
model with a finite charge asymmetry and constant 
spacing ratio. For this model, he gives in the form of a 
graph the effective mass for holes and electrons as a 
function of charge difference. According to Seraphin 
the effective mass of electrons assumes a minimum for 
a certain value of charge difference. 

Here, we are concerned with the problem of calcu- 
lating the electron effective mass for a general diatomic 
linear lattice for which the spacing ratio of the charges 
as well as the charge difference is allowed to vary. 
Seraphin’s case will be treated as a special case to give 
the correct trend of the effective mass. 


I. MODEL 


The one-dimensional Schrédinger wave equation of 
a single electron moving in a potential, V(r), is: 


h? og? 
(- ae ——eV ¥= By, (1) 


2m dr 


1R. de L. Kronig and W. G. Penney, Proc. Roy. Soc. (London), 
A130, 499 (1931). 
* B. Seraphin, Z. Naturforsch. 9a, 450 (1954). 


where £ is the electron energy, r the crystal axis, and 
—e and m are the electron charge and rest mass, 
respectively, For convenience we introduce « and U 
defined by 


E=—h*?/2m, eV=h*U/a'm, (2) 
where a is the lattice constant. In this model the 
periodic potential is assumed to be of the Kronig- 
Penney type. Following Seraphin, we write 


U(r)=a & ((P—AP)i(r—na) 


no 
+ (P+AP)i(r—(n—a)a)). (3) 

Figure 1 shows schematically the potential function, 
U(r). There are two Dirac delta functions (or point 
charges) of strengths P—AP and P+ AP corresponding 
to the two different types of atoms in a diatomic crystal, 
The parameter, a, stands for the spacing ratio of the 
charges; thus @ is 4 for a uniform atomic spacing and 
4 for Seraphin’s case. P is the average binding strength 
and AP measures the asymmetry in the potential or 
the charge difference. 

Upon introducing U(r) given by Eq. (3) in Eq. (1) 
and using the Bloch wave function, 


¥(r-+-na)=(r) exp(ikna), 


it can be shown that 


cosx = coshz+[2(P?—AP*)/z*] sinh(az) sinh[ (1—a)z | 
~(2P/z) sinhz, (4) 
where 


(5) 


and z is real or pure imaginary corresponding to negative 
or positive energies, respectively. Equation (4) is the 
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Ki, 2. The valence and conduction bands for a= 4. 


The bands are shaded. 


characteristic equation of this eigenvalue problem. For 
a derivation the reader is referred to the works of 
Saxon and Hutner® and Seraphin.? 


Il. ENERGY BANDS 


For a linear crystal having a uniform atomic spacing, 
ais 4. This special case deserves to be treated separately 
because it is simple and at the same time reflects the 
behavior for other a’s. 


Setting a= 4 in (4), it is found that 


(P+AP)z" sinh (42) ] 
(P—AP)z" sinh(4z) |. (6) 


[ cosh (4z) 
[ cosh(4z) 


cos* (4x) 


This is of the form 


AB, (7) 


cos? (4x) 


where A and B represent the first and second factors, 
respectively, on the right of (6). With no loss of gener- 
ality we restrict AP to be positive to distinguish A 
and B, 

The first and second energy bands are identified with 
the valence and conduction bands, respectively. For a 
given P and AP the value of ¢ corresponding to the top 
of the valence band is the first* zero of A, while the 
first zero of B gives the bottom of the conduction band. 
Let these first zeros of A and B be ab and ac, respec- 
tively. Then the width of the forbidden band is 
(2m)*h? (b? — c?). 

* David S. Saxon and R, A. Hutner, Philips Research Repts. 
4, 81 (1949). 

‘ The zeros are ordered first, second, etc., so as to give increasing 
energy values. 


In all the numerical calculations given here, P is 
assigned the value 3 after Seraphin which empirically 
corresponds to covalent binding in the crystal. A finite 
AP would correspond to an ionic component in the 
chemical bond in addition to the covalent component. 

Figure 2 shows the valence and conduction bands for 
a=4. This figure can be thought of as the intersection 
of the energy surface E(a, AP, P=3) with its plane of 
symmetry, a=4. For AP=0 we have one continuous 
band since A= B and the lattice constant becomes a/2 
instead of a. This band splits at S (where A= B=0) 
generating the valence and conduction bands as AP is 
increased. Band splitting also develops for AP=0 if we 
move away from S parallel to the a axis. The width 
of the forbidden band increases with AP for all a@ as is 
illustrated in particular for a= }. 

Figure 3 shows the bottom of the conduction band 
for different a’s as a function of AP. Similar calculations 
can be made for the top of the valence band, in which 
case it will be found that for a given AP the energy 
decreases as a decreases from 4 to zero. 


III, EFFECTIVE MASS 


The effective mass of an electron, m*, is given by: 
m CE ee? 
m—)=—2 /— 
m Ok* Ox? 
02 02\*7"" 
--(24(2)]i. 
Ox? \Ox/7,J5) 


The derivatives are evaluated at the band edge (top of 
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Fic, 3. The bottom of the conduction band for different a’s. 
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the valence band or bottom of the conduction band, 


where x=7). 


Differentiating (4) twice and noticing that 02/dx is 


zero except for z=0, we have, using (8): 


* 


m sinhz 2P sinhz 2(P?— AP") 
— a 4 - (coshs- )- 


9 
~ 


9 
oe 7 
a a 


a sinh (az) 
x| sinh[ (1—a)z (coshas)- ) 


2 az 


l—a 


+—— sinh(az) (cosn —a)2 | 


z 
sinh[ (1—a)z ] 
(1—a)z 


For positive energies we set z=iy in our equations. 


Since cosv= —1 at the band edge, (4) gives: 


2Py™ siny—cosy— 1 


=2(P?—AP*)y* sin(ay) sinl(1—a)y]. (10) 


Equation (10) may be substituted in (9) to eliminate 
P?—AP*, so that: 


m*/m=—y™ siny— 2P(cosy—y™ siny)/¥ 
ty {2Py" siny- 


+- (1 a) cot| (1- a)y |- 2 


cosy— 1} {a cot (ay) 


yy}. Cif) 


For a=}, these expressions take a simple form. 
Either from (9) or directly from Eqs. (6) and (8) we 
obtain, on expressing z~! sinh(4z) in terms of cosh(}z) 
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Fic. 4. The effective mass of holes and electrons for a= 4. 
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Fic. 5, The effective mass of electrons for different a’s 


at the band edge: 


(=) ( 2AP )( 1 
m P—AP P—AP 


P-—2-—AP 
) coste(t), (12) 


) ( 2AP )/ 1 
P+AP P+AP 


p 
P—2+AP 
) cosh? (de, (13) 


( m* 
m 


9 


where n stands for electrons and p for holes 
Figure 4 shows m*/m for holes and electrons for a= 4 
Figure 5 shows m*/m only for electrons for different 


a’s. It is the curve a=} which is incorrectly given in 


Seraphin’s paper.® 
IV, CONCLUSIONS 


To apply this simple model to the compound semi 
conductors, we make two assumptions: 


1. The spacing parameter, a, is to be associated with 
a certain crystal axis. 

2. AP=0 for a given a and P corresponds to a 
monatomic semiconductor of group IV. A finite 4P 
corresponds to the compound semiconductors formed 
from the elements which are in the same row as the 
group LV element in question and which are symmetrical 

5 Seraphin has since recalculated his values of m*/m for this 


case using our Eq. (9). His new values agree well with those 
given here (private communication). 
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with respect to it. A typical series of semiconductors 
arranged in order of increasing AP is the so-called 
isoelectronic? series of Ge, namely, Ge, GaAs, ZnSe, 
and CuBr. The isoelectronic series of Si and Sn can be 
written down on examining a periodical table. Making 
these assumptions, we conclude: 

(a) The first two bands move apart and the band 
gap increases with increasing the charge difference, 
24P, and also as a decreases from the symmetrical case 
of a= 4 towards zero. 

(b) The effective mass increases monotonically with 
AP which measures the ionic component in the binding 
of the crystal, 


PHYSICAL REVIEW VOLUME 
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ADAWI 


The first result agrees qualitatively with experience. 

Not enough experimental evidence is available to 
compare the second result with experience. However, 
it does correct the previously published conclusion of 
Seraphin based also on the same model. 
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Sign of the Crystalline Cubic Field Splitting Parameter a in an S State* 


W. Lowt 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received July 18, 1956) 


Measurements of the paramagnetic resonance spectrum of manganese and ferric ions at low temperatures 
yield the values for the cubic field splitting parameter a as 18.6X10~4 and 205X10~* cm™ respectively. 
The sign of a is positive in both cases, indicating that the twofold degenerate level is lower than the four- 
fold degenerate level. This is in contrast with Bleaney and Trenam’s results on ferric alums who find a 
negative a. For gadolinium in CaF, the constant a= 175 10~ cm™ and is also positive. 


HE ion Mn** and the isoelectronic Fe** have a 

ground state of ®S5/2. Bethe! has shown that a 
cubic field splits the sixfold degeneracy of the free ion 
into a twofold and fourfold degenerate level. Van Vleck 
and Penney* have discussed the mechanism by which 
such a splitting can be effected, and have shown that 
the crystalline cubic field can influence the electron 
spins only through higher order interactions involving 
spin-orbit coupling with excited states. These considera- 
tions give, however, no indications whether the twofold 
or the fourfold level lies lower. It is moreover of interest 
to determine the level scheme in a pure cubic field 
experimentally. 

We have determined the sign of a, the cubic field 
splitting parameter, for Mn** and Fe** in cubic fields 
as follows. The transitions of the five fine-structure lines 
for very strong magnetic fields are given to the first 
order by 


M =1/2—+—1/2, 
M=+3/2+1/2, 
M=+5/2+43/2, 


H= Ho; 
He= Hy (5/2)pa; 
H= Ho¥2pa; 


* This work was supported by the U. S. Atomic Energy Com- 
mission. 

t On leave of absence from the Hebrew University, Jerusalem, 
Israel. 

1H. Bethe, Ann. Physik 3, 133 (1929). 

* J. H. Van Vleck and W, G. Penney, Phil. Mag. 17, 961 (1934). 


where 3a is the splitting between the twofold and four- 
fold level, p=1—5, 6=l?m?+[n*+m'n? and |, m, n, 
are the direction cosines of the magnetic field with 
respect to the cubic axes of the crystal. Therefore, if a 
be positive, then for the [100] direction (6=0) the 
—5/2—+—3/2 transition should fall at magnetic fields 
higher than Hy and the transition —3/2——1/2 at 
fields lower than Ho. By observing the relative in- 
tensities of the fine-structure lines at liquid helium 
temperature, one can assign the correct quantum 
numbers to the various transitions. We find that for 
Mn** and also for Fe* in the cubic field of MgO 
(octahedral NaCl structure), the —3/2—+—1/2 transi- 
tion falls at a lower and the —5/2—+— 3/2 transition at 
a higher field than the central 1/2—+>—1/2 transition. 
This corresponds to a positive a. In ZnS (cubic, tetra- 
hedral symmetry) one finds that a is negative for Mn?*. 
The results are summarized for various crystals in 
Table I. 

At first glance this might suggest that the sign of a is 
determined by the sign of D in the cubic crystalline po- 
tential V = D(x‘+-y+-2‘— 7). In an octahedral arrange- 
ment D and a are positive, and in a tetrahedral arrange- 
ment D and correspondingly a are negative. Bleaney 
and Trenam’s results’ of a negative a in ferric alums 
cast considerable doubt on such an explanation. The 


‘B. Bleaney and S. Trenam, Proc. Roy. Soc. (London) A223, 1 
(1954), 





CUBIC FIELD SPLITTING PARAMETER 


TABLE I. Magnitude and sign of a for Mn**, Fe**, and Gd** in various crystals. 


Crystal Cubic field symmetry ainem™ ’ Reference 


(NH,)2Zn(SO,) -6H,0O 
ZnSiF,-6H.O 
Mg;Biz(NOs);2:24H,O 


2.000 +! a 
2.000 +! a 
1.997 4 b 


+-0.0005 
+-0.0007 
+-0.0010 


Appr. octahedral 
Appr. octahedral 
Appr. octahedral 


Octahedral 
Tetrahedral 


MgO 

ZnS 
Fe'* KAI(SeO,)-12H,O 
MgO Octahedral 


Gd** CaF, Fluorite 


Appr. octahedral 


+-0.00186 


2.00144! This paper 
0.00076 : 


2.000 c 


2.003 +3 d 
2.0037 +7 This paper and e 


0.0127 
+-0.0205 
1.991 +1 


+0.0175 This paper 


* B. Bleaney and D. J. E. Ingram, Proc, Roy. Soc, (London) A205, 336 (1951). 


bR. S. Trenam, Proc, Phys. Soc. (London) A66, 118 (1953), 


¢L. M. Matarrese and C. Kikuchi, Phys. Rev. 
4B. Bleaney and R. S, Trenam, Proc. Roy. So« 
¢ W. Low, Bull. Am. Phys. Soc. 


structure of a ferric alum shows that each trivalent ion 
is surrounded by a nearly regular octahedron of six 
water molecules and the sign of a would be expected to 
be positive. Moreover, preliminary results‘ indicate that 
the sign of a in Gd** in the cubic field of CaF, (fluorite 
structure, D negative) is positive. 

These differences in the sign of a for the various 
crystals, as well as the variations in the g factor—the g 


‘ W. Low (to be published). 
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100, 1243(A) (1955). (These authors have determined the sign « 
(London) A223, 1 (1954), 
Ser. Il, 1, 283 (1956), The cubic field splitting was erroneously reported there as |3a| =548. It should read 658 gauss. 
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fain ZnS from hyperfine considerations, ) 


factor of Fe** being larger than g, (that of the free 
electron) while the g factor of Mn** and Gd?* is less 
are at present puzzling. It is probable that a solution 
of this problem will depend on an accurate calculation 
of the various excited states (‘P?,‘4D,‘G, etc.). It is 
possible that departures from cubic symmetry like in 
the alums might change the order of some of the energy 
levels. 

The author gratefully acknowledges friendly en- 
couragement from Professor C. A. Hutchison, Jr. 
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Paramagnetic Resonance Spectrum of Manganese in Cubic MgO and CaF,} 
\ 


W. Low* 
Enrico Fermi Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received August 21, 1956) 


The paramagnetic resonance spectrum of manganese in cubic MgO and CaF, has been analyzed at wave 


lengths of one and three cm. The cubic field splitting in MgO is given by 3a 


(+-55.9+0.9) K10™ em™ 


The twofold degenerate level lies lower than the fourfold degenerate level. The hyperfine structure constant 


is A = (—81.04-0.2) K 104 cm™; ¢ 


2.0014+ 0.0005, The large cubic field splitting and the reduced hyperfine 


structure point towards considerable covalent bonding. Anomalous intensity ratios of the fine structure lines 
were observed. In CaF, the hyperfine structure constant has a value of A= (9541)K10-* cm™, The line 
width of 40 gauss even at very low concentration prevented any resolution of fine structure. The large line 
width is probably caused by the interaction of the magnetic electrons with the fluorine ions 


INTRODUCTION 


HE paramagnetic resonance spectrum of manga- 

nese has a number of unusual and interesting 
features. Divalent manganese has five 3d electrons, 
a half-filled electron shell. The resultant angular mo- 
mentum is therefore zero and the paramagnetism arises 
only from the electronic spins, Bethe' has shown from 
group theoretical reasoning that a cubic field removes 


t This work was supported by the U. S. Atomic Energy Com 
mission, 

* On leave of absence from the Hebrew University, Jerusalem, 
Israel. 

1H. Bethe, Ann. Physik 3, 133 (1929). 


the sixfold degeneracy of the ®Ss52. ground state and 
splits it into a twofold and fourfold degenerate level. 
The mechanism responsible for this splitting is im- 
perfectly understood. Van Vleck and Penney’ have 
suggested that the splitting arises from the action of 
both the cubic field and spin-orbit interaction; each 
mechanism separately is unable to give any splitting 
to any order of approximation. The splitting of the S 
state can be viewed as being due to admixtures from 
higher states of the 3d° configuration to the ground 
state. These higher excited states are in turn split by 


. H. Van Vleck and W. G. Penney, Phil. Mag. 17, 961 
(1934). 
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the cubic field and spin-orbit interaction. The splitting 
is expected to be small as one has to go to a fifth-order 
perturbation before any splitting can be obtained. 

Bleaney and Ingram’ have investigated in detail the 
paramagnetic resonance spectrum of manganese in 
Tutton salts and in manganese fluosilicate. They show 
that the 6S state is split mainly by the small deviations 
from cubic symmetry in these crystals. The levels are 
split into three doublets of relative separation 0.061 and 
0.109 cm™'. The splitting caused by the predominantly 
cubic field is small and approximately 0.002-0.003 cm~!. 
Abragram and Pryce* have suggested that another 
mechanism of second order might cause this large 
splitting. The dipole-dipole interaction of the spin- 
magnetic moments of the various 3d electrons depends 
on the orientation. If the electron distribution deviates 
from spherical or cubic symmetry, the average dipole- 
dipole energy will differ for the various states of M. 

It is quite obvious that in a perfect cubic field this 
mechanism would not be operative. The only source for 
the observed splitting would be that suggested by 
Van Vleck and Penney. It was of interest to study this 
splitting in good cubic-field single crystals, and to 
determine as well whether the twofold or fourfold 
degenerate level has lower energy. 

The spectrum of Mn** is complicated by the fact 
that there is a large hyperfine structure caused by the 
nuclear spin of 5/2 of Mn®*, Indeed it turned out that 
in MgO: Mn the hyperfine structure splitting was larger 
than the splitting caused by the cubic field. In an S 
state hardly any hyperfine structure would normally be 
expected except for a very small (110~* cm™') struc- 
ture in crystals of very low symmetry. Abragram® has 
proposed that configurational interaction mixes into 
the ground state electron states having unpaired s elec- 
trons, It was, therefore, also of interest to measure the 
hyperfine structure in cubic fields, 

In this paper the experimental results of manganese 
in cubic fields will be presented. In a later paper we 
shall present results of ferric ion in a cubic field. The 
results in this paper are notable in that the narrow line 
width enabled one to resolve the fine and hyperfine 
structure completely for various orientation of the 
crystalline field with respect to the magnetic field. The 
considerably larger fine structure splitting and the 
reduced hyperfine structure in MgO are explained as 
indication of covalent bonding. This will be contrasted 
with the results on Calk’s. 


EXPERIMENTAL METHOD 


The equipment was the standard apparatus for para- 
magnetic resonance absorption detection at the Uni- 


*B. Bleaney and D. J. E 
A205, 336 (1951). 

4A, Abragram and M. H. L, Pryce, Proc. 
A205, 136 (1951). 

® A, Abragram, Phys. Rev. 79, 534 (1950). 


Ingram, Proc. Roy. Soc. (London) 


Roy. Soc. (London) 
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versity of Chicago and only a brief description will be 
given here. 

Measurements were made at wavelengths of 1.2 and 
3.3 cm. At 1 cm, measurements could be made down to 
liquid helium temperatures. A To, circular reflection 
cavity was coaxially coupled to one branch of a magic T. 
The output was detected with 1N26 silicon crystal, 
amplified with a narrow-band amplifier and finally 
detected in a phase-sensitive detector and recorded as 
the first derivative of the absorption line. The klystron 
power supply was well stabilized and the frequency of 
the klystron stabilized on the absorption cavity. Mag- 
netic field measurements were made with a rotating 
coil magnetometer which was periodically calibrated by 
proton resonance. Variations in the absolute measure- 
ments of the magnetic field in the region of 8000 gauss 
or higher were found to be of the order of +5 gauss. 
Separations between adjacent lines of a few tens of 
gauss could be measured with an accuracy of about 
one gauss. 

The three-cm apparatus is identical with that used 
by Hutchison and Noble® except for some minor adjust- 
ments. A rectangular full-wavelength cavity was in one 
arm of the magic T. The klystron frequency was 
stabilized by means of a modified Pound stabilizer. 
The output was detected by means of a Sperry bolom- 
eter. The second harmonic of the modulation frequency 
of the magnetic field was amplified in a very narrow 
band amplifier, detected by a phase detector and 
recorder, Detection of the second harmonic has some 
advantages. (1) It discriminates against slow changes in 
the slope of a wide line. One can, therefore, detect con- 
veniently sharp lines superimposed on relatively wide 
absorption lines. (2) The line shape closely resembles 
that of the second derivative of the absorption line. 
Considerable increase in resolution is obtained. The 
disadvantage is that if a number of closely adjacent lines 
are present the superposition of these gives a somewhat 
complicated line shape. 

The crystals were MgO single crystals obtained from 
Dr. G. R. Finlay, Norton Company. The concentration 
of Mn varied in different crystals from 0.001% to 0.1% 
by weight. Those with higher concentration showed a 
slightly pinkish tinge. The crystals contained various 
other impurities, in particular 0.00597,-0.05% of Al and 
a little Si as well as Ca. 

The calcium fluoride crystals were grown from the 
melt with varying concentrations of Mn of about 
0.04%-0.5%. They were checked with x-rays to deter- 
mine whether they are single crystals. It was found 
later that the introduction of a small amount of 
gadolinium (0.005%) could be used to determine 
whether one or more crystals were present. The fine 
structure spectrum of gadolinium proved to be a very 
convenient way to line up the crystal. 


°G. A. Noble, thesis, University of Chicago, 1955 (unpub- 
lished). 
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THEORY 

The energy levels of the S52 state have been cal- 
culated by Debye’ and more fully by Kronig and 
Bouwkamp* for the case of cubic field potentials of the 
form V=>0; C(xA+y4+2") where C= (35/4)e/b* in the 
case of an octahedral complex, and C= — (70/9)e/b® in 
the case of an 8-coordinated complex, where b is the 
distance between the paramagnetic ion and the dia- 
magnetic neighbors. 

The matrix elements involving the cubic potential as 


CUBIC 


MgO AND CaF, 795 
well as those of the spin-orbit coupling have been given 
by Penney and Schlapp.’ The resultant 6X6 matrix 
can be diagonalized to give two levels, one twofold 
degenerate and the other fourfold degenerate, separated 
by a distance usually denoted by 3a. If an external 
magnetic field is present the matrix does not factor in 
general for all directions of the crystalline axes with 
respect to the magnetic field. For large magnetic field 
BH>>a, a power series expansion in a/8H gives the 
values for the energy levels as* 


W 4.1/2=BH+ pat (5/6)o(7 — 25) a?/BHo— (5/144)p(196— 1635+ 31257) a*/(BHo)? +> >>, 


W 4.52= +36H — (3/2)pa+[ (5/32) + (5/32)p(22—75o) ]a?/BHo 
4+ (5/128) + (15/128)p(79— 615+ 112562) Ja®/ (BH)? + ++ 


W 45/2= +58H+4 pat[ (5/32)+ (5/96)6(50— 113) Ja*/BHo 


+[{ — (5/128) 


The transitions are given by (strong transitions AM = +1): 


M=+1/2——-1/2: 


M=+3/2--+1/2: gBH = gBHo+ (5/2) pa— (a*/g8H | (5/48) (3+ 1786 
M=2+5/2--+3/2: gbH gBH F 2pa + (a? ‘g8H ) (5, 3)o(1 


The parameter p=1—5@ and o=/’m*+m'n?+n'L’, 
where /, m, n are the direction cosines of the magnetic 
field referred to the cubic axes of the crystal. 

The series converges rapidly for the fields used at 
three or one cm (3000 or 8000 gauss), since a?/g3H is 
0.13 and 0.05 gauss, respectively. The higher order 
terms in a*/(g8H)* can be neglected. The energy level 
scheme is shown in Fig. 1 assuming the observed value 
of 18.6 10~ cm~! for a (a being positive). 

The intensity of the lines is proportional to S(S+1) 
— M(M—1). The expected spectrum, then, from Eq. (2) 
and Fig. 1 is a central line at approximately g= 2 with 
relative intensity 9 flanked on either side by two lines 
at separations (5/2)pa and 2pa and with relative in- 
tensities 8 and 5, respectively. 

So far we have dealt only with electronic transitions, 
The total Hamiltonian including hyperfine structure 
interaction is given by 


K= gBH-S+halS,'+5,'+5,4—45(S+1) (382-1) ] 
+AS-I—y6yH-1, (3) 


where the first two terms give the fine structure energy 
levels of Eq. (1). The term AI-S represents the hyper- 
fine structure interaction, and the term y6yH-I the 
interaction of the external magnetic field with the 
nuclear moment. The hyperfine structure constant A is 
written as 

A = 2yBBn(1/r*) wh, 


where y=gyromagnetic ratio, 6=Bohr magneton, 
=the lez aati (1/9*)e is averaged over the 
By =the nuclear magneton, r’)» 1S averaged over the 


7™P. Debye, Ann. Physik 32, 85 (1938). 
* E. de L. Kronig and C, J. Bouwkamp, Physica 6, 290 (1939). 


-(25/1152)@(113 


705@+- 1075") Ja*/(BHo)?+ +++. (1) 


gBH = gBH + (a?/gBH )[ (10/3)b(7 — 25) |+-[at/ (g8Ho)* |. +s Joss, 


625? |+ [ a‘ (gBH)* l{- ° 2 ‘a *. 
7) |+[at/g8Ho)* \{---}4+-°°. (2) 


3d wave function, k& is a numerical coefficient of the 
term §-I which occurs quite generally in paramagnetic 
resonance and which will be discussed later. 

In the case of strong fields one has to add to Eq. (1) 
the following terms representing the contribution of the 
hyperfine structure to the energy levels: 


AMm-+ (A?/2¢8Ho) {LM (1 (1+1)—m? | 
mS (.S+1)—M?* |}+-terms in A*/(2¢8H,)*. (4) 


To the formulas giving the various electronic transi 


Fic. 1. Energy levels 
of the ®Sso state in a 
cubic field with zero- 
field splitting 3a= 4-59 
gauss. 





Zero Field 
Energy Levels 


High Fieid 


Energy Levels 


9 W. G. Penney and R. Schlapp, Phys. Rev. 41, 194 (1932) 
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Fic. 2. Typical spec- 
trum of the pentad 
mex —5/2. The transi- 
tions from left to right 
are M=3/2-+1/2, M= 
—5/2+—3/2, M=1/2 

*—1/2, M=5/2-43/2, 
and M=—3/2-—+—1/2. 


tions, Eq. (2), one has to add 


— Am— (A*/2¢8Ho){ 1(1+1)—m*+-m(2M —1)} 

—[A*/4(g8H»)* |4+-higher order terms, (5) 
where M and m are the magnetic quantum numbers of 
the electron and nuclear spin, respectively. 

For low or intermediate fields the energy levels are 
relatively complicated, as g3Ho is in these two cases of 
the order of 3a and A, respectively, in the case of 
manganese. An experiment at intermediate fields in 
MgO: Mn is contemplated. 

The ground state of manganese is S and no hyperfine 
structure would be expected. Configuration interaction 
may result in admixture of states of the type 3s3d°4s to 
the 3d° ground state.*® Unpaired s electrons are very 
potent in giving a large contribution to the hyper 
fine structure splitting because of the Fermi term" 
2yBBn{ 4(8r)¥?(0) |S-I and only a small admixture of 
such states could account for the hyperfine structure. 
In a more detailed calculation Abragram et al.'' find, 
using a modified Hartree-Fock self-consistent wave 
function of the cuprous ion, that the admixture is of 
the right sign but about ten times smaller than the 
experimental value. They conclude that an explanation 
of the s-electron effect in paramagnetic resonance 


spectra must still be regarded as an open question. 


” EF, Fermi, Z. Physik 60, 320 (1930). 
" Abragram, Horowitz, and Pryce, Proc. Roy. Soc. (London) 
A230, 169 (1955). 
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It may be worthwhile to recalculate the admixture 
using the recent Hart.ze!*: wave function for Mn?*, 


EXPERIMENTAL RESULTS 
A. Manganese in Magnesium Oxide 
1. Observed Spectrum 


The spectrum consists of 6 groups of 5 lines. The 
hyperfine structure constant A is, therefore, larger than 
the ground state splitting 3a. For any orientation of the 
cubic axes the M=+3/2-—++1/2 transition was at 
approximate distance of (5/2)pa and the M=+5/2— 
+3/2 transition at 2pa, i.e., in the approximate ratio 
of 5:4 from the central 1/2—+—1/2 transition. A typical 
group (m= —5/2) is shown in Fig. 2. To determine the 
parameters a and A more carefully, the spectrum was 
examined in a number of planes. In particular, the 
angular variation of the spectrum when the crystal was 
mounted along one of the cleavage planes (001) was 
investigated with care. When one works at 1 cm, the 
second-order terms in a?/g38H > are minimized but still 
have to be corrected for. 

The M=+3/2—++1/2 transitions can be written 
from Eqs. (2) and (5) as 


M=+3/2——1/2: g8H= g8Hy— Am— (A*/2g8Ho) 
X (35—m?+ 2m) + €2+ (5/2) pa, 

—3/2—+—1/2: g8H = g8H,— Am— (A*/2g8H) 
X (35—m?— 2m) + €.— (5/2) pa, 


M 
(6) 
where € are terms in a*/g8Ho. The separation between 
these two transitions is given by 

A(g8H) = 5pa— (A*/gBHo) (2m). (6a) 
Measuring this separation for m=+5/2 and for 


‘enon | - T 
Calculated Separations 
Mz Yo-@ np -© Mz- 4 > 


T aa a oe 


"% 


Measured Separations 
© © 0 Me %26 2 -» Ms-%2 + - 0 


With a= + 19,96 gauss 








Fic. 3. Average separation (A(g8H)),, for the M, m transitions 
(3/2, 5/2)-+(—3/2, 5/2) and (3/2, —5/2)-+(—3/2, —5/2). The 
theoretical line is drawn for 5pa. The measured points fitted this 
line with a= 19.96 gauss. 


2), R. Hartree, Proc. Cambridge Phil. Soc. 51, 126 (1955). 
“1D. R. Hartree, J. Opt. Soc. Am. 46, 350 (1956). 
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m= —5/2 (or any +m), we get 
(A(g8H)) m= Spa. (7) 


It is seen that this average separation is independent of 
the hyperfine structure constant and second-order 
effects in a?/g8H». In practice it was found that the 
m= -+5/2 transitions could be measured more carefully 
than the other +m transitions because these transitions 
only overlap in part with the adjacent transitions. 

The angular variation in the 100 plane is given 
explicitly by 


p= 4(35 cos@— 30 cos*#+-3+-5 sin@ cos4y), (8) 


and for completeness’ sake only the 3/2—1/2 transition 
will be given here as 


5 
gBH = g8H o+—a(35 cos?— 30 cos*0+3-+-5 sin“? cos4y) 
1 


6 


a? {5 = 
—— [5+178( ——(35 cos@ 
g8H\48 8 40 


— 30 cos*é+-5 sin? cost) ) 


 § 
-025( ——(35 cos?— 30 cos”0 


8 40 
2 | A? 
+5 sin‘? cost) ) | —Am— 
2¢8Ho 
A 
{7 (1+1) —m?+m(2M —1)}— , (9) 
4(g8H»)* 


where @ is the angle which the [001 ] axis makes with 
the external field and y the meridian plane. For y=0, 
i.e., if the crystal is mounted so that one of the crystal 
axes is perpendicular to the external field, the spectrum 
is repeated for every 90° and is symmetrical about 
6=45°. The fine structure collapses if higher order 
terms and hyperfine structure terms are neglected 
when 35 cos?— 30 cos*6+ 3+ 5 sin’@= 0 or approximately 
6= 31°43’ and 58°17’. Between these two angles p 
becomes negative and the order of the level reverses 
itself. At 45° the spectrum has a second maximum with 
p= —0.25. 

Figure 3 shows the experimental spectrum of (A(g8H)) 
for M=+3/2-—+1/2 and m= +5/2. Since we measure 
the average separation of similar M transitions, we 
have plotted A as always positive. It is seen that the 
agreement is fairly satisfactory if one chooses a= +- 19.96 
+0.3 gauss. The main uncertainty is due to small but 
persistent deviations at angles between 20-70°. It is 
possible that these deviations are shifts in the positions 
of these line shapes due to the superposition of the 
5/2—3/2 transitions which at these angles falls very 
close to the 3/2—1/2 transitions. These deviations 
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* Fic. 4, Spectrum of the fine structure for m= 5/2 and m= —5/2 
The upper diagram shows the spectrum when A and a have 
opposite signs. The dotted line indicates the omission from the 
diagram of the pentads m=+3/2 and m=+1/2. The lower 
diagram shows the spectrum when A and a have the same sign. 
The spectrum is drawn to scale for 5A*/g8H o=4.55 gauss. Note 
that the M = +3/2—+1/2 and M = +5/2-++4-3/2 transitions fall 
nearly together at high fields when a/A is negative and at low 


fields when a/A is positive. The first case is the one which is found 
experimentally, 
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have been taken into consideration in estimating the 
error in a. 

The hyperfine structure constant is best measured for 
M=1/2-—>—1/2 transitions because the line width is 
very narrow (see discussion of line width). The separa 
tion of m= 5/2—+m: 5/2 is 5A —5A*/4(e8Ho)*. Meas- 
urement at 1.2 cm yield a value of 86.9+-0.5 gauss and 
at 3. cm a value of 86.7-+-0.2 gauss. 


2. Measurement of the Sign of a and A 


Inspection of Eq. (2) shows that for positive p the 
transition M=3/2-—+1/2 falls at a higher field than the 
central 1/2-+»—1/2 transition if @ is positive and con- 
versely if a is negative. From Eq. (5) it is seen that for 
negative A, transitions with m positive fall at higher 
magnetic fields than with m negative. Equation (6a) 
shows that the separation A(g3H ) between M = 3/2-> 
1/2to M 3/2-+—1/2 is larger at low fields than the 
same separation at high field by (A?/2g8Ho)(4m) if A 
and a have opposite sign. If A and a have the same sign, 
then this separation is smaller at low fields. The opposite 
holds true for the M = 4+-5/2-+3/2 toM §/2-—+— 3/2 
separation. The various possibilities are shown in 
Fig. 4 for the m=+5/2. Experimentally it is found 
that the low-field separation A(g§H,) for |m| = 5/2 is 
larger by about 4.5+0.1 gauss ~5A?*/g8H than the 
high-field separation. Moreover, at field the 
t5/2—»4+3/2 and +3/2-—++1/2 transitions nearly 
A and a have, therefore, opposite signs. 


high 


coincide, 

From the paramagnetic resonance spectrum alone 
only the relative sign of A and a can be found. In order 
to determine the absolute sign an additional experi- 


ment is necessary. There are a number of possibilities. 
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Fic. 5. Ratio of the observed relative intensities of the fine 

structure lines for m= —5/2 at T=290°K and 4.2°K. The two 


lines with increase intensities in the lower figure are the 
M = —3/2-+—1/2 and M = —5/2-+—3/2 transitions. 
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(a) Measurement of the susceptibility or specific heat at 
very low lemperatures.—At extremely low temperatures 
the twofold- and fourfold-degenerate levels are not 
equally populated, The entropy at absolute zero will be 
either Rin4 or Rin2 according as the fourfold- or 
twofold-degenerate level has lower energy. The partition 
function is given by Z=2(2+e*7) and will differ 
according as a is positive or negative. This leads to 
different susceptibilities or magnetic specific heats at 
the low-temperature end. This will, however, be com- 
plicated in the case of manganese by the hyperfine 
structure which will split the energy levels further. 

At temperatures low compared with 3a/k, this leads 
to a contribution to the specific heat at zero field: 


CT?*/R=2a'+4A*LS(S+1) (+1) ] 
= 2a*+ (1225/48) A? 
= 2.55 10~* deg’. (10) 


(b) Anisotropy in susceplibility.—If the crystalline 
symmetry is less than cubic, a measurement of the 
anisotropy of the susceptibility can determine the sign 
of one of the parameters. In the case of axial symmetry 
Bleaney and Ingram* give the following formulas: 


X= Ney S(S+1)/3kT 1 — (32/15) D/kT), 


x. = Ng, S(S+1)/3kT 1+ (16/3)D/kT}. (11) 


If g,=g., the direction of the anisotropy gives the 
sign of D, the initial splitting in an axial field. This 
method cannot be used for a cubic field as there is no 
anisotropy in the susceptibility. 

(c) Measurement of the relative intensity of the absorp- 
tion lines at low temperatures.—Since the relative popu- 
lations of the various levels differ at low temperatures, 
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the intensities of the absorption lines will be different 
for the various electronic transitions. The M=—5/2 
and M=—3/2 levels will be more populated at low 
temperatures and high magnetic fields (see Fig. 1). 
Absorption lines originating from these levels will be 
more intense than these from M=+5/2 or M=+3/2. 
The experimental results are shown in Fig. 5. The 
lower curve gives the intensity of the lines at 4.2°K as 
measured from the oscilloscope. As discussed before 
(for positive p), the transition M=3/2-—+1/2 will fall at 
higher fields, and that of M=5/2-+3/2 at lower field 
than the central M = 1/2—1/2 transition, if a is positive. 
Figure 5 shows this to be so, and, therefore, a is positive 
and A is negative. The double degenerate level has 
lower energy (as shown in Fig. 1). 


3. Determination of the g Factor 


The g factor was measured both at 1 and 3 cm. In 
both cases the six hyperfine structure lines of the 
electronic transition M=1/2—+—1/2 were measured 
near ¢=0 to avoid the necessity of making second- 
order corrections. The magnetic field near g=2 was 
calibrated with the organic free radical a,a-diphenyl- 
picryl hydrazy! (2.0037). Allowing a liberal error of 
4 gauss between the extremes of the hyperfine lines, 
we find g= 2.0016+0.001 at 1 cm (rotating coil meas- 
urement). Proton resonance measurement at 3 cm 
yield a value of 2.0014+0.0005. The results are sum- 
marized in Table I. 


4. Line Width and Intensity 


The theoretical ratios of the intensity for the pentad 
in Fig. 2 are 8:5:9:5:8. The measured intensities are 
approximately (at T= 290°K) 3.6(+0.4):1.5(+0.3):9: 
1.5(+0.3):3.6(4+0.4). This ratio varied only slightly 
with the percentage of manganese in the crystal. There 
is some indication that at lower temperatures the 
relative intensities of the two satellites are slightly but 
not significantly higher. The lines were very narrow 
with the M=1/2—+—1/2 transition about 14 gauss or 
less, the M=+3/2—++1/2 transitions wider, and the 
M=+5/2-—++3/2 transitions wider still with approxi- 
mately 3 gauss between points of maximum slope." It 


Taste I. Constants of manganese in MgO and CaF, 
in units of 10™ cm™. 





Hyperfine 
structure 
constant a & 


Wave- 
length 


Tempera- 


Crystal ture 


MgO 


18.65 40.3 





290°K 
70°K 
290°K 


—81.2+0.5 
—81.3+0.5 
—81.0 40.2 


290°K 95.441 
4.2°K 94.541 


1.2 cm 
3.2 cm 


CaF: 1.2 cm 








“In the preliminary note [W. Low, Phys. Rev. 101, 1827 
( 1956) ] a typographical error should be corrected. The line width 
of Mn** and V?* is ~2 gauss and not 4 gauss as stated. The state- 
ment that deviations from cubic symmetry were found is wrong. 
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was found that more accurate measurement of intensity 
could be obtained when the spectrum was observed on 
the oscilloscope. A typical picture is shown in Fig. 6. 
Measurements with the lock-in detector depended 
somewhat on the depth of the modulation, as the line 
width differed for the various transitions. It was diffi- 
cult to measure the integrated intensity, but it is quite 
obvious from Figs. 2 and 6 that it differs considerably 
from the theoretical estimate. Wertz et al.'® find that 
the fourth hyperfine line counting from the low-field 
side (m=+1/2) shows unusually large variations of 
intensity relative to the other five. We have not detected 
such variations in any of our good crystals. 

The difference between the theoretical and experi- 
mental line intensities will be discussed more fully in a 
forthcoming paper'® on MgQO:Fe** in which these 
variations are even more pronounced. These differences 
are probably caused by the defects in the crystal 
structure, 


B. Manganese in CaF, 


The spectrum consists of 6 broad lines with 
A=101.1+1 gauss and g=2.0013+0.001 at T=4.2°K, 
and A=102+1 gauss and g=2.0012+0.001 at 
T= 290°K. The line width did not change appreciably 
at low temperatures or at low concentrations, and no 
fine structure could be resolved. The minimum line 
width of the 6 hyperfine lines was 40+4 gauss between 
points of maximum slope. No significant changes were 
observed in the line width for various angular variations 
of the magnetic field with respect to the crystal axes. 
It may be significant that the spectrum of gadolinium 
in one of the crystals showed a minimum line width of 
about 15 gauss for the M=1/2—+—1/2 transition. 


DISCUSSION 


The measurements reported in this paper carry a 
number of interesting implications with it. The ground 
state splitting is shown to correspond to that of a cubic 
field, leaving the twofold-degenerate level lowest. This 
is in agreement with the results by Bleaney and Ingram* 
as well as those by Trenam’’ on magnesium bismuth 
nitrate. However, a comparison with their values of a 
as well as those recently found by Matarrese and 
Kikuchi'!® on cubic ZnS (a~7.7K10-* cm™') shows 
that the cubic field splitting in MgO is larger by about 
a factor of two. This points to a very strong crystalline 
field interaction. Possibly this might be caused by the 
relatively large ionic radius of Mn+ of about 0.90 A,” 
which would make it a misfit in the crystal of MgO 
(the radius of Mg** is about 0.78 A). 


6 Wertz, Vivo, and Musulin, Phys. Rev. 100, 1810(A) (1955). 

16 W. Low (to be published). See also W. Low, Bull. Am. Phys. 
Soc. Ser. II, 1, 283 (1956), New Haven meeting. 

17R. S. Trenam, Proc. Phys. Soc. (London) Koo, 118 (1953). 

*L. M. Matarrese and C. Kikuchi, Phys. Rev. 100, 1243(A) 
(1955). 

# J. H. Santen and J. S. Wieringen, Rec. trav. chim. 71, 420 
(19§2). 
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Fic. 6, Absorption spectrum of MgO:Mn at a temperature 
70°K. The central line is much narrower than the other four fine 
structure lines, 


Owen™ and Stevens*' have discussed the influence of 
covalent bonding on the paramagnetic resonance spectra 
of the hydrated iron group. In the case of manganese 
which has a (de)*(dy)* configuration these considera- 
tions show that the de electrons will move into the orbits 
of the adjacent oxygen ions (2p, orbits) and form 
mw bonding and the dy electrons will interact with the 
2p, and 2s electrons of the oxygen ions and form 
a bonding. Independent evidence for the existence of 
a bonding from the paramagnetic and optical absorption 
spectrum of Ni** in MgO as well as the existence of 
mw bonding from the paramagnetic spectrum of Cr’t, 
V*+, and Fe*+ will be presented in a separate paper.”* 
The effect of the r and @ bonding is very similar to an 
increase in the crystal field strength, and increases the 
cubic field splitting. 

Evidence for covalent bonding in MgO: Mn is also 
furnished from the hyperfine structure constant, Our 
results show that in the strongly ionic crystal CaF,: Mn 
A is ~95X10~ cm~ whereas in MgO A is about 81 
<10~* cm™, a reduction of about 15%. Van Wieringen™ 
has presented considerable evidence of the existence of 
a correlation between the reduction of the hyperfine 
structure and the amount of covalent bonding. Accord- 
ing to him one may infer that in MgO:Mn there is 
about 20% covalent bonding. 

The ratio of the hyperfine structure caused by con- 
figurational interaction is approximately constant for 
similar environments. In MgO the ratio of Amn**/Ay** 
= 1.09+0.01 whereas in Tutton salts this ratio is about 
1.06+0.03.% In MgO the ratio of Ac,*/Ay* is 4.67 


* J, Owen, Proc. Roy, Soc. (London) A227, 183 (1955). 

™K. W. H. Stevens, Proc, Roy. Soc. (London) A219, 542 
(1953). 

”™W. Low (to be published). 

*% J. S. Van Wieringen, Discussion Faraday Soc. 19, 118 (1955). 

*“ The data are taken from K. D. Bowers and J. Owen, Repts. 
Progr. Phys. 18, 304 (1955). 
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+0.1% and for (NH4)sZn(SO4)o: V** and KAI(SeO,)2 
‘12D,0:Cr** this ratio is 4.764+0.3.% In V** and in 
Cr**, as in Mn**, the source of the hyperfine structure 
is presumably unpaired s-electron states mixed in by 
configurational interaction. This seems to point to a 
surprising constancy of k(1/r*)» in all these salts for 
similar environments, as well as to similar causes of 
reduction of the hyperfine structure constants. As V** 
and Cr** have only (de)* electrons, the reduction of the 
hyperfine structure constant in these ions, and, there- 
fore in Mn’** as well, must be primarily caused by 
m bonding.” 

The spectrum of CaF,:Mn showed a very large line 
width which probably prevented the observation of any 
fine structure. The large line width may have its origin 
in the interaction of the manganese ion with the 
surrounding fluorine ions. Tinkham**.”’ found that in 
ZnFy:Mn each hyperfine line is split into 15 “super- 
hyperfine lines.” He explains this structure as being 
caused by the interaction of the magnetic electrons with 
the surrounding six fluorine atoms. The manganese ion 
in CaF, (fluorite structure) is surrounded by eight 
fluorine atoms. If such a mechanism should be assumed, 
each hyperfine line for each electronic transition should 
be split into 9 components with relative intensities 
1:8:11:40:80:100:80:40:11:8:1. The total number of 
lines would be 45 instead of 5 and spread over + (5/2) pa 
tmpA », where mp=4, 3, ---, —4 and Ar is the hyper- 
fine structure constant caused by the interactions with 
the fluorine atoms. As the line width is nearly inde- 
pendent of angular variations, one can infer that 
myA »>(5/2)pa. This enables one to estimate that A ¢ 
is approximately 20 gauss, and that the five 3d electrons 
spend less than 1% of the time on each fluorine atom. 
This is in agreement with the results found by Tinkham. 
The hyperfine structure constant of 101 gauss is very 
close to that found by him for ZnF;, A=102 gauss. 
These two facts indicate that both crystals can be 
considered as predominantly ionic. 

The g factor in MgO: Mn and in CaF: Mn seems to 
be less than that of the free electron (2.0023) and 
definitely less than that of Fe® (g= 2.0037). There have 


** W. Low (to be published), 
*°M. Tinkham, Discussions Faraday Soc. 19, 174 (1955). 
*7M. Tinkham, Phys. Rev. 100, 1792(A) (1955). 
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been indications of similar differences in g factors in 
Tutton salts’ and in Fe alum.” These deviations are not 
understood at present, and probably have their origin 
in the amount of coupling with the excited states 
‘P, *D, 4F, and ‘G. 

A theoretical calculation of a and possibly of g de- 
pends on the detailed calculation of the excited states 
of the (3d)* configuration in the solid state. This may 
prove to be very difficult. The lowest excited state is 
‘G which has matrix elements with ‘P and the much 
higher lying ‘F. Similarly ‘D has matrix elements with 
‘F but not with ‘P or with 4G. Presumably the ‘G level 
is split by the cubic field, which in turn in conjunction 
with spin orbit coupling may split the ‘P level. The 
latter may contribute to the splitting of the °Ss,2 
ground state. 

In order to establish the order of the excited energy 
levels, the absorption spectrum of MgO:Mn was 
scanned from 28 500 A to 2500 A. No significant absorp- 
tion was found which could unambiguously be assigned 
to manganese and not to other impurities present in 
these crystals. As all the excited states have lower mul- 
tiplicities, the transitions are forbidden, and only weak 
absorption lines corresponding to a quartet-sextet 
transition would be expected. 

Wertz and Vivo” report an absorption band at 
26 000 A. We observe absorption lines at 27 200 A and 
a weaker line at 25 800 A. They correlate this band with 
a paramagnetic resonance line at g= 2.003 and assume 
tentatively that it is caused by oxygen ions. We have 
observed these two lines even when the paramagnetic 
resonance line could not be detected. 
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The paramagnetic resonance spectrum of the trivalent chromium ion has been detected at a wavelength 


of 1.2 cm. The spectrum is isotropic with one line at ¢ 
Cr* isotope in its natural abundance was detected. The hyperfine structure constant A 


1.9800 +0,0006. The hyperfine structure of the 
(1.60+0.03) X10 


cm™ permits an evaluation of the nuclear magnetic moment as 0.475 nm. The narrow line and the failure 
to observe any ground state splitting show that the trivalent chromium ion is exposed to a very pure cubic 
field. There is no indication of associated vacancies with the Cr** ion. Optical absorption lines were found 
at 16000, 22 700, and 29 700 cm™ as well as a beginning of absorption at 46000 cm™. The 16000 cm™ 
line is caused either by a quartet-doublet transition or by the Cr** ion. The other absorption lines can be 


fitted with Dg 


= 2270 cm™ and the ‘P state at 10000 cm™ above the ‘F state. An analysis of the para 


magnetic and optical absorption spectra indicate very strong crystal field and some covalent bonding. 
Probably the Cr** and the surrounding six oxygen atoms have to be regarded as a very tightly knit unit 


1, INTRODUCTION 


RIVALENT chromium has three d electrons and 

a ground state of ‘Fy. A cubic crystalline field 
splits the sevenfold-degenerate level into a low singlet 
and two higher triplets. The ground state responsible 
for the paramagnetic resonance absorption acts like a 
4§ state, as the next highest triplet is separated by 
10Dq or about 104 cm™'. Spin-orbit coupling does not 
remove the fourfoid spin degeneracy of the ground state. 

There has been considerable experimental’? and 
theoretical’* work on Cr**+. The chromium alums have 
been studied in detail, probably to a greater extent 
than any other crystal containing chromium. These 
alums are subject to a small trigonal field superimposed 
on the dominant cubic field. This results in a partial 
removal of the spin degeneracy and the ground state 
is split into two Kramers doublets. The separation of 
these doublets is as much as 0.12-0.18 cm™ for the 
various alums. In a strong magnetic field the remaining 
degeneracy is removed, and experimentally one observes 
three electronic transitions. In a cubic field, in the 
absence of internal magnetic fields, these three trans- 
itions should coincide, and only one line should be 
observed. 

Actually the chromium spectrum is complicated by 
the fact that there is a stable isotope of about 9.55% 
abundance with nuclear spin of 3. This results in'small 
but detectable paramagnetic hyperfine structure. This 
structure has so far been detected only in crystals 
enriched in Cr and thus the spin of } was established.® ® 


t This work was supported by the U. S. Atomic Energy Com 
mission. 

* On leave of absence from the Hebrew University, Jerusalem, 
Israel. 
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In this paper we report the detection of the hyperfine 
structure in an unenriched sample. This detection of 
the hyperfine lines with intensities of less than 1/40 of 
the main line due to the main isotope proved to be 
possible only because of the very narrow line width 
of the various lines. 

The measurement of only one electronic transition 
and the very narrow lines enables one to measure the 
g factor fairly accurately. The deviation of the g factor 
from that of the free electron gives a measure of the 
contribution of the exited triplet state to the ground 
state. This contribution is proportional to A/A, where 
\ is the spin-orbit coupling and A the separation of the 
first triplet from the singlet in the crystal. A knowledge 
of A can be obtained from the optical absorption 
spectrum of Cr**, 

The spectrum of Cr*+ has some additional interest 
for the theory of the solid state. During the investi- 
in MgO, it was found that the trivalent 
lattice behaves as if it is 


gation of Fe* 
ferric the divalent 
surrounded by a cubic field to a very high approxi- 
mation.’:* Apparently there are no associated vacancies. 
As both Fe** and Cr** have effective S ground states, 
we were led to believe that the chromium ion as well 
would be surrounded by a cubic field. The observed 
single absorption line and the very narrow lines indeed 


ion in 


confirm this. 

In Sec, 2 an outline of the theory is given, and in 
Sec. 3 the paramagnetic resonance spectrum is de- 
scribed. Section 4 describes the experimental results of 
the optical absorption experiments. In Sec. 5 the sig- 
nificance of these results are discussed. It is shown 
that the chromium ion and the six oxygen atoms are 


tightly knit and form considerable m bonding. 


2. THEORY 


The matrix elements of Cr’? expressed in multiples 
of Dg are given by Finkelstein and Van Vleck.‘ The 


™W. Low, Proc Phys Soc, 
*W. Low, Bull. Am. Phys. Sox 
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significant ones for the discussion of the experimental 
results are 


‘Ay (4F) *Ts,(4F) 4 
r; I's 
—12 


(FP) 4 


ig(‘P) 
iw § 


I", 
‘A»,(*F) 
ry 


‘T2,(‘F) 
I's 

‘T ,(4F) 

I, 


‘T ,,(*P) 
r, 


E(‘P), 


where E(‘P) is the energy of the ‘P state of the ion 
measured from the ground state (i.e., from ‘7 = 0). The 
energy E(*P) is treated as a parameter, as this energy 
in a crystal is not necessarily that of the free ion and 
usually is smaller. I',, I's, I's are the cubic representations 
of the various states and A»,, T2,, Ti, are the same 
states in Mulliken’s notation. Dg is a measure of the 
crystal field strength and depends on the geometry of 
the complex. Solution of the above matrix yields a 
singlet (T') at —12Dg, a triplet (I's) at — 2Dq, the next 
triplet (I',) at 


6Dq +E(P) E(P)—6Dq 2 ‘ 
2 ; ( 2 ) +49) 


and the P state (IT,) at 


6Dg+E(P) — (E(P)—6Dq\? 
2 | ( 2 ) +0), 


The ‘F(T,) and ‘*P(T,) states perturb each other 
appreciably, the ‘P state being raised by the off- 
diagonal elements. 

The singlet and next higher triplet levels are sepa- 
rated by A=10Dg. The contribution of the triplet to 
the orbital moment of the ground state is expressed in 
the deviation of the g factor from the “spin only” 
value, i.e., 

g—£.= —8A/A. (3) 


Spin-orbit coupling does not remove the spin de- 
generacy of the ground state since DyXT,=T's, but the 
two triplets Ty, Is are split into four components each, 
I's, I'y, and 21s, with splittings small compared with 
10) 4q. 

An external or internal magnetic field caused by the 
nuclear magnetic moment removes this degeneracy. 
Figure 1 shows the energy levels of the ground state 
in zero magnetic field and in the Paschen-Back region. 
The dotted lines indicate the energy levels of the even 
isotopes of chromium. At high magnetic fields the four 
energy levels diverge linearly, and the three transitions 
coincide at Av= g8H. The nuclear spin of } splits the 
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energy levels in zero magnetic field. In high magnetic 
fields, transitions AM=+1, Am=0 are allowed, and 
one can expect four hyperfine lines each separated 
from the other by an energy A. The spin Hamiltonian 
in a cubic field is given by 


H= g8H-S+ALS, (4) 

and the transitions are 
H = Hy— Am+- (A*/2H)({1 (14-1) —m?+-m(2M —1)], (5) 

Ho= gH. 
3. PARAMAGNETIC RESONANCE SPECTRUM 

The paramagnetic resonance spectrum was measured 
at room and liquid nitrogen temperatures on single 
crystals containing Cr** asan added impurity of <0.01% 
or >0.1% by weight. The results here will refer only 
to the dilute crystal. In the more concentrated crystal 
there were many lines in addition to those reported 
here. Some of these lines are caused by Mn’, Fe**, 


and other impurities, others by the high concentration 
of Cr** ions. This spectrum is still being investigated.} 
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Fic. 1. A schematic energy level diagram of the electronic 
energy levels in zero and strong magnetic fields, together with the 
splitting caused by the nuclear spin. The dashed line - 
indicates the energy levels of the even isotopes of chromium, the 
solid line - those of the odd isotopes of Cr. The observed 
transitions are indicated by arrows. 


t Note added in proof.—The spectrum can be understood if a 
small percentage of the chromic ions in the crystal containing 
a high concentration of Cr*+ ions are exposed to an axial field the 
axes of which are along the crystal cubic axes. The spectrum shows 
three magnetic ions and can be described in terms of the spin 
Hamiltonian: 

H = gy 8HS,+-18(H25.+H,S y)+D(S,—S(S+1)) 

+AS pI ,+B(Selat+Syly) 
gu=1.98040.001, gi=1.9864-0.001, D=819X10* cm", 
A=B=16.2+0.4X 10 cm“, 





ABSORPTION SPECTRA 


Figure 2 shows a recording of the spectrum. There is 
one intense line at g=1.9800+-0.0006 and four compo- 
nents of intensity 1/42+5% equally spaced with 
separations of A= (1.60+0.03)X10~ cm™. The line 
widths of the central line and the components are 
roughly equal and approximately 1.5 gauss. The 
spectrum is isotropic.§ 

In addition, several closely spaced doublets and 
singlets at intervals of about 80 gauss were observed. 
The intensity of these lines is about 4 to % of the 
hyperfine lines, and the lines do not vary in positions 
for various crystal orientations. Bleaney and Ingram’ 
also have reported that in several of their crystals, for 
example in fluosilicate, weak lines have been observed. 
The origin of these lines is not understood at present 
and is being investigated further. It is possible that 





Fic. 2. Paramagnetic res- 
onance spectrum of Cr** in 
MgO. The four satellites are 
the hyperfine lines of Cr, 
confirming the spin §. 








d 


§ Note added in proof.—Professor E. L. Wertz has reported 
similar paramagnetic resonance measurements at the American 
Physical Society Meeting, November, 1956. 

*B. Bleaney and D. J. E. Ingram. Proc. Phys. Soc, (London) 
A63, 408 (1950). 
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Fic. 3. Optical absorption spectrum of Cr** in MgO. 


they are caused by an additional impurity with a 
concentration of less than 0.001%. It is also possible 
that some of these lines are caused by Ce**. 


4. OPTICAL ABSORPTION SPECTRUM 


The optical absorption spectrum was scanned from 
2800 A to 215 A ona Beckmann DK spectrophotometer 
and from 750 A to 350 A on a Beckmann DU spectro- 
photometer on single crystals of MgO: Cr** containing 
>0.1% of chromium. Figure 3 shows the absorption 
peaks at 16 200, 22 700, and 29 700 cm™ as recorded 
on the Beckmann DU spectrophotometer. There is an 
indication of a beginning of an absorption line at 
46 000 cm™, 

There are a number of reasons against assigning the 
16 200-cm™ line to the 4Ao,(I':)—>'T2,(I's) transition: 
(1) If this were so, then the 4A2,(I',)—>‘71,(1'4) trans- 
ition presumably is at 22 700 cm™ which can be fitted 
by taking E(P)~9800 cm™. The *Ax,(*F)— 
‘T,,(4P) absorption line is predicted from equation 2 at 
35 700 cm™, which is about 6000 cm™ above the 
observed 29 700-cm™ This is far outside the 
experimental error. (2) The intensity of the ‘7—‘*P 


next 


line. 


transition is expected to be larger than that of a 
transition within the ‘¥ multiplet (AL=0) analogously 
to the Ni absorption spectrum. Experimentally it is 
found that the 29 700-cm™ absorption line is weaker 
than that at 22 700 cm“. (3) In all hydrated ions the 
Dq value is larger than 1620 cm™'; for example, in 
[Cr(HO). }** absorption lines are found at 17 480 and 
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Fic. 4. Energy level diagram of Cr** in MgO. The spectrum 
is fitted to the observed lines at 22 700 and 29 700 cm™, pre- 
dicting a line at 48, 300 cm™', The energy level of E(P) of the *P 
state is lowered by about 3000 cm™ compared to that of the free 
ion (dashed line ) 








24500 cm™',! and in [Cr(NH3),}** at 21500 and 
28 500 cm™!."' We would expect the crystal field strength 
to be larger in MgO than in the hydrated ions. There 
has been considerable evidence for this from optical 
absorption and paramagnetic resonance spectra on Ni’**, 
Fe**, Fe**, and Mn** in MgO.” A Dg value as large as 
in [Cr(NH,4)¢ ** or even larger can be expected. 

We are inclined to assign the 22 700-cm™ absorption 
line to the *A»y-*T», transition (Dg= 2270 cm"). The 
44» ,—>T ;, transition at 29 700 cm™ andi the 4A2,(4F)— 
‘T,,(4P) transition at 48 300 cm™ are calculated by 
assuming (P) 
new absorption peak at about 46000 cm is probably 
this ‘F-—>‘P transition. The energy level diagram is 
shown in Fig. 4. 

There remains the problem of assigning the 16 200- 
cm™ transition. This may be the transition */(I',)— 
*G(°T';). It is impossible to calculate this transition 
without a knowledge of the energy level of Z(G) and 
the perturbing levels of E(/7) and E(D) of the G, H, 
and D states in the ion. Assuming that they are not 
radically different from those of the free ion and the 
large value of Dg= 2270 cm™, one finds that the "Ts 
state can be depressed sufficiently to bring it close to 
16 000 cm™. This transition is forbidden because of the 
change in multiplicity, and only a weak line would be 
expected.|| Another and more likely possibility is that 


“1H, Hartmann and H. L. Schafer, Z. Naturforsch. 6a, 760 
(1951). 

'' M. Lindard and M. Weigel, Z. anorg. Chem. 266, 49 (1951). 

2 W. Low (to be published), 

|| Note added in proof,—-Assuming that the energy level of the 
* state in the crystal is the same as that of the free ion (center of 
gravity at 14 750 cm™ above that of the ‘¥ level) we calculate the 
7, level to be at 16900 cm™ in fair agreement with the line at 


10000 cm, The beginning of the. 
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this transition is caused by the Cr*+ ion. The value 
16 200 cm™ is somewhat high compared with 14000 
cm™ for Cr** in solution,” but higher Dg values are 
always found for the iron group in MgO crystals. 


5. DISCUSSION 


The detection of only one electronic transition, and 
the isotropic narrow central and hyperfine lines, indicate 
that the trivalent chromium ion in the divalent MgO 
lattice is exposed to a cubic field of high purity. One 
may infer that despite the excess charge on the chro- 
mium there are no associated vacancies in the neighbor- 
hood of the chromium ion. Even small distortions of 
the crystalline electric field would split the ground state 
(in alums this splitting is several thousand gauss), or 
at least broaden the absorption line considerably. We 
have reported in a previous communication® the spec- 
trum of Fe** in MgO and from its pattern and angular 
variation with the magnetic field deduced that the ion 
is surrounded by a cubic field. Cr** with its 3d electrons 
(a filled subshell) and Fe*+ with its 5d electrons (®S5/2 
state) have a symmetrical charge distribution in their 
ground states. These trivalent ions are a poor fit in the 
lattice because of the extra positive charge. This 
symmetrical charge attracts the oxygen ions, drawing 
them closer to the trivalent Cr*+ ion, and set up a 
stronger crystalline electric field. One probably has to 
regard these trivalent ions and the surrounding six 
tightly bound oxygen ions as a unit. Charge compen- 
sation in the crystal is effected either by excess oxygen 
ions or by vacancies distributed at random throughout 
the crystal. 

Confirmation of strong crystalline fields and covalent 
bonding is obtained from an analysis of the observed 
paramagnetic and optical absorption data. The crystal- 
line field strength parameter Dg is approximately equal 
to those of fairly strong covalent complexes (Table I). 
Taking A= 22 700 cm™, g= 1.9800 we find \=63 and 
the ratio of A/Ao=0.69, E/Ey=0.72, where Xo and Ep 
are the spin-orbit coupling and energy level of the *P 


Tae I. Cubic field strength parameter Dg, spin-orbit coupling 
\, and energy level of the ‘P state for chromium complexes. 


E(P) t/Eo Reference 


in cm™ 


Substance Dq 
incm™ 


0,74 a 
0.72 b 
0.72 This paper 


10 200 
10 000 
10 000 


1760 
2150 
2270 


Cr(H,0)* 
Cr(NH;)¢* 
MgO: Cr** 


0.63 +-0,06 


0.69+0,02 


* See reference 13 
b M. Linhard, Z, Electrochem. 50, 224 (1944 


16 200 cm™!. We also compute the *I’, level to be at 26 500 cm™! 
There is an indication of a shoulder at 27 000 cm™ superimposed 
on the 29 700 cm™ line. The relative large intensity of the quartet 
doublet transitions is explained if one includes spin-orbit inter- 
action.‘ This causes quartet admixtures to the doublet states and 
one cannot speak any more of pure *G or ‘F levels. Experiments at 
low temperatures are planned to verify this assignment. 

PD). S. McClure, Technical Report No. 3, 1955 (unpublished). 

4 J. E. Wertz and J. L. Vivo, Phys. Rev. 100, 1792 tA) (1955). 
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state of the free ion respectively. (As=91 cm™, Eo 
=13770 cm™.'®) This is in approximate agreement 
with the values calculated for [Cr(NHs;)¢]** (see 
Table I). Note that the relative error is estimated from 
the error in measurement of the g factor and does not 
include the error in A. 

Owen!®!7 has discussed in detail the influence of 
covalent bonding on the magnetic and optical measure- 
ments. The main effects are a large splitting A and a 
partial transfer of unpaired electrons to the attached 
atoms of the complex. This transfer reduces the 
Coulomb interaction between the d electrons and causes, 
therefore, a reduction in E(P). The modified orbits 
reduce the contribution of the orbital magnetic moment 
to the g factor and account for the apparent reduction 
of the spin-orbit coupling. 

As Cr*+ has three de electrons, it can form only + 
bonds with the surrounding oxygen atoms. The reduc- 
tion of the spin-orbit coupling is caused mainly by the 
covalent r bonds. Apparently the wave function of the 
magnetic electrons extends far out on the oxygen atoms. 
The unit is not unlike a molecule. 

Additional indication of # bonding is found from the 
reduced hyperfine structure. The observed A and g are 
compared with previous measurements in Table II. 
The hyperfine structure in Cr**, as in Mn**, arises only 
from configurational admixtures'*® of the type 3s3d"4s. 
Table II shows a correlation of the amount of bonding 
and the reduction of the hyperfine structure constant. 
An inverse correlation exists between the observed g 
factor and the hyperfine structure constant; the larger 
the hyperfine structure (the more ionic the crystal), 
the smaller the g factor. A similar relation exists in the 
isoelectronic V**. Van Wieringen'® has made extensive 
measurements on Mn salts and found a relation between 
the amount of covalency and reduction of the hyperfine 
structure. Since the whole problem of configurational 
interaction in paramagnetic resonance spectra is still 
an open question,” it is not yet worthwhile to undertake 
calculations how bonding might affect the amount of 
promotion of electrons into states of 3s3d"4s. 


1C, E. Moore, Atomic Energy Levels, National Bureau of 
Standards Circular No. 467 (U. S. Government Printing Office, 
Washington, D. C., 1948), Vol. 2, 1952. 

16 J, Owen, Proc. Roy. Soc, (London) A227, 183 (1955). 

17 J. Owen, Discussions Faraday Soc. 19, 127 (1955). 

18 A. Abragram and H. M. L. Pryce, Proc. Roy. Soc. (London) 
A205, 136 (1951). 

19 J. S. Van Wieringen, Discussions Faraday Soc. 19, 118 (1955). 

” Abragram, Horowitz, and Pryce, Proc. Roy. Soc. (London) 
A230, 169 (1955). 
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TABLE IT. Values of g factor and hyperfine structure constant A 
for Cr*+ and V** in various crystals. 


ystal g factor 4 in 10 ¢*em™' Reference 


KAI(SeO4).-12D:0-Cr** 976 
Met:Cr** 9800 40.0006 
Kif CO(CN)¢} :Cr** 992 40.002 
(N H4)eZn(SO4)2 -6H2O;V*" 951 8 bd a 
MgQ:V?* 9803 40.0005 2 2 b 
Kile (CN jes 3H2O; V2" 992 a 


+0.002 i a 
This paper 
a 


* These data are taken from K. D Progr 
Phys. 18, 304 (1955 


»b W. Low, Phys. Rev. 101 


Bowers and J. Owen, Repts 


1827 (1956) 


Assuming that the magnetic field set up by the 
unpaired electrons (due to configurational interaction) 
is the same for Cr*+ and V**, then one can evaluate the 
nuclear magnetic moment of Cr, Taking A(V") 

74.24 107* cm™ and the nuclear moment of V" as 
5.145 nm, we find the value of 0.475 nm for Cr®. This 
0.4735 
” This agreement may 


is in surprising good agreement with the value 
found by nuclear induction.”! 
be, however, fortuitous as the amount of covalent 
bonding differs probably in V’*. 


6, CONCLUSION 


We have shown that the combined paramagnetic 
and optical absorption spectra can yield important 
information concerning both the ground state and 
excited states of single crystals. In MgO:Cr** it is 
found that there exist a very strong crystalline field 
and considerable covalent bonding. The effect of this 
is to reduce the orbital contribution to the g factor, to 
reduce the hyperfine structure splitting, and to shift 
the optical transitions to shorter wavelengths, 

The very narrow line width and the isotropic para- 
magnetic absorption line have indicated that the Cr** 
ions are exposed to very pure cubic fields. This is a 
result of some importance to the solid state physics of 
impurity centers and vacancies. It indicates that no 
vacancies are in the near neighborhood of the Cr** ions. 

A by-product of these measurements is the evaluation 
of the nuclear magnetic moment of Cr™ as 0.475 nm in 
agreement with previous values. 

The author gratefully acknowledges the friendly 
encouragement of Professor C. A. Hutchison, Jr., and 
of Dr. G. Finlay of Norton Company for supplying the 
MgO crystals 


“ F, Alder and K. Halbach, Helv. Phys. Acta 26, 426 (1953) 
“2(C. D. Jeffries and P. B. Sogo, Phys. Rev. 91, 1286 (1953) 
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This paper deals with the diamagnetic susceptibility of a 
degenerate gas of Bloch electrons in a cubic lattice. It is shown 
that the effective Hamiltonian of such electrons in a magnetic 
field is rigorously a particular power series in P of the form 
fl = E(P), where P= (h/i)V—(e/c)A and E(hk) is the energy of 
the band in question. (Because of the noncommutativity of the 
components of P, E(hk) does not determine E(P) uniquely 
E(P) is not a symmetrized power series in the components of P.) 
By expanding Z(P) in powers of P, one is led to a series expansion 
for the diamagnetic susceptibility of the form 


eke m 


1. INTRODUCTION 


HE quantum theory of the diamagnetism of 

conduction electrons has been discussed from 
different points of view by a number of authors. Free 
electrons were treated in a classic paper by Landau! 
who showed that for a degenerate electron gas the 
diamagnetic susceptibility per unit volume is 


e*ko 


x=— (1.1) 


12m%me? 
where ko is the wave number at the top of the Fermi 
surface. The next important advance was made by 
Peierls? who extended Landau’s theory to the case of 
tightly bound Bloch electrons. He obtained an expres- 
sion for the susceptibility consisting of the following 
three terms 


X=Xitxet xs, (1.2) 


where x, is the susceptibility of an isolated metal atom 
multiplied by the number of atoms per unit volume; 
x2 is a term which has no simple physical interpretation 
and whose magnitude and even sign are uncertain; 
and x; is given by 


e PE PF 
all 
48r'h’'e td Lak? dk? 
CE \? 1 
-( ) | as, 
OR Ok» lV, 2 | 


where E(k) is the energy of the band in question and 
the integration extends over the Fermi surface. This 
last term is a direct generalization of Landau’s result 


(1.3) 


* Supported in part by the Office of Naval Research. 
1L. Landau, Z. Physik 64, 629 (1930). 
*R. Peierls, Z. Physik 80, 763 (1933). 


where ko= (3m)! and nm is the number of electrons per unit 
volume. (For a spherical band, ko is the wave number on the 
surface of the Fermi sea.) The first term of this series is the 
well-known Landau-Peierls expression, the higher terms are 
corrections to it. In the tight binding approximation the second 
term becomes dominant and reduces correctly to the atomic 
diamagnetism. We have calculated the first two terms of this 
series for Li and Na. For Na the second term was found to be very 
small; for Li it is more than half as large as the first and of op- 
posite sign. Our numerical results are x,i= —0.074X10~* and 
xNa™= —0.26% 10~* cgs volume units. 


(1.1). For a simple band with the effective mass m*, it 
reduces to the Landau-Peierls expression 


eho 
XLe= —-———_. 


(1.4 
122°m*c? 


For simple metals the tight-binding approximation 
and hence the theory of Peierls are not appropriate. 

More recently Wilson® has treated the diamagnetism 
of Bloch electrons without recourse to the tight binding 
approximation by studying the density matrix as a 
function of the magnetic field. He obtained a number 
of contributions, among them Peierls’ x3, Eq. (1.3), a 
term x;’ which in the tight binding limit reduces to the 
atomic diamagnetism (Peierls’ x,) as well as other 
terms some of which are not explicitly evaluated. 
Wilson states that he expects certain of these other 
terms to be of the same order of magnitude as y,’. 
With some reservations Wilson believed all terms other 
than xs to be of minor importance. This elegant pro- 
cedure can lead in principle to an exact evaluation of 
the diamagnetism of Bloch electrons. However, because 
of its complexity an application to real metals appears 
very difficult. 

Adams‘ has also independently derived an expression 
for the diamagnetic susceptibility which, however, like 
Wilson’s is very difficult to evaluate. Adams criticized 
the usual procedure of taking x3 to be the dominant 
contribution to the diamagnetic susceptibility and 
showed that in many important cases there are other 
contributions of comparable magnitude. 

Apart from these theoretical considerations new 
interest in the diamagnetic susceptibility has been 
aroused by recent experimental developments. During 


+A. H. Wilson, Proc. Cambridge Phil. Soc. 49, 292 (1953). 
‘E. N. Adams II, Phys. Rev. 89, 633 (1953). 
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the past two years Slichter and his co-workers’ have 
for the first time succeeded in measuring separately the 
spin susceptibilities of two metals, Li and Na. As the 
total susceptibility is generally regarded as a sum of 
three terms, 


Xtot= Xepia’**?® +x gig CO" + Xia’ (1.5) 


(where ‘‘cond” refers to conduction electrons), a 
combination of Slichter’s results with measurements of 
Xtot and estimates of the core diamagnetism, xaia°°"™, 
yields experimental estimates of the diamagnetism of 
the conduction electrons. 

It will be clear from the foregoing remarks that there 
remained a need for a theory of diamagnetism which 
could actually be applied to some simple metals. The 
present paper represents an attempt in this direction. 
It is closely related in spirit to the method of Bardeen,® 
extended by Silverman and Kohn,’ for calculating the 
cohesive energies of the alkali-metals. These authors 
expand the energy as a power series in k*, and from 
this expansion obtain the total energy, per unit volume, 
of the conduction electrons in the form 


Erotat = n( Eo +A oko? +A sko'+ Hees 


here m is the number of conduction electrons per unit 
volume and 


(1.6) 


ko = 32°n. 


(1.7) 


(For a spherical band, ko is the wave number on the 
surface of the Fermi sea.) For both Li and Na the 
first two terms of this series give an excellent approxi- 
mation. In the present paper we extend this approach 
to problems involving an external magnetic field by 
means of the formalism of Luttinger and Kohn* which 
yields a similar series for the diamagnetic susceptibility’: 


e*ko m 
x=--——— (- + coke? +cakot +: >: ). (1.8) 
122°mc? 


m* 


The first term in this series is just the Landau- 
Peierls expression, (1.4). The coefficients of the higher 
order terms can be expressed in two ways: Either in 
terms of energy differences and momentum matrix 
elements between the entire set of Bloch waves at 
k=0; or in terms of simple integrals involving the 
functions which occur in the power series expansion of 
the Bloch waves of the band in question, say the mth 
near k=0: 


Vm (F) =e!" thn (0) + Rathm (8) 
+ kak pttm*(r)+--+ |. 


’ Schumacher, Carver, and Slichter, Phys. Rev. 95, 1089 
(1954); R. T. Schumacher and C. P. Slichter, Phys. Rev. 101, 
58 (1956). 

J. Bardeen, J. Chem. Phys. 6, 367 (1938) 

7R. A. Silverman and W. Kohn, Phys. Rev. 80, 912 (1950); 
R. A. Silverman, Phys. Rev. 85, 227 (1952). 

8 J. M. Luttinger and W. Kohn, Phys. Rev. 97, 869 (1955). 

*From here on we shall, for simplicity, talk about a non- 
degenerate band with minimum at k=0, in a cubic crystal. 


(1.9) 
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We note at once, from (1.8), that in cases where the 
band is sufficiently empty (&o->0), the Landau-Peierls 
expression x_p, Eq. (1.4), becomes an exact expression 
for the total diamagnetic susceptibility. This fact does 
not depend on m*/m being close to 1. The higher order 
terms in (1.8) contain, first of all, corrections which 
come from the more complete Peierls expression (1.3) 
when not only the quadratic terms of £(#k) are taken 
into account. But they also contain other contributions 
which in general are of the same order of magnitude 
(in Li they are even much larger). Thus the Peierls 
expression (1.3) gives the correct susceptibility for 
sufficiently few electrons but in applying it, there is no 
point to include in E(hk) terms higher than quadratic 
in k.!° 

In the limit of infinite lattice parameter (tight 
binding), m/m* vanishes exponentially while the ¢, 
approach certain finite limiting values. Since ky—0, 
like the reciprocal of the interatomic spacing, the second 
term in (1.8) alone survives, and we have shown that 
it reduces correctly to the ordinary atomic diamagnet- 
ism, i.e., to Peierls’ x;."! 

We see then that the first two terms of (1.8) give the 
exact result in the following three limiting cases: 


(1) number of conduction electrons—0; 
(2) free electrons; 
(3) tightly bound electrons. 


When one is not near the tight-binding limit (where 
special cancellations take place due to atomic sum 
rules) the rapid convergence of (1.8) depends on the 
following condition: 


Dp? (hko)?/m? (AE), (1.10) 


where p is a mean momentum matrix element between 
Bloch states at k=0 and AZ is a mean energy denomi- 
nator between such states. This condition is written 
down merely to indicate the general circumstances 
under which (1.8) may be expected to be useful. 

We have obtained explicit expressions for the coeffi- 
cient ¢z in (1.8) and evaluated it for both Li and Na. 
The results of taking the first two terms in (1.8) are 
as follows: 


0).074 
x 10~* cgs volume units, 


0.26 


* 10~* cgs volume units. 


Li: x (0.37x.LP) 


(1.11) 


Na: x= (1.02x,p) 


In the case of Li the ratio of the second to the first 
term is 0.6 so that higher order terms may well be 
important. However, our calculation shows clearly 
that the Landau-Peierls result is too large. In the case 


“This statement holds equally well for ellipsoidal energy 
surfaces. 

" However, when evaluated for the actual lattice parameter in 
Li and Na it is very much smaller than Peierls’ x; 
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of Na, the second term is very small" and our result 
should represent a reliable estimate.” 

These theoretical results may be compared with the 
(indirectly obtained) experimental values given in 
reference 5: 


(—0.14+0.15) 
X 10~* cgs volume units, 


LAS Nea» 


(1.12) 
(—0.074-0.11) 


X 10~* cys volume units. 


Na: Xexp 


(Reference 5 gives x 0.18 for Li due to an arithmetic 
error.) In both cases there are indications of a discrep 
ancy between theory and experiment. More accurate 
experimental data would be very desirable 

The details of our calculation are described in the 
following sections. 


2. ELIMINATION OF INTERBAND MATRIX 
ELEMENTS 


The Hamiltonian of a Bloch electron in a magnetic 
field can be represented by a matrix of the form 


(mk | 17 \ nk’), (2.1) 


where k is the wave vector running over the first 
Brillouin zone and m and m are quantum numbers 
labeling different bands. Our procedure for calculating 
the susceptibility consists of two steps: 


(1) The elimination of interband matrix elements, 
that is, the diagonalization of (2.1) with respect to the 
band indices m and by means of an appropriate 
unitary transformation ; 


(mk |e SHe® | nk’) = (k| in| bmn. (2.2) 


(2) With the transformed Hamiltonian (k|/7,,/k’), 
the susceptibility of the electrons in the mth band can 
then be calculated using the trace method of Peierls.” 


This section is concerned with step 1, the next section 
with step 2. From here on we shall generally use atomic 
1, m=1, h=1, but in our final results 
we shall restore these constants. 

The Hamiltonian of a Bloch electron in an external 


units, that is e 


magnetic field is given by 


H=}P*P*+V(r), 
where 


pe (1/c)A*, 


p* 


V is the periodic potential, and p* and A® are the 
a components of the momentum and vector potential, 


# This is due to the smallness of p, Eq. (1.10). The Bloch 
function uo in the 3s-band at k=0 is nearly everywhere almost a 
constant so that (1/i)Vuo0. This is also the reason why for 
Na, m* =m. 

‘8 Here, as elsewhere in this paper, we neglect the effects of 
electron-electron interaction, which are believed to be small. 
See D. Pines, in Solid State Physics (Academic Press, Inc., New 
York, 1955), Vol. 1, p. 424. Also, H. Konezawa, Progr. Theoret. 
Phys. 15, 273 (1956). 
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respectively. The usual summation convention is em- 
ployed. P* is of course the velocity operator. The 
operators x* and P* satisfy the following commutation 
relations 


[a*,P®]= 16%, (2.5) 


and if the magnetic field % is in the x; direction 


[PP )=(i/c)e, (,P*)=(P',P*]=0. (2.6) 

We express the Hamiltonian (2.3) in the represen- 
tation of Luttinger and Kohn’ which is convenient for 
problems involving Bloch electrons in external electro- 
magnetic fields. The basis functions of this represen- 
tation are 


Xmk (0) = tho (re, (2.7) 


where the u,,0 are the set of all Bloch waves with k=0. 
The xmx form a complete orthogonal set of functions 
which are normalized as follows: 


J xoerovde 5mnd(k—k’), (2.8) 


where the integration extends over all space. This 
corresponds to the following normalization of the uno: 


Q 
f Umo* Unolt 
sell (2)* 


e 
Omny 
€ 


(2.9) 


where & is the volume of one crystal cell, 

Before expressing the Hamiltonian in this represen- 
tation let us briefly discuss the matrix elements of the 
relevant operators. We first consider x* which enters 
into the Hamiltonian via the vector potential A*. 


(mk | x*| nk’) J vaste ik ryag, oe'®' dy 


1 a 
J vnste ik-ry oe'™’ "dr 
i Oka 


1 0d 
- 5(k—k’)b nn. 
i Ok, 


(2.10) 


We note that the k-dependent part is identical with 
the matrix element of x* in a plane wave representation. 
This makes it convenient to introduce the following 
notation: Let Y be an operator which is a function of 
p* and x*. We then define 


(2.11) 


1 
(k!O\k’)= fe ik tei’ ty, 
(2r)§ 


Equation (2.10) can now be rewritten as 


(mk | «| wk’) = bn (| e*|k’). (2.12) 
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Similarly the matrix elements of p* and P* are 
5 mnkad (k—k’)+ p%mnd (k—k’) 
= bmn (k| p*|k’)+ p%mnd(k—k’), 


(mk | p*| nk’) 
(2.13) 


and 


(mk | P*| nk’) = bmn (Kk | P*|k’)+ p%mnd(k—k’), (2.14) 


where the p%m», are the matrix elements of the mo- 
mentum operators between Bloch waves at k=0: 


(2m)8 1 0d 
p* mn= f Umo* Uno. (2.15) 


Q) cell 1 Ox* 


We can now evaluate the kinetic energy, 4P*P*, in 
our representation 
3 (mk| P*P@|\ nk’) = 33> 6 (mk | P| ik’) (ik | P*| nk’) 
b5mn(k| P?P*|k’)+ p%mn(k| P| k’) 

+45; p*mipin%5(k—k’), (2.16) 
where the symbol >> denotes both summation over 
repeated band indices and integration over repeated 
wave vectors in the first Brillouin zone. In the last 
step of (2.16) we have used the fact that 

> «(ki P*| kh’) (k’’ | P*|k’) 

k”’ over zone " 
> (k| P*|k”’)(k’| P*|k’) 
all k’” 


(k| P*P*|k’). (2.17) 


In other words, matrix multiplication in k space is the 
same as in the free electron case. For although k” runs 
only over the first Brillouin zone, the 6-function char- 
acter of (k| P*\k’) [see Eqs. (2.4), (2.10), and (2.13) | 
allows one to extend the integration over all & space. 
The potential energy has a representation of the form 


(mk | V (r) | nk’) = V nnd (k—k’). (2.18) 


Combining (2.16) with (2.18), we obtain for the total 
Hamiltonian : 


(mk | H | nk’) = $6 mn(K| P*P*|k’) + p%mn(k| P*|k’) 
+ (320s P*mip*in+ Vinn)d(k—k’). 
Now setting k and A equal to zero, we see that 
bDLs P®mip*int Vmn 
where e¢,, is the energy of the mth band at k=0, so that 
we have finally 
(mk | H | nk’) = dS mnl €mo(k—k’) + 45.9(k| P*PF|k’) | 
+ Pp mn(k| P*|k’). 


(2.19) 


(2.20) 


Coban, 


(2.21) 


This expression is valid in any gauge and reduces to 
Eq. (11.45) of Luttinger and Kohn® with their particular 
choice of gauge. 

The Hamiltonian (2.21) has terms which are diagonal 
in the band indices and terms which are off-diagonal. 
The procedure of Luttinger and Kohn consists of the 
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elimination of the off-diagonal terms to higher and 
higher orders of (k|P*\|k’) by successive unitary 
transformations. 
Let us write 
H=Hyt+H\+H,, 
where 


(mk | Ho| nk’) 
(mk | H,| nk’) 
(mk | H7,| nk’) 


bimn€mo (K k’), 
P%mn(k| P*|k’), 
45 mnd®(k| P*P®|k’), 


The first transformation is equivalent to that 


reference 8. We define 


H® =exp[ —S® JH exp[S ], (2.24) 


and choose S$“ so as to remove the off-diagonal part 
of H, namely H;, to first order." Clearly S“ is deter 
mined by the equation 


[ Ho,S” ]+H,=0, 
which, by (2.23) gives 


(k! P*|k’) for 


Wmn 


0 for 


Wimn a ( ) 


(mk |S“ | nk’) 
Wmn=0, (2.26) 


where Wma™=€m—€n. The transformed Hamiltonian is 


now given by 
H® = Ho+4[[ MoS” ],S ] 
+H S) )+Het ++, 


(2.27) 


where the omitted terms are of the third and higher 
orders in P?*. 7 contains terms diagonal in the band 
index (intraband) of orders 0, 2, 4, etc., and off-diagonal 
(interband) terms of orders 2, 3, 4, etc. 

The next step is to remove the interband matrix 
elements of order 2 by a further unitary transformation 
generated by S®, given by 


(mk| S@ | nk’) 


1 1 1 
2w mn * Wi Win 


for WmnXO 


0 for wmn=0. (2.28) 
The diagonal matrix elements of the new Hamiltonian, 
H™, are the same as those of 1/7 to orders 0 and 2 but 
different in higher orders. H contains interband 
elements of orders 3, 4, etc. 

This procedure may be continued so that after the 
nth transformation the intraband part of 17°”, up to 
order 2n inclusive, is not changed by further transfor 
mations, and its interband parts are of orders n-+1 and 
higher. In this way one obtains a series expansion of 

4 The superscript (1) on S‘ indicates that it is of first order 
in P*; the superscript (2) in 7 indicates that its diagonal terms 


coincide with those of the completely diagonalized Hamiltonian 
up to second order in P* inclusive 
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Al, in even powers of P*; 
(k| An | k’) = end (ke —k’) 


+30 E,,°" ’ ai(k| Pup. ° »Palk’), (2.29) 
(2 


In the absence of a magnetic field, 
(k| P*|k’) = kad(k—k’), 
so that, by (2.29), 
(k|7,,|k’) 


(2.30) 


(2.31) 


€m +> E."'* “ltkaykay* . a ok k’). 
i—2 


The factor in parentheses must be just the expansion 
of the energy of the mth band, £,,(k), in powers of k. 
It should, however, be noted that a knowledge of the 
power-series expansion of £,,(k) does not uniquely 
determine the coefficients E,,%°'''*! but only certain 
linear combinations of these. Thus, for example, the 
coefficient in Ey,(k) of kk,’ gives only the combination 


E,,"™™ t E27" + E,'™ | E,7"! { E,,'™! +- Fi, 2112. 


In the presence of a magnetic field, the Hamiltonian 
(2.29) can then in a certain sense be regarded as 


(k|7,,|k’) = (k| Zn (P)|k’), (2.32) 


where E,,(P) corresponds to some particular set of 
expansion coefficients Z,,%'*'**! of some Ey,(k). Which 
set it is cannot be ascertained from a knowledge of 
E,,(k) alone, and different sets will in general lead to 
different Hamiltonians because of the noncommuta- 
tivity of the P*. The only way we know of determining 
the correct set is by the successive unitary transfor- 
mations discussed above or by some other equivalent 
perturbation procedure. It might be remarked that the 
correct set is not the completely symmetrical one in 
which all terms such as £,,'", E,,'*", etc., are equal. 
We have used the procedure described in this section 
to diagonalize the Hamiltonian up to fourth order in 
P*, inclusive, with the following results: 
b* pF, 
ret ——. 


° Wms 


: PD miP iP” jnP em 
Raikes 


jvm i,k 


(2.33) 


Wm iW m jO mk 


= PV mi?” em 


— 2p mif ind? ™+ Pp mip md). (2.34) 


-, AND 


W. KOHN 


The coefficients E,,*''*?"""*' can also be expressed in 
terms of the functions Um, Um", Um’, °** which occur 
in the expansion of the periodic part of the Bloch-wave 
Wax in powers of k [see Eq. (1.9)]. This expansion 
can be generated by the unitary transformation e4: 


Vk . 8X mk = (expS® expS® er )X mi 


= (14+5%+4(SY)2+S%+--+)ymn. (2.35) 


Using the expressions (2.26) and (2.28) for SY and S® 
in the absence of a magnetic field, one obtains an 
expansion of the form (1.9), with 


Um = Umo, 


p* im 
tn" = >) jgo—, 
ei (2.36) 


Wmj 


“nif im 


(wim)? 


By means of (2.36), Eqs. (2.33) and (2.34) can be 
rewritten as follows: 


P* nif im 
matte LE hee 


nym é WimO nm ‘ 


10 


E,,** bap + (10 a un), 
i ox? 


1 a 
Ey,%88 (wat, us!) 
1 Ox? 


1 0 
7 (0 pr ut) (thm tm?) 


1 Ox 


(2.33’) 


—4L (tn ™,m®) 579 — 2 (th tm?) 597 


+ (thm? tm7)6% |. (2.34") 
One advantage of this reformulation is the following. 
In the spherical approximation,'® the functions Um, Um“, 
te, are obtained as solutions of differential 
equations so that by using (2.33’) and (2.34’) one 
circumvents the infinite sums over other bands.t 


3. DIAMAGNETIC SUSCEPTIBILITY 


To evaluate the diamagnetic susceptibility it is 
convenient to write the Hamiltonian as a sum of two 
terms, a completely symmetrized Hamiltonian and a 
remainder. (To simplify our notation we shall for the 
rest of this section suppress the common band index m 


‘That is the familiar Wigner-Seitz approximation in which 
the polyhedral cell is approximated by a sphere. 

t Note added in proof.—The ttm®® needed in (2.34’) is defined 
in (2.36). In general it consists of a part symmetric in a and 8, 
as well as a small antisymmetric part involving high-order 
spherical harmonics (/ > 4). A knowledge of the Bloch wave (1.10) 
evidently yields only the symmetric part. However, in the 
spherical approximation, which is used in Sec. 4, um® is entirely 
symmetrical (/=0,2) and hence can be completely determined 
from the wave function (1.10). We are indebted to Dr. C. Herring 
for drawing out attention to this matter. 
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and take our zero of energy at the bottom of the mth 


band.) 
(k| Ak) = Gares:--0t(| Perper... Pet| hk’) 
l= 


+(k|R|k’). (3.1) 


Here §'*2'''¢! is the average of all Ev"! with a 
given set of superscripts; for example 


Guz— guw—...— (A244 eu Fi 
4+ FA4 Feat Fr) (3.2) 


gu — Fun 


The &’s are completely determined by the expansion of 
the energy E(k) in powers of k.. [See the discussion 
following Eq. (2.31). | 

Starting from Eqs. (2.31) and (2.34), and using the 
commutation relations (2.6) for the P*, we find that 
to fourth order in P* the remainder is given by 


(k| Rk’) = (1/c2)[E2— E79 (k—k’)ac?. 


To this order, then, the remainder term produces a 
uniform shift of all energy levels proportional to the 
square of the field. Since it is of the form of a constant 
times 6(k—k’) it has no effect on the wave functions. 
Its contribution to the susceptibility is simply the 
coefficient of —45C6(k—k’) in (3.3) multiplied by n, 
the number of electrons per unit volume, 


(3.3) 


2 
(1 = Fi22) 


C 


12 <=) 


2 
-( Ei — FM) h 8, | (3.4) 


an 
The symmetrized part of the Hamiltonian (3.1) is 
identical to the Fourier expansion 


Bost = > A,e'? fe 


where the r, are the translation vectors of the lattice 
and the A, are coefficients, independent of 3, chosen 
to give the correct dependence of E on k in the absence 
of the field. This identity can be verified by expanding 
(3.5) in powers of P*. The susceptibility due to (3.5) 
has been evaluated by Peierls? and gives the result xs, 
Eq. (1.3). In the spirit of the present paper, we substi- 
tute in (1.3) a power series expansion of the energy 


E(k) = &'?+[ (3/5) &!""!+- (6/5) 6" Je 
+[ — (2/5) &!"!+- (6/5) 64] 
(5 (ki2he? + hePhs+ harks?) —k* ]+-+-, 


where the omitted terms are of order k® and higher. 
This gives 


Gul 7 3 6 
ye he (84 om Jit (3.7) 
6n'*? 9rXN5 5 


(3.5) 


(3.6) 
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The total diamagnetic susceptibility per unit volume 
is obtained by combining (3.4) and (3.7). Recalling 


that &'=1/(2m*) and writing 
§ = (3/5) 8+ (6/5) 64, (3.8) 


for the coefficient of the first fourth-order term in 


E(k), Eq. (3.6), we obtain 
ko 1 28 
= f ( §&™ +8 (fe! = pm) \ae 
12n°c*L m* 3 


4 | (3.9) 


in atomic units. In arbitrary units, this becomes 


eko =. 


28 
-: oe +( &O48( fim — ps) adhe 
moLm ‘ 


+°: | (3.10) 


where do is the Bohr radius and &, #'™!, 4" are 
evaluated in atomic units. This expression is of the 
required form (1.8). Further canonical transformations 
yield terms of higher order in kp. 

We shall now show that our expression (3.9) for x 
reduces correctly to the atomic diamagnetism in the 
limit where the lattice parameter, a, becomes infinite 
(tight binding). In this limit the band E(k) becomes 
infinitely narrow and the Peierls term x, tends to zero 
exponentially with a. Therefore only xz survives; and 
since ky approaches zero as a™', while all the Eve: 
approach finite (or vanishing) limits, we need to keep 
only the term of lowest order in ko. Thus, by (3.4) we 
have 
Feii22) 


x->— n(2/c*) (E™ (3.11) 


We must now evaluate /!”*! 


limit. By (2.34), 


ke in the tight-binding 


fez —_ feui2 
| nil iP? jk? em 
WmiWm jOmk 


P! miP™ im 1 Ps 
+E A(145 


$ (Wim)? Wink 


: DP! miP iP” inf? em 


jvm i,k 


we 
im i,k WmiW mjOmk 


"). (3.12) 


In the present limit the u,»9 become superpositions of 
atomic functions, so that the p*;,; are simply momentum 
matrix elements between atomic functions. We can 
therefore use the following relationships, which are a 
consequence of the commutation relations of x* and 
x*x* with the total Hamiltonian: 


iia 1h" wa, 


i(x* p+ p2x8) ny, 


Xmn"Wmn 
(3.13) 


(x*X*) a nmn 
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With their help it is shown in the Appendix that in the 
tight-binding limit 


fF — FB), (9?) am, (3.14) 
where m is taken to be an s-state. Substitution into 


(3.11) gives 


x->— 11/60") (7) ann, (3.15) 
which is just the well-known expression for atomic 


diamagnetism (in atomic units). 


4. APPLICATION TO METALLIC Li AND Na 


The theory which we have developed in the preceding 
sections was applied to the metals Li and Na for two 
reasons. They are the two simplest metals, whose 
theory has been studied in considerable detail in the 
past; and they are the only metals for which there 
exists at present an (indirect) experimental value of 
the diamagnetic susceptibility (see reference 5). The 
object of the theoretical calculation is the evaluation of 
the effective mass m* and the coefficients E247 with 
which x can be evaluated by Eq. (3.10)."* As the 
algebraic and numerical work is rather extensive, we 
have, in the case of Li, calculated these parameters by 
both methods described in the preceding section; that 
is, by summation over intermediate states [ Eqs. (2.33) 
and (2.34)] and by using the Bardeen expansion 
functions tm, Um%, Um [Eqs. (2.33’) and (2.34’) ]. 
Both methods should give the same results and in fact 
agreed quite closely. 


Summation over Intermediate States 


We shall first describe the summation over inter- 
mediate states. The band of interest, m, is an s-band. 
That is, %»o belongs to the identity representation A, 
of the cubic group. Since the momentum operator 
(1/i1)d/dx* transforms like 7, the intermediate states 
ui and Uo Occurring in the matrix-elements in (2.33) 
and (2.34) also transform like 7), while the intermediate 
states uj transform like A, E, or 7;. Thus a typical 
state of the first group has the form 


ui=(x/r) f(r) (“p-like’’), (4.1) 
where f(r) has cubic symmetry and vanishes on the 
cell boundary, while the states of the second group are 
of three types: 
ujo= 2,;(K), (“‘s-like’’) 
— 
h(r), (“d-like’’) 
r 


xy 
h;(r), 
r 


(‘“d-like”) 


16 g js obtained from the E%” by (3.8) and (3.2). 
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where g, kh, h® have cubic symmetry and vanishing 
derivatives on the cell-boundary. 

It can hardly cause a substantial error in either the 
matrix-elements or the energy denominators if we 
impose the boundary conditions not on the actual cell 
boundary but rather on the surface of the Wigner- 
Seitz sphere. In that case A” and h® become identical 
and the functions f, g, and &# are spherically sym- 
metrical. The f;, for example, are determined by the 
following equations: 


1 id d 2 
(-- - +)+vn-Blf-o, 


2 ride dr # (4.3) 


filt) = 0, 


where r, is the radius of the Wigner-Seitz sphere and 
V(r) is the ionic potential. 

A series of s, p, and d functions was calculated by 
numerical methods and the matrix-elements calculated. 
These were then substituted in (2.33) and (2.34). 


Lithium 
The summations (2.33) and (2.34) were carried out 
using four s-like, three p-like, and three d-like functions. 
(These numbers do not include the 3- and 5-fold 
degeneracies of the p- and d-functions.) The potential 
was the semiempirical potential constructed by Seitz 
to fit the optical spectrum of atomic Li,! and r,= 3.21. 
&" = 1/2m* = 0.363, 

&M = —0,02, 


Fm — Fur— — (0) 16, 


(4.4) 


The surprisingly small value of 6, which has been 
noted before (see reference 7) is the result of an appar- 
ently fortuitous contributions 
coming from intermediate s- and d-like states. The 
band is therefore very nearly parabolic, although its 
effective mass is substantially different from 1 (m* 

1.34). In the term E!”!— £"” | however, there is no 
major cancellation so that the fourth order (in P*) 
contribution to x is quite substantial. 


near-cancellation of 


Sod ium 


Four s-like, four p-like, and two d-like functions were 
used. The potential was the Prokofjew potential,'* and 
r,= 4.069. 

§"' = (),480, 
8 = —0.01, 


Fi — Fuz—(),02. 


(4.5) 


These numbers show that the diamagnetic behavior of 
the conduction electrons of Na is very similar to that 
of free electrons, for which the corresponding numbers 


17 W. Kohn and N. Rostoker, Phys. Rev. 94, 1111 (1954). 
W. Prokofjew, Z. Physik 58, 255 (1929). 





THEORY OF 


are 0.5, 0, and 0, respectively. The susceptibility, 
calculated by Eq. (3.10), is given in Eq. (1.11). 
Use of Bardeen Expansion Functions 

To evaluate E** and E47 from (2.33’) and (2.34’), 

we have to construct the functions occurring in the 


Bardeen expansion (1.9) of the Bloch waves. These 


functions are discussed in reference 7. The results 


were as follows: 
Lithium 

§''= 1/(2m*) 

&“ 0.01, 

Furze 


0.363, 
(4.4’) 


| Saas 0.15. 


The rather close agreement with (4.4) constitutes a 
check on the calculations. We believe that the results 
(4.4) are slightly more accurate and have used them 
to calculate x according to Eq. (3.10). The result was 
given earlier in Eq. (1.11). 
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APPENDIX: TIGHT-BINDING LIMIT 


With the help of (3.13) the expression (3.12), required 
for the calculation of x, can be reduced to an expectation 
value of r* in the atomic state m which we take to be 
an s state. Let us begin with the first term, which we 
shall call 7: 

P\ mip? iiP? in P em 
Tad > 


jvm i,k DW mim jX mk 


Pal a “ oo 
sy Pst’: 


jxm i Wmj 
= (x p) 0 j( px) sn 


im Wmj 


Since ‘‘m’”’ is an s state 
(2 p@ — 2@) p)),, ;=0, 

so that, by (3.13), 
(x 9) 5 1 (4) p@ +2) p)), 


Wm j y Wmj 


bi (ay), 5. 
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Substituting into (A.1) gives 


T= fi(2x@ p@x) ne (A.4) 


term in (3.12) can be transformed as 


The 


follows: 


next 


PP at av a a m 
poe mbit nt 


jm ih Wm iW m jWmk 


(xp) 9 (Px) jm 
- 


Wmj 


+ 4i( (2™)*) wae 
Combining with (A.4), we find 
T+ T2= +4i(x™ rm (Px) wren 
+ hal (x)? (x@ p@ — p@ 


1 2 
12 (r Jimmy 


xv) |ovm 


(A.6) 
where we have used the fact that 
(p27) aren hi, (A.7) 


which follows from (3.13) and the commutation relation 


of x and p. 


Finally, we take the last term in (3.12) which we 
call 73. By (3.13), 


> P nt im 


F (ac) ] = 9 (9*) ren (A.8) 


The other sum in this term gives 


\- Pm p'; m 


DP ma (— 62 om) 1( px) asm 


, 


Wink 


} (A.9) 


by Eq. (A.7). (This is a well-known atomic sum rule.) 
By combining (A.8) and (A.9), we obtain 


(A.10) 


T3= 4 (9?) mm: 
Thus we find, in the tight-binding limit, 


FFU! 74-7 y+T3= yy (P) mm. (AA1) 


When this is substituted into (3.11), one obtains the 
well-known atomic diamagnetic susceptibility (3.15). 
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Magnetic Susceptibility of Dilute Alloys of Nickel in Copper between 2.5°K and 295°K* 


E. Wa. Pucn, B. R. Cores,t A. Arrort,t anp J. E. Gorpmant 
Carnegie Institute of Technology, Pittsburgh, Pennsyloania 
(Received October 29, 1956) 


The magnetic susceptibilities of pure Cu and dilute Cu—Ni alloys containing 0.59, 1.16, and 2.48 atomic 
percent Ni have been measured by a Gouy method at temperatures between 295°K and 2.5°K. At room 
temperature all the alloys were found to be diamagnetic, the numerical value of the susceptibility decreasing 
with increasing nickel content, as found by earlier workers. The paramagnetic contributions found at low 
temperatures were, however, considerably smaller than those previously reported, although the 2.48% 


alloy was paramagnetic at temperatures below 16°K 


. The resultant susceptibility of each alloy is given 


with reasonable accuracy by an expression of the form a7 +6+-(c/T), and the significance of each of these 
terms is discussed. A theoretical model, in which the number of nickel atoms possessing resultant magnetic 
moments is temperature-dependent and which fitted the earlier high-temperature data reasonably well, 
has been found inadequate for the new low-temperature results. 


INTRODUCTION 


N early theories of alloy formation,' the outer 
electrons were considered to occupy energy states 

properly described by Bloch functions which are a 
property of the crystal as a whole and are not modified 
by the presence of the solute or “impurity” atom. 
Where the constituent elements differ in the number of 
electrons contributed to the Fermi distribution, it 
must be assumed that the screening of the nuclear 
charge that is necessary to avoid a catastrophe in the 
electrical resistance’ is accomplished by a pile up of 
the Fermi electrons in the neighborhood of the atom 
contributing the greater number of electrons. More 
recently, an alternative possibility has been considered 
by Friedel® and others,‘ in which some or all of the 
outer electrons of the solute atoms are considered to 
occupy localized “bound” states which may or may 
not overlap the Fermi distribution of quasi-free elec- 
trons of the matrix metal. The importance of a proper 
description of states due to the solute constituents in 
dilute alloys is emphasized by the appearance of 
anomalous transport properties in dilute alloys of 
noble metals at low temperatures. 

Magnetic susceptibility measurements provide a 
powerful tool for determining electronic configurations. 
Such measurements have been instrumental in revealing 
the electronic configurations of certain transition metals 
dissolved in noble metals. For example, the magnetic 
contribution of small amounts of iron dissolved in either 
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requirements for the degree of Doctor of Philosophy at Carnegie 
Institute of Technology, 1956. 

t International Cooperation Administration Fellow on leave 
from Imperial College, London, England. 

t Present address: Scientific Laboratory, Ford Motor Company, 
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copper or gold® or of small amounts of manganese 
dissolved in copper® exhibits a simple Curie-Weiss 
behavior indicating that the dissolved ions in these 
systems are well described by a bound electron picture, 
while the silver-palladium and nickel-rich copper-nickel 
alloys are best described by a band model assuming 
that the outer electrons of the alloying elements fill 
up states in the Fermi distribution. However, in the 
case of the copper-rich copper-nickel alloys, neither 
model appears to describe the experimental results.’ 
Small additions of nickel to copper give a paramagnetic 
contribution which is not expected on the basis of the 
simple Mott band model or the more detailed collective 
electron treatment given by Wohlfarth.* In this model 
it is assumed that with the addition of copper to nickel 
the “valence” electrons contributed by the copper 
atoms fill up holes in the unmodified nickel 3d band 
as well as available states at the top of the Fermi dis- 
tribution of 4s electrons such that at 60 atomic percent 
copper all the available d-states are occupied. A similar 
description obtains in the case of silver-palladium alloys 
and is well verified by experiment.’ That the situation 
is not so simple in the case of copper-nickel alloys was 
indicated by the results of measurements of specific 
heat” and magnetic susceptibility, both in the neigh- 
borhood of 60 percent copper" and at the copper- 
rich end of the system.” In particular, the suscep- 
tibility measurements on dilute alloys of nickel in 
copper by Kaufmann and Starr” down to the temp- 
eratures of liquid hydrogen showed peculiarities in 


5 F. Bitter and A. R. Kaufmann, Phys. Rev. 56, 1044 (1939); 
Bitter, Kaufmann, Starr, and Pan, Phys. Rev. 60, 134 (1941); 
Kaufmann, Pan, and Clark, Revs. Modern Phys. 17, 87 (1945). 

* G. Gustafsson, Ann. Physik 25, 545 (1936). 

7B. R. Coles, Proc. Phys. Soc. (London) B65, 221 HAs 

®N. F. Mott, Proc. Phys. Soc. (London) A47, 571 (1936). 

* £. P. Wohlfarth, Proc. Roy. Soc. (London) A195, 434 (1949). 

” W. H. Keesom and B. Kurrelmeyer, Physica 7, 1003 (1940); 
Guthrie, Friedberg, and Goldman, Proceedings of the Cryogenics 
Conference, Houston, December, 1955 (unpublished). 

uJ, E. Goldman and A. Arrott, Phys. Rev. 94, 782 (1954); 
A. Arrott, Ph. D. thesis, Carnegie Institute of Technology, 1954 
(unpublished). 

A. R. Kaufmann and C. Starr, Phys. Rev. 63, 445 (1943). 
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MAGNETIC SUSCEPTIBILITY OF 


magnitude and temperature dependence that are not 
readily described by the simple theories. 

A model recently advanced by one of the authors" 
and worked out in detail using a form of Fermi-Dirac 
statistics shows rather good agreement with the 
Kaufmann and Starr copper-nickel susceptibility data 
for room temperature and above.’ However, these 
early results, especially those for the lower tempera- 
tures, could not be discussed with confidence since the 
contribution of nickel has to be found by subtracting a 
copper susceptibility which exhibits rather questionable 
peculiarities. In view of the considerable interest 
attaching to these alloys, it was felt that remeasurement 
of the alloys and an extension of these measurements to 
helium temperatures was desirable. 


METHOD OF MEASUREMENT 


Susceptibility measurements were made by the Gouy 
method using a commercially made semimicrobalance 
completely enclosed in a vacuum-tight aluminum box, 
glass windows in which permit observation of the 
weighing process. Rotary controls passing through 
vacuum seals in the vacuum box permit the balance to 
be operated from without. The sample is suspended 
from the balance beam in a long hollow tube which 
forms part of the same vacuum system as the balance 
case and which extends downward into a Dewar located 
between the poles of an ADL electromagnet. 

Before each low-temperature run, the vacuum box 
was evacuated by an oil diffusion pump and then 
sufficient helium gas was added to assure thermal 
equilibrium between the sample and the cooling bath. 
The helium pressure required for adequate heat 
transfer (about 1 mm Hg) was determined by a ther- 
mometry run in which a carbon resistance thermometer 
was attached to a copper sample suspended in the tube 
from the balance in the same manner as for suscepti- 
bility measurements. 

Field measurements for each reading were made with 
a Rawson Rotating Coil Fluxmeter calibrated against 
a nuclear resonance meter. This instrument gives the 
only significant error in these measurements since its 
relative accuracy during one run is only +4$%. The 
resultant error in susceptibility is about twice the error 
in the field determination. 


SAMPLE PREPARATION 


The pure copper sample was made from American 
Smelting and Refining Company copper rated at 
99.999% pure and probably containing less than one 
part per million iron or nickel. The copper rod was 
swaged and drawn in ferrous dies, heavily pickled to 
remove surface ferromagnetic contamination, and then 
drawn through diamond dies to its final diameter of 


4B. R. Coles, Bull. Am. Phys. Soc. Ser. IT, 1, 116 (1956). 
4 FE. Wm. Pugh, Ph.D. thesis, Carnegie Institute of Technology, 
1956 (unpublished). 


DILUTE ALLOYS 815 
0.0157 inch. A six-inch-long bundle of 250 of these wires 
constituted the sample. A bundle of wires was used 
instead of a single rod in order to reduce overdamping of 
the sample (an effect due to eddy currents which is 
very pronounced in pure copper at low temperatures), 

After susceptibility measurements were completed 
at all temperatures on the unannealed bundle of copper 
wires, it was sealed in an evacuated quartz tube and 
annealed at 900°C for 120 hours. 

The three copper-nickel alloys were fabricated from 
the same pure copper and electrolytic nickel containing 
about 0.01% iron. The copper and nickel were sealed in 
an evacuated quartz tube and held in the molten state 
for 30 minutes at 1140°C while the quartz tube was 
rocked back and forth to assure good mixing. The melt 
was then quenchedJinto a water bath to provide the 
equivalent of a chill-cast ingot in which long-range 
segregation is minimized. These ingots were then 
swaged into 0.256 inch diameter rods. Six-inch samples 
were cut from each rod and pickled in a 50% solution of 
HNO, to a diameter of 0.250 inch to remove surface 
ferromagnetic contamination, Finally, the samples were 
sealed individually in evacuated quartz tubes and 
homogenized at 950°C for 100 hours. Chemical analyses 
made on pieces of the rods taken from positions im- 
mediately adjacent to the top and bottom of each 
6-in. sample indicate a nickel content for the samples of 
0.59, 1.16, and 2.48 atomic percent, 


RESULTS OF SUSCEPTIBILITY MEASUREMENTS 


Susceptibility measurements were made on each 
sample at temperatures extending from room tempera- 
ture to helium temperatures. At each temperature, 
readings were made at field strengths ranging from 
5000 gauss to 22 000 gauss. These results were plotted 
in the Honda manner!® and showed no ferromagnetic 
contamination except in the case of the pure copper 
wires before annealing. These wires indicated a ferro- 
magnetic content equivalent to 1.1 parts per million 
of iron in its normal ferromagnetic state. The accuracy 
of the data is such that a zero slope for the Honda plot 
(observed for all other samples) indicates an equivalent 
iron content of less than 5 parts in 10%. The loss of the 
ferromagnetic contribution to the moment in copper 
after annealing is in agreement with similar observations 
of Constant et al.'* 

Since uncertainties as large as 2% were anticipated 
between susceptibility measurements made on different 
days, a special room-temperature comparison run was 
made. All the samples were measured without changing 
the fluxmeter location or its calibration. Thus the 
relative accuracy of these room-temperature suscepti- 
bility values was better than 1%. The susceptibility 

6. F. Bates, Modern Magnetism (Cambridge University 
Press, New York, 1948), second edition, p. 114. 

16 Constant, Faires, and Lenander, Phys. Rev. 63, 441 (1943); 


For a general review of this problem see F. W. Constant, Revs. 
Modern Phys. 17, 81 (1945). 
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Fic. 1, The magnetic susceptibility per unit mass of copper and 
the copper-nickel alloys in cgs units. 


values obtained at various temperatures were then 
adjusted to conform with the room-temperature results 
obtained in the room temperature comparison run. This 
adjustment was never greater than 1.67%. The relative 
accuracy at all temperatures for all samples is therefore 
about +1%. These susceptibility values are shown in 
Fig. 1 and Table 1. The present values are compared 
with those of previous investigators in Fig. 2. 


INTERPRETATION OF RESULTS 


The greater tendency toward paramagnetism ex- 
hibited at low temperatures by the Kaufmann and 
Starr’ and the Bitter, Kaufmann, Starr, and Pan!’ 
data is probably due to the lower purity of the samples 
used by them. Also, their samples were apparently not 
annealed after cold working and the authors have 
observed in pure copper a temperature-dependent 
paramagnetism before annealing which is just twice 
that observed after annealing. 

It should be pointed out that there is excellent 
agreement in slope and absolute value at room tem- 
perature between the present data and those of reference 
17 as well as those of reference 12. This agreement gives 


Taste I. Magnetic susceptibility of copper and copper-nickel 
alloys for various temperatures, in cgs mass units. 


Annealed Cu Cu +0.59% Ni Cu +1.16% Ni Cu +2.48% Ni 
x X10 *K x x10° °K x 10° K x X106 


0.0289 

0.0257 

0.0029 
+0.0035 
+0.0696 
+0.1077 


0.0703 295 
0.0728 77 

0.0714 20.4 
0.0714 14.6 
0.0601 4.2 
0.0041 2.0 


0.0596 295 
0.0616 77 
0.0576 10.4 
0.0561 15.7 
0.0481 4.2 
0.0438 2.5 


0.0839 
0.0865 
0.0865 
0.0812 


7 Bitter, Kaufmann, Starr, and Pan, Phys. Rev. 60, 134 (1941). 
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grounds for confidence in both the low-temperature 
results of the present work and the high-temperature 
results of the previous work. Recent low-temperature 
susceptibility measurements on pure copper by Bowers!* 
are in good agreement with the present data except for 
the disturbing discrepancy at 77°K as indicated in 
Fig. 2. 

The paramagnetic contribution of the nickel atoms, 
which is large in terms of a band model and yet fails 
to exhibit the Curie-Weiss temperature dependence 
associated with bound states, led to the suggestion of an 
excitation theory in which the proportion of nickel 
atoms with a resultant moment increases with tem- 
perature. (This is the localized-state analog of the 
transfer effect discussed for the band model by Wohl- 
farth.’) This theory uses the standard band model for 
copper, but superposes for each nickel atom a narrow 
impurity level at an energy eo, k@ below the Fermi level 
at absolute zero, to. This level can be regarded as 
representing the least tightly bound electron of a nickel 
atom in the configuration 3d."° At temperatures above 
absolute zero, a small number of these electrons will be 
thermally excited into vacant states at the Fermi level, 
thereby creating 3d* nickel ions. 

Assuming that the energy required to doubly ionize 
the nickel atom is prohibitive, then (thinking in terms 
of holes) each state in the impurity level may have one 
hole with spin up, or one hole with spin down, but 
never both, This leads to a modified form of the Fermi- 
Dirac electron distribution function, as discussed by 
Wilson : 
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Fic, 2. Magnetic susceptibility per unit mass for copper and 
copper-rich alloys as reported by several experimentors. Curve A: 
pure annealed copper (present work); Curve B: copper plus 
1.16% nickel (present work); Curve C: very pure copper by 
Bitter et al.!"; Curve D: copper plus 0.0025% iron by Bitter et al.""; 
Curve E: copper plus 1.02% nickel by Kaufmann and Starr"; 
*’s: pure copper by Bowers.'® 

‘6 R. Bowers, Phys. Rev. 102, 1486 (1956). 

% A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1953), second edition, p. 328. 





MAGNETIC 


By using this distribution function, the susceptibility 
contribution per nickel atom can be shown to be 


1 we 
= 1+ ed-o/er AT 


Xa (1) 


where yu is the magnetic moment associated with each 
electron. This equation can be rewritten in the form 


Xa (n no) (ue? kT), 


where n/m is the number of vacant impurity levels 
divided by the number of available impurity levels, 
that is, the fraction of nickel atoms in the excited state. 

The quantity m/mo for a given alloy at various 
temperatures can be obtained theoretically from the 
distribution function, while experimental values for 
n/no at various temperatures can be found by requiring 
Eq. (1) to describe the susceptibility contribution of 
solute nickel atoms at each temperature. The agreement 
between the experimentally and theoretically deter 
mined values for n/mo can be made fairly good above 
room temperature by proper selection of the parameter 
6, where k@ is the energy of the impurity level below the 
Fermi level at absolute zero. 

A plot of /no obtained from susceptibility measure- 
ments below room temperature on the 1.16% nickel in 
copper sample is given in Fig. 3. Two theoretical curves 
for n/no are shown in the same figure. One uses@= 106°K 
and passes through the hydrogen 
temperature point while the other uses 6=800°K and 
passes through the experimental nitrogen-temperature 
point. 

It is clear from these curves that the excitation theory 
cannot satisfactorily describe the experimental results 
at low temperatures. Even a modification of the model 


experimental 


in which the impurity levels are assumed to be spread 
out over a range of energies is unsatisfactorily since no 
combination of the family of curves for n/no would fit 
the experimental curve for n/no in Fig. 3. 

An alternative picture which gives better agreement 
with the experimental results has been considered, in 
which the presence of the nickel atoms modifies the 
density of states at the top of the Fermi distribution 
in such a way as to produce an increase in the Pauli 
paramagnetism and changes in other properties which 
depend upon the density of states. The assumption of 
such a modification is justifiable on the basis of con 
siderations either of lattice distortion or of fluctuations 


TaBLe II, Constants of the empirical equation y=a7T+b 
+(c/T) as determined for copper and copper-nickel alloys by 
using experimental data obtained at temperatures 295, 77, 


and 4.2°K. 


Annealed Cu Cu +-0,59% Ni Cu +1,16% Ni Cu +248% Ni 
+-0.12 X10 
0.0742 “10°¢ 


+0,034 K107¢ 


+0.12 10" 
0.0877 X10~¢ 
+0.027 XK107¢ 


+012 X10 
0.0633 X107¢ 
+0.064 K10~° 


+0.045 KIO 
0.04517 X107¢ 
+0425 K10"* 
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Fic. 3. Fraction of nickel atoms excited into 3d° state at various 
temperatures as indicated by susceptibility measurements of 
sample containing 1.16% nickel in copper. Dashed curves give 
theoretically predicted values for the fraction for two choices of 
the parameter 0 


in the periodic potential of the lattice due to individual 
nickel atoms or clusters. The latter possibility has, in 
fac Re 
Smoluchowski,”® and by Goldman.’ 

In order to facilitate the discussion of this model the 


been considered on a qualitative 


l 


basis by 


experimental susceptibilities have been expressed by 
equations of the form 


al +b+(c/T), 


Kaufmann and Starr’ attempted to fit their suscepti 
bility results with such equations, but were successful 
only for nickel concentrations between 10% and 35% 
and temperatures above 14°K, The present data for 
dilute alloys and pure copper can be expressed in this 
form with fair accuracy for all experimental points. 
The constants of this equation, recorded for each sample 
in Table II, are determined from experimental points 
at 295°K, 77°K, and 4.2°K. 

For these low nickel concentrations, the constant 6 
appears to depend nearly linearly on composition with 
a slope of 0.02310°® cgs unit 
nickel. be due to an 
Pauli the 
density of states near the Fermi level. Such an increase 
the 


per atomic percent 


This increase could increasing 


paramagnetism associated with increased 


electronic 
the 


in density of states is indicated by 
Fig. 4 


increase in density of states indicated by the conduction 


specific heat data shown in However, 


electron contribution to susceptibility also shown in 
Fig. 4 is considerably larger than that indicated by 


specific heat data. A portion of this larger fractional 


increase in susceptibility could be attributed to an 
increase in effective mass as indicated by the specifi 


heat data; the remainder, on this model, would have 


’ 
to be attributed to pos ible changes in ex hange and 


correlation energies. The conduction electron suscepti 


*»R. Smoluchowski, Phys. Rev. 84, 511 (1951) 
#1 J. E. Goldman, Phys. Rev. 82, 339 (1951); 85, 375 (1952) 
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Fic. 4, Apparent increase in the density of states at the Fermi 
level as indicated by susceptibility and specific heat measurements. 
x/x0u is the room-temperature mass susceptibility of the copper 
nickel alloy (minus a core susceptibility of —0.23K 10~*) divided 
by a like term for pure copper. y/vou is the linear specific heat 
term for the copper-nickel alloy divided by the same term for 
pure copper. xcy was taken to be (—0.0839+4-0.23)K10~* from 
the present work, while you was taken to be 0.688 millijoule 
mole deg in accordance with the work of Corak, Garfunkel, 
Satterthwaite, and Wexler [Phys. Rev. 98, 1699 (1955) ]. 


bilities in Fig. 4 have been obtained by subtracting a 
core diamagnetism of —0.23X10~* from the total 
room temperature susceptibilities. The specific heat 
and susceptibility curves have been normalized by 
dividing the experimental values for the alloys by the 
experimental values for pure copper. 

The rather small values for c in all but the 2.48% 
nickel in copper sample could be accounted for by small 
amounts of iron impurity in a paramagnetic state. For 
example, a fractional iron content of 5X10~7 in an 
electronic configuration with four unpaired spins could 
account for the magnitude of c observed in pure copper. 
The nuclear moment is very small, contributing only 
12% of the observed c in copper. The huge increase in ¢ 
from the 1.16% to the 2.48% sample suggests that this 
is an intrinsic property of the alloy. The possibility that 
this effect was caused by poor mixing or homogenizing 
was considered, but the chemical analyses indicate that 
the 2.48% nickel in copper sample was, if anything, 
better mixed than the other two and the homogenization 
process was identical. 

An interesting relationship is produced if we make 
the ad hoc assumption that nickel atoms dilutely 
alloyed in copper contribute no magnetic moment 
unless they have three or more nearest neighbors of 
nickel, in which case they contribute one Bohr magneton 
per atom. Applying the binomial expansion to the alloys, 
one finds that the fraction of nickel atoms with three 
or more nearest neighbors of nickel is 4.3410~-, 
3.17104, and 2.84 10~* for the 0.59, 1.16, and 2.48 
atomic percent nickel in copper samples respectively. 
The fraction of nickel atoms contributing a moment of 
one Bohr magneton required to produce the observed 
increase in ¢ over the value of ¢ recorded for pure copper 
is 19.4 10°, 5.4310, and 2.72 10~, respectively. 

Table II shows the values for a to be 0.12 10~" for 
all except the 2.48% nickel sample. This apparent 
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change in a may not be real since the large value of ¢ 
for this sample makes accurate determination of a 
difficult. A similar increasing paramagnetic contribution 
with increasing temperature in the alkali metals has 
been attributed by Stoner” to an increasing density of 
states per electron caused by thermal expansion of the 
crystal lattice. Using a simple free-electron model and 
assuming the conduction electron susceptibility contri- 
bution to be proportional to the density of states at the 
Fermi level, the Stoner theory predicts a value for a 
which is 4 the observed value for these samples. This 
failure to predict the correct value for a should not 
preclude association of @ with thermal expansion since 
this simple model assumes a parabolic band for copper 
and neglects possible variations in effective mass and 
exchange and correlation energies. 


SUMMARY 


A Gouy balance has been used to measure the 
magnetic susceptibilities of dilute alloys of nickel in 
copper down to the temperatures of liquid helium. At 
the higher temperatures, agreement is obtained with 
the earlier work of Kaufmann and Starr and the 
anomalous temperature dependence of the suscepti- 
bility in all these alloys has been confirmed. At the 
lower temperatures, however, this temperature de- 
pendence is not as pronounced as suggested in the 
earlier work. An excitation mechanism postulated to 
explain the earlier results has been more thoroughly 
investigated and found to be inadequate to explain the 
newer results of this investigation. A qualitative 
understanding of the effects observed is possible but a 
quantitative description of all the anomalous effects 
observed in this alloy system must await a better 
theoretical description of impurity states in alloys. 
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F. BAssANt AND N. IncuAuspé 
University of Illinois, Urbana, Illinois 
(Received October 2, 1956) 


The traditional model of the exciton is used to determine the positions of the a band and the 8 band rela 
tive to the first maximum of the fundamental absorption bands. The 8 band is considered to be due to an 
exciton created in the immediate vicinity of an F center and the a band to an exciton created in the im 


mediate vicinity of a negative-ion vacancy. 


Simple assumptions are made in performing the calculations of the energy required to create the exciton. 
The results obtained agree satisfactorily with the available experiments. 


I. INTRODUCTION 


HE experimental evidence concerning the ap- 
pearance of an absorption band in the tail of the 
fundamental absorption band when a large number of 
halogen vacancies are present in the crystal suggested 
that this absorption band, which is called the a band, 
is due to an exciton which is created in the vicinity of 
an halogen ion vacancy.' The 8 band, which appears in 
the tail of the fundamental absorption when a large 
number of F centers are present in the crystal, has been 
attributed to an exciton created in the vicinity of an 
F center.' Since such excitons are localized at specific 
points of the lattice where the imperfections are present, 
the related absorption coefficients are of the same order 
of magnitude as those associated with the bands due to 
color centers and are smaller than the fundamental 
absorption coefficients by several orders of magnitude. 
In contrast with the excitons responsible for the funda- 
mental absorption these excitons have no ability to 
migrate about the crystal. A critical discussion of the 
properties of the a and # bands can be found in the 
review article by Seitz.! 

The model used by Von Hippel, de Boer, Mott, and 
others? to determine the position of the first and the 
second fundamental absorption peaks in alkali-halides 
crystals can be also used to determine the positions of 
the a band and the 8 band relative to the first absorption 
maximum. The model has been recently revived by 
Overhauser, who has used it to explain the occurrence 
of many components in the fundamental absorption 
band.’ It amounts essentially to looking at the crystal 
from an atomic standpoint. The exciton is considered 
as an excited state of the crystal in which a valence 
electron from one halogen ion has been transferred to 
one of its nearest alkali ions. In this framework the 


t This research was supported by the Office of Naval Research. 
!Delbecq, Pringsheim, and Yuster, J. Chem, Phys. 19, 574 
(1951); 20, 746 (1952); W. Martienssen, Z. Physik 131, 488 
(1952); W. Martienssen and R. W. Pohl, Z. Physik 133, 153 
(1952); W. Martienssen, Nachr. Akad. Wiss. Gottingen 111 
(1952); F. Seitz, Revs. Modern Phys. 26, 7 (1954). 
2]. H. de Boer, Electron and Emission Phenomena (Cambridge 


University Press, New York, 1935); A. Von Hippel, Z. Physik 
101, 680 (1936); N. F. Mott, Trans. Faraday Soc. 44 500 (1938); 
N. F. Mott and R. W. Gurney, Electronic Processes in Ionic 
Crystals (Oxford University Press, Oxford, 1938). 

3A. W. Overhauser, Phys. Rev. 101, 1702 (1956). 


three different situations of a free exciton, an exciton 
trapped at an F center, and an exciton trapped to a 
negative-ion vacancy are illustrated by Figs. 1, 2, and 
3, respectively. 

In all cases the change in energy involved in the 
creation of the exciton can be evaluated by considering 
the following cycle: first, a negative ion and one of the 
nearest neighboring positive ions are extracted from 
their lattice positions indicated in the figures by the 
numbers 1 and 2, Next, the valence electron is trans- 
ferred from the halogen ion to the alkali ion so that two 
neutral atoms result. Finally, the neutral atoms are 
brought back into their original lattice positions in the 
crystal. The total work required is, for the different 
cases: 


hv (free exciton) =!W_+'W,b)+#—1I4+0), (1) 
*W_+?W,04+E-—I+02:, (2) 
= *W_+!W,CI1+F-I+9;. (3) 


hv (8 exciton) 
hv (a exciton) 


In these formulas, W represents the energy required to 
extract an ion from the crystal and the different sub- 
scripts and superscripts refer to the negative or the 
positive ions and to the configurations represented by 
Figs. 1, 2, and 3. The symbol £ represents the elec- 
tronic affinity of the halogen atom, and J the ionization 
energy of the alkali atom. The symbol 2 represents the 
energy required to bring the newly formed neutral 
atoms into their original lattice positions in the crystal. 
The contribution to this energy of the halogen atom is 
small because its dimensions are small and the atom 
does not interact with the surrounding ions, On the 
contrary, the metal atom is large compared with the 
lattice distance, and the valence electron must be 


+ 


+ - + 


Fic. 1. Schematic representation of an exciton as the transfer 
of a valence electron from halogen ion 1 to alkali ion 2. 
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Fic, 2. Schematic representation of a B exciton. One electron 
is transferred from halogen ion 1 to alkali ion 2 in presence of the 
F-center 3, 


shared between six positive ions giving a non-negligible 
energy. Unfortunately it is impossible to evaluate Q 
in any simple way which would take into account the 
detailed atomic and electronic structure of the lattice. 
It will be assumed that its value for the a exciton and the 
8 exciton is the same as in the case of a free exciton 
where it has been estimated by De Boer and Mott to 
be of the order of 2 ev. In the framework of the present 
model, it is possible to see that 


hv(free exciton) > hv(B-exciton) > hv(a-exciton). 


The inequality follows from Eqs. (1), (2), and (3) and 
the fact that intuitively the energy 'W_+'W,"'! re 
quired to obtain two vacancies in the perfect lattice is 


expected to be greater than the energy required to 
obtain two vacancies near the F center, which in turn 
should be greater than the energy required to obtain 
two vacancies near a negative ion vacancy. 

It is generally true in lattice energy calculations that, 
though some of the quantities involved are affected by 
considerable error, the difference between two quan- 
tities evaluated in the same way is quite reliable. For 
this reason the model is particularly suited for calcu 
lating the positions of the a and 8 bands relative to the 
position of the first fundamental absorption. 


Il. POSITION OF THE § BAND 


The quantity to be evaluated is obtained by sub 
tracting formula (2) from formula (1). The result is 


.)—hv(B exc.) 


W_+'W,-—"W_—'*W,5, (4) 


hv (free exc 


The assumption that 2) is equal to Q2 has been used. 

The energy required to extract an ion from a lattice 
point to infinity is the average of the potential energy 
at the lattice point before the ion has been removed 
and of the potential energy of the same point after the 
ion has been removed. During this removal no displace- 
ment of the ions from their equilibrium positions is 
considered because the ideal cycle must be completed 
in the short time during which the optical absorption 
occurs, 

The potential energy at a lattice point consists of 
three parts: (a) the electrostatic energy due to the 
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Fic. 3. Schematic representation of an @ exciton. One electron is 
transferred from 1 to 2 in presence of the negative-ion vacancy 3. 


Coulomb interaction of the charges in the lattice; 
(b) the repulsive energy between closed shells of elec- 
trons; (c) the polarization energy due to the dipole 
moments induced on the ions by the charges present 
in the lattice. 

The first part gives no final contribution to the ex- 
pression of formula (4) because the electrostatic en- 
ergies involved in the extraction of the positive and the 
negative ion are the same in the case of the free exciton 
as in the case of the 6 exciton. 

For the repulsive energy the Mott and Littleton 
approximation can be used.‘ This includes only the 
interaction between nearest neighbors. The formula for 
the repulsive energy between a positive and a negative 
ion at a distance r is 


am p e 
W(r)=— ~ ~ exp[(ro—1)/p], 


6 ToTo 


where ro is the lattice distance, ay the Madelung con- 
stant, e the electronic charge, and p is a constant which 
can be determined from the values of the elastic con- 
stants of the crystal and is equal to about 0.32 A for all 
alkali halides. The contribution to formula (4) arises 
from the lack of interaction between the ions 2 and 3 
in Fig. 2; it is equal to —W (ro). 

The main contribution to the difference in energy is 
due to the different polarization energies of the F center 
and of the negative ion. If the / center and the negative 
ion are considered to be localized in a very small region 
around the lattice position, the Mott and Littleton 
zero-order approximation can be employed to evaluate 
the energy which they contribute. In this approxima- 
tion the dipole moment induced on a negative ion at a 
distance r from a charge e is given by 


M ro'e/ro, 


1 
ronnie Pimme B. 
a,+a_ 4r ko 
where the a’s are the ionic polarizabilities and ko is the 
high-frequency dielectric constant. The assumption is 
‘N. F. Mott and M. J. Littleton, Trans. Faraday Soc. 34, 485 


(1938). 
* P. Brauer, Z. Naturforsch. 6a, 255 (1951). 


with 
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made that the effective polarizing field is the same at 
all lattice points of the crystal. If one also assumes that 
the average polarization is unchanged by the presence 
of the F center, the dipole moment created on an F 
center by a charge e at a distance r can be expressed as: 


ur=M ver'/r’, 
with 
2ap 
Mrp= 1- 


a_t+a, 49 ko 


The polarizability of the F center, ar, can be evaluated 
easily because the center has only one electron and there 
is one optical transition preferred with an oscillator 
strength close to 1, Under these conditions the polariza- 
bility can be obtained from the formula: 


ap=e*/(4army pr’), 


where m is the electronic mass and vp is the frequency 
corresponding to the observed position of the maximum 
of the F band. The contribution to the difference in 
energy due to the polarization term can be obtained by 
inspection of Fig. 2 and Fig. 1. The result is: 


9 


2 COS(113,% 23) e 
‘Sula , = Re 


2. 2 ; 
113° 23" Nislos 2ro 


where r,; measures the distance from ion i to ion 7 in 
units of ro. * 

Finally, the formula which gives the position of the 
8 band relative to the first absorption peak is: 


hv(free exc.) —hv(B exc.) 
2.5—v2 e 
(M r— M_) 


Dro 6 


au p é 
(6) 
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The results for some ionic crystals are given in Table 
[.!.67 For comparison the experimental data available 
are presented in parentheses in Column 4. 


TABLE I. Position in energy of the 8 band relative to 
the first absorption peak (ev).* 


(755 “4) 


amp e i g* } 


Mr—-M 


hv (free ex« 


Crystal 6 rere hv(B exe 


NaCl 0.169 
KCl 0.136 
KBr 0.124 
KI 0.108 


0.355 
0.416 
0.418 
0.341 


0.19 
().28 
0.29 (0.30) 
0.23 (0.32) 


*In obtaining M_ and Mr, the Pauling theoretical values of the ionic 
polarizability and the positions of the F band given by Mollwo* have been 
used. The experimental results have lerived from Martienssen's 
measurements of the a and # bands! and from the positions of the first 
absorption band measured at liquid nitrogen temperature in KI,’ and 
extrapolated to liquid nitrogen temperature in the case of KBr 


been 


* FE. Mollwo, Z. Physik 85, 56 (1933), 
7H. Fesenfeld, Z. Physik 64, 623 (1930). 
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Tasxe II, Position of the a band relative to the 
first absorption peak (ev).* 


0.2714M 
+O0.7015M,’ 


aw pe ¢ 


$1.2320M_’ 


3 ‘ 
Av(tree exe 


Crystal oO rere ‘Ye hula exe 


NaCl 0,169 
KCl 0.136 
KBr 0.124 
KI 0.108 


0.50 
0.53 
0.49 (0,59) 
0.44 (0.59) 


0.829 
0.678 
0.669 
0.652 


* The 
Martienssen,! As in 
have been 


data after 
polarizabilities 
and the other 


experimental 
#f the tonu 
n term, These 
3 book 


values in parentheses 
lable I 

ised in evaluating the polarizati 
ire found in Mott and Gurne 


represent the 
the Pauling value 


constant 


III. POSITION OF THE a BAND 


When the exciton is created in the vicinity of a 
the 
calculation of the energy involved should take into 


negative-ion vacancy, as is indicated in Fig. 3, 


account the relaxation of the lattice in the immediate 
vicinity of the vacancy. However, as a crude approxi 
mation, it is assumed that the ions 1 and 2 are in theu 
regular lattice positions when the exciton is created, 
The other ions of the lattice have a permanent dipole 
due to the presence of the vacancy. This dipole can be 
estimated by the Mott and Littleton zero-order ap- 
proximation and, on a positive ion at a distance r from 
the negative-ion vacancy, can be written as 


’ 


ard, 1 
(: 
at } (ay t-c_) 4 K 


An analogous formula holds for the negative ions 


M ser ?/r* 
with 


M,! 


Ihe 
quantity K represents the dielectric constant for static 
fields. The quantity @ is the polarizability due to the 
displacement of the ions and has been derived by Mott 
their 


and Littleton’ from the repulsive forces, From 


work, one obtains the expression 


a= 3Sri'p 2a y(ro— 2p) ly 


where ay is the Madelung constant, and p the constant 
appearing in the expression for the repulsive energy. 

The energies of the cycle considered in the creation 
of the excitons can then be calculated in the same way 


as in Sec. I, Assuming that Q)=Q, 


’ 


hv(free exc.) —hv(a exc. 


It is not obvious in this case that the assumption (2) == Qs 
is justified; to support it there is only a calculation of 
Mott? in which he evaluated the energy of the lowest 
state of the conduction band under the assumption that 
the presence of a nearest positive charge does not change 
the energy obtained by bringing a metal atom into a 
lattice position, The agreement of this with other 
calculations and with experiments seems to indicate 
that the assumption is not incorrect 
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The contribution to the energy in formula (7) due 
to Coulombic forces is (1—1/V2)(é/ro). 

The contribution due to the repulsive forces is the 
same as in the case of Sec. II, i.e., —-W(r0). 

The contribution of the polarization of the ions 
consists of two parts: one due to the absence of the 
negative ion in position 3 of Fig. 3 and the other due 
to the effect of the permanent dipoles induced on the 
ions of the lattice by the charge present in position 3 
of Fig. 3. It can be written as 


2.5—v2 - 
-( )u 
2 2176 


_ CO8( 24,7 a4) 
karat 


‘ 9 ‘ 
oP V9 


CO8(1 14,7 34) é 


pos, ions pos. ions 112% 32 


To 


| €08(12i,73i) 

i. > OF ee _ 
‘ 

neg. ions 


Toi tae 


€08(114,7 si) é 
| uM 


neg. ions 14737 To 
The relations used to indicate lattice summations refer 
to Fig. 3, the distances are measured in units of ro, and 
the double prime indicates that the ions 1, 2, and 3 are 
excluded. 

Finally, the shift in energy of the a band relative to 


the fundamental band is 


hv(free exc.) —hv(a exc.) 


1 é am é p é 
( ) - -0.2714M 
V2/ 79 6 foo To 
2 


é e 
-~S,M,'-—S_M_'-, (8) 


To To 


COS(Ta:% ai) COS(1 473i) 


Se i > 


Voi tae pos. ions TieKse 


pos, tons 


CO8(T a7 i) =" COS(14 734) 
' 


neg, ions 


> ” 
‘ 
neg. lons foftae riers? 

The values of the above summations on the positive 
and negative ions can be obtained from the calculations 
of similar lattice summations made by Rittner and 


others,® Jones and Ingham,’ Reitz and Gammel.” From 


* Rittner, Hunter and DuPre, J. Chem. Phys. 17, 198, 204 
(1949). 

*]7. E. Jones and A. E. Ingham, Proc, Roy. Soc 
A107, 636 (1925). 

J. R. Reitz and J. L. Gammel, J, Chem. Phys. 19, 894 (1951). 


(London) 
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the work of reference 8, 


1 
sft 
roi! 
where C= 2.0285. The summation has the same value 
for positive ions as for negative ions. The prime in- 
dicates that ions 2 and 3 must be excluded from the 
summation. From Jones and Ingham,’ 


1 2 COS (T2734) 
tn |-20, 


rs ote 


1 1 
ri|—+—|- 15.5323, 
roi ri 
so that 
COS(F2i,73i) 


FP eens §,7375. 


pos. ions roerse 


The corresponding summation over the negative ion 
has the same value, except for the fact that the term 
arising from ion 1 must be excluded. The summations 
of the type 
| £08(rit a1) 
riers? 


over positive and negative ions have been calculated 
by Reitz and Gammel” in connection with a different 
problem. They obtained for the summations over 
positive and negative ions the values 5.036 and 4.152, 
respectively. The final results are S, = 0.7015, S_= 1.232. 
The numerical results for some alkali-halides crystals 
are presented in Table II and are compared with the 
experimental data in the cases of KI and KBr. 


IV. CONCLUSIONS 


The agreement between the available experimental 
results and the values calculated in the preceding sec- 
tions is good, as is shown in Tables I and II. This can 
be considered as a further argument in support of the 
current theory on the a and § bands. It is however 
possible that the agreement is partially due to a com- 
pension of the errors arising from the approximations 
made. 

It may be of some interest to note that the present 
model can be used to calculate the positions of the 
absorption bands due to excitons trapped at other 
defects of the lattice, such as divalent impurities, 
positive-ion vacancies, or dislocations. 
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A solution of the differential equations describing the photomagnetoelectric (PME) effect in semi 
conductors under small injection of arbitrary spatial distribution is derived for the infinite slab. The results 
are presented in graphical form showing PME response vs absorption coefficient with bulk lifetime, surface 
recombination velocities, and slab thickness as parameters 


I. INTRODUCTION 


HE photomagnetoelectric (PME) effect which was 

first observed in cuprous oxide! has recently 
attracted considerable interest.2~” It is of importance 
in connection with the measurement of bulk lifetime 
and surface recombination rates in semiconductors, as 
a potential tool in the study of surface states, and as a 
basis for the development of photosensitive devices. 
The following is an extension of the theory which de- 
scribes the effect in its dependence on the wavelength 
of the incident light. 


II. SOLUTION OF THE BASIC EQUATIONS 


The carrier transport through a semiconductor in 
the presence of an electric field E and a steady mag- 
netic field H= | |k, and under arbitrary bulk genera- 
tion, is described by the following equations: 


(On/dt) = —(n—no)/tat- Gg" div5 .+¢(x,y,2;0, (1) 
(Op/dt) = —(p— po)/to—q" div3 ,+-¢(x,y,2; 0), (2) 
Jior= In+J,, (3) 

J,= quanE+qD, gradn+tand,(J,Xk), (4) 
J,=quppE— gD, gradp+tand,(J,xk), (5) 


1T. K. Kikoin and M. M. Noskov, Physik. Z. Sowjetunion 5, 
586 (1934); I. K. Kikoin, Physik Z. Sowjetunion 6, 478 (1934); 
G. Groetzinger, Physik. Z. 36, 169 (1935). 

2 J. Frenkel, Physik. Z. Sowjetunion 5, 597 (1934) ; 8, 185 (1935). 

3 P. Aigrain and H. Bulliard, Compt. rend. 236, 595, 672 (1953); 
H. Bulliard, Ann. phys. 15, 52 (1954); P. Aigrain, Ann. radioélec. 
Compagn. Gen. de T. S. F. 9, 219 (1954). 

4H. Bulliard, Phys. Rev. 94, 1564 (1954). 

5 Moss, Pincherle, and Woodward, Proc. Phys. Soc. (London) 
66B, 743 (1953); T. S. Moss, Physica 20, 989 (1954); L. Pincherle, 
Proceedings of the Atlantic City Conference on Photoconductivity, 
November 4, 1954 (John veg and Sons, Inc., New York, 1956). 

6 J. J. Oberly, Phys. Rev. 93, 911 (1954), 

7T. M. Buck and W. H. Brattain, J. Electrochem. Soc. 102, 636 
(1955). 

8G. Grosvalet, Ann. radioélec. Compagn. Gen. de T 
360 (1954). 

* Kurnick, Strauss, and Zitter, Phys. Rev. 94, 1791 (1954); 
T. S. Moss, Proc. Phys. Soc. (London) 66B, 993 (1953) 

”W. van Roosbroeck, Phys. Rev. 101, 1713 (1956). For an 
introduction to the PME effect and additional literature see this 
comprehensive article. 

uT, M. Buck and F. S. McKim, Bull. Am. Phys. Soc. Ser. II, 
I, 294 (1956). 

2 An experimental investigation of the spectral distribution of 
the PME effect in germanium has been carried out by Brand, 
Baker,fand Mette and is being readied for submittal to The 
Physical Review, 


S. F. 9, 


where g (x,y,z; ) is the rate of (external) pair generation 
superimposed on the thermal generation and recombina- 
tion mechanism characterized by r. The other symbols 
have the customary meanings. The equations hold 
under the assumption of Boltzmann statistics and no 
magnetoresistance. We further assume: (1) local charge 
neutrality, p—po=n—no, gradp=gradn; (2) a slab of 
semiconductor infinite in the x and g directions; (3) 
steady state; (4) short- or open-circuit conditions; 
(5) small Hall angles; (6) small injection levels, so that 
(6a) 


| p— po| In - no| <4 (pot No), 


| p— po| = \n (6b) 


no| K (pot bno)/(b + 1): 
(7) -constant lifetime; (8) the bulk generation rate is 
function of y only, g(x,y,2;4)=g(y). One then obtains 
the following differential equation for the excess carrier 
density P= p— po, 

p"'— [* P= — D"g(y), (7) 
where L=(Dr)! is the diffusion length and D=D,b 
X (potno)/(potbno) is the ambipolar diffusivity. We 
impose the boundary conditions 

Ky + DP’ (0) 


siP(O) at y=0, (8a) 


R2— DP’ (w)=52.P(w) at y=w, (8b) 
where (&;, ®, are the generation rates on the front and 
the back surface respectively and 5), 5) are the corre- 
sponding surface recombination velocities which are 
assumed constant. If J; is the flow density of (unre- 
flected) photons entering the front surface and /, is the 
photon current density leaving the sample on the back 
surface, the following relationship holds: 


I= Ry + Ry +f g(y)dy-4 I, (9) 


A solution of Eq. (7) under the boundary conditions (8) 
is given by 
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y 
P=ae""’4+pe-v/l— (L/D) f g(n) sinh (y—n)/L |dn, 
0 


(D+5;)Re+ (D— $2) Ry exp(—w/L)+-(D+5,)0 


a 


( 
p 
(D+5;)(D+52) exp(w/L) 


1“ w—n w—7 
[’ f e()| D cosh( ) +-soh sinh ) fo 
DJ» L 3 


D/L. This general solution is valid even if the 
bulk generation is an arbitrary function of y and may 
thus be used to investigate photoconductive and PME 
response when the incident light contains components 
of different absorption coefficients, in which case the 


and D 


generation function g(y) has the form 


ka 


g(y) f i(k)ke~*dk, 
/ 


(12) 


where i(k) is the incident photon flow density per unit 
k (k=absorption coefficient) describing the spectral 
intensity distribution within a band ranging in ab- 
sorption coefficient from k; to k». If the incident light 
consists of several lines, each with a photon current 


density J; and an absorption coefficient kj, g(y) is 


given by 


g(y) =D lke. (13) 


Similar considerations apply when the sample is 


illuminated from both sides. If the absorption coeffi- 
cient is small as compared to the thickness of the slab 


Iw K (K—S:)(W—Si)e* 


pP 


D W*— K*L(W-+-S,)(W+S)e" — (W—S,) (Uv 


(K —S:)(W+S,)e-* —(K+5S;)(W—S2)e-” 
| ase 
(W+S,)(W4+S2)e" —(W—S;)(W—S2)e-” 


with W=w/L, Y=y/L, K 
For the case where (1/L) 
differential equation (7) for 1/L 


lw 
all 
2D 


kw, S;=s,w/D, and S2 
k the solution for P, Eq. 
k (W 


K+S.+(K—1—S2)(K—S)) 


e K+ 
Si(K - Sole K 


(A { SDK + Sy)e* (K 


(D+5))(D+52) exp(w/L)—(D—s,)(D— 52) exp(—w/L) 


(K+S,)(W+So)e 
Sole 


SoW 


K) then yields 
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(10) 


(11a) 


$;) No + (D + $9) Ry exp(w/L) +-(D —s)0 


(11b) 


~(D—s;)(D—sz) exp(—w/L) 


(11c) 


so that a noticeable portion of the incident radiation 
reaches the back surface, internal reflections will occur, 
leading for a particular wavelength to a generation 
function: 


ht > ik (xe bw) D he ky 


i odd 


g(y) 


+ os (xé hw) (6 D he k(w wv), (14) 


1 even 


in which « denotes the percentage of photons reflected 
back into the sample when they reach a surface. Since 
the solution [ Eq. (10) ] also contains surface generation 
rates in addition to the bulk generation function, it 
can be applied to the case where surface levels cause 
generation independent of bulk absorption at a par- 
ticular wavelength even if it is not strongly absorbed 
by the bulk. 

In the following, however, we restrict ourselves to 
the simple special case in which ®i= ®R.=0, and g(y) 

Ik exp(—ky), where k is the absorption coefficient of 
the incident monochromatic radiation. Under these 
conditions, one obtains 


Ww 


€ Y 
W 


e¥ en k mr| (15) 


‘'D. 
(15), assumes the indeterminate form 0/0. Solving the 


eY 


K. 


K—S.+(K—1—S2)(K+5;) 
(K+S,)(K+S,)e* —(K—S1)(K—S.)e* 


e(’-®) 


(16) 


. 


The corresponding change in conductance per unit width, AG; the Dember field, Ep(y); the Dember 
voltage, Vp; the short-circuit current density, J,“°; the short-circuit current, J,“°, per unit width, and 
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the open-circuit PME field, Z,©®, are given by 


0 


Ep=—q(Di—D,)o"'(dp/dy), (18) 


Vp (19) 


f Epdy g(D, D,)o 1 p(0) p(w) A 


|= 


So) (W+S5)1) 1 


wg (un +u,)l K 1 ~So)(W 


D 


AG 


W?—-K? W “+S1)(W+So)e 


(K 


(W+S,)(W+S.)e" —(W 


K+S2+ (K —1—S2)(K —S}) 


w"q (unt aa 
2 | 


(K+$1)(K+Ss)e* —(K —S)(K 


K 


(K+5;)(K+S.)e4 


and the PME short circuit current, /,"°, 


K (K—S»2)(W—S,)(1—e 


[ {°° golw 


W? (W+S$))(W+S2)e" — (W 


(K—S.)(W+S))(1—-e™)e 


(W 


golw | K+S.+(K S)(K 


2 |\(K+S,)(K+S2)e*—(K—S;)(K—S)e 


K+S2+(K—-1 
(K+S,)(K+S2)e* 


K 


t 
(K+S;)(K+S2)e* 


The ratio of the PME short-circuit current over the 
change in conductance, is thus independent of incident 
light intensity. 

These equations reduce to simpler expressions in the 
following special cases: 

(1) Slab thick 
eV. 
(2) Slab thin compared to L: 
¥~1—W. 


Ww 


compared to L: W>1; e™>1; 


W<1; eY~1+W; 
¢ 
(3) Strong absorption in the thickness of slab: 
1/k<<w; K>>1; e*<1. This case provides a result 
that agrees with the literature. 
(4) Weak absorption in the thickness of 
(1/k)>>w; K«K1; e*~1—K. Because of internal re- 


slab: 


W 


S 


K 


(K 


EFFECT 


e Ve K+ (K+S,)(W+S.)(1-e 


—eV)eK4(K+S,) (i 
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gD6(dp dy), (20) 


f J,” dy 


0 


g D6 p(Q) p(w) |, (21) 


I .“™ /ow, (22) 
and may all be calculated by substituting Eq. (15) or 
(16) respectively. We are particularly interested in 


photoc onductiv ity, AG," 
W) 


S51) ( iW Soe W 


So) (1 


SOU 


2)e 


Sot (K—-1 


SIU 


So) (AK +-8)) 


(A SCA 


W)e-K4(K+S,)(W+.8.) (1 


“ 


R 


le 


K4(K+S5,)( 


Siu 


e 


So) (K 


Sot (K 


K 


S51) 
eK4 if K 
Si(K—S2)e* 


| J A K { S| ) | 
(@ 1) 
Soe K 


for k=1/L. (26) 


(K—S,)(K 
flections in this case, however, the more general for 
mula, Eq. (14), should be used. 

(5) Absorption large in a diffusion length: 1/k: 
K>W. 

(6) Absorption small in a diffusion length: 1/k>L; 
K<W. 

(7) Front and/or back surface recombination domi- 
L>D/s, and/or D/s2; 


7a L: 


nant over bulk recombination: 
W<S, and/or So. 

(8) Bulk recombination dominant over front and/or 
back surface recombination: L«<D/s,; and/or D/s2; 
W>>S, and/or S». 


For : this expression is equivalent to the one derived by 


H. B. DeVore, Phys. Rev. 102, 86 (1956) 





WOLFGANG 


GARTNER 



































Fic. 1 
velocity. 
Curve No. 1 
Logio 5S; 3 

Logie Se 3 


(9) Front surface recombination dominant over back 
surface recombination or vice versa: S,;>>S»_ or S2>S). 

(10) In addition there are the cases: K>>S,; K<S;; 
K>S.; KKS2. 


Substantial simplifications, however, usually only 
result from a combination of two or more of conditions 
1 through 10. Therefore, the specialized equations have 
not been given for any individual case. 


III. DISCUSSION 


To illustrate the results of the theory the photo- 
conductance, the PME short-circuit current, and the 
ratio of the two functions has been plotted in Figs. 1 
through 3 as a function of absorption coefficient for 
various combinations of lifetime and surface recom- 
bination velocities. Although most of the curves are 
self-explanatory, some of the important features shall 
be pointed out in the following by calculating several 
special cases. The portions of the curves with K <1 are 
not discussed because in this range the more accurate 
formula, Eq. (14), should be used (requiring the 
knowledge of «). 


A. Photoconductance (Fig. 1) 


We consider the case of strong absorption, K>>1, and 
small front surface recombination velocity, K>>S,, 


- LOG K 


Photoconductance as a function of absorption coefficient for various values of lifetime and surface recombination 


6 & 
1 § 5 
5 —3 1 


W>S;. The photoconductance is then given by the 
expression 


AG D 1 1 


Mind 


omen ——+-— 
wg(untuy)l W? W?—K?W? 


2S» 


~— . (27) 
(W+S2)e"—(W—S2)e-" 

The second term which is negative contributes signifi- 

cantly only if K>>W and W <1, in which case we obtain 


AG D 1 1 So 


Mn _ 


Y———- ’ (28) 
wg(untu,p! W? W2W?+S, 


The photoconductive response is thus independent of 
absorption coefficient and reaches its maximum value 
(corresponding to a given bulk lifetime) for vanishing 
back surface recombination. This case is illustrated by 
curves I, 1, 2, 3; II, 1, 2, 3; and III, 1, 2, 3. For KKW 
or W>1, the influence of the back surface disappears 
and one obtains 


AGD/(w*g (untuy) I —™1 / W?, 


exemplified by curves IV, 1, 2, 3; V, 1, 2, 3; and VI, 1, 
2, 3. The photoconductive response is diminished by 
decreasing lifetime, 


(29) 
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Fic. 2. PME short-circuit current as a function of absorption coefficient for various values of lifetime and surface recombina 


tion velocity ( >0, <0). 
Curve No, 1 
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When both surface recombination velocities are 
negligible, W, K>>S,, So, and the absorption is strong, 
K>>1 (curves IT, 1; ITI, 1; IV, 1; V, 1; VI, 1), Eq. (29) 
holds quite generally. 

When the front surface recombination is dominant, 
however, S:>K, W, one finds under most conditions 
that the photoconductance for large absorption varies 
close to 1/K as in all the curves 7, 8, 9 in Fig. 1. 

The curves 4, 5, 6 in Fig. 1 constitute intermediate 
cases all of which exhibit the well-known maximum of 
photoconductance at an absorption coefficient, k, be- 
tween 1/w and 10/w, (w= thickness of slab). 

The maximum photoconductive response is evidently 
reached by strong absorption in thin slabs with high 
bulk lifetime and negligible surface recombination. 


B. PME Response (Fig. 2) 


The photomagnetoelectric response is shown in Fig. 2. 
For the case of strong absorption, K>>1, negligible front 
surface recombination, K, W>>S,; and long bulk life- 
time, W<1, one finds 


| Pats S2 1 


~~ _ 


~— een, (30) 
golw W*+S, K 


This situation holds for curves I, 1; II, 1. If in addition 
the back surface recombination is dominant over the 
bulk recombination, W*<<S), one finds the maximum 
value of the PME response to be 


—1,"*/(golw)™1. (31) 


This case prevails in curves I, 2, 3; II, 2, 3. 

On the other hand, if both surface recombination 
velocities are dominant over the bulk lifetime, SW, 
S.>W, one finds 


—1,/(goIwy~1/(1+S;) for S:>S, (32) 


(curves I, 2, 3, 6; II, 2, 3, 6), or 

I, /(golwy~1/(24+S) for Sy=S.=S (33) 
(curves I, 5, 9; II, 5, 9), or 

I, Se 1 


oz for 


Si\A+S:) K(1+S:) 


Si>S_ (34) 


golw 


(curves I, 4, 7, 8; II, 4, 7, 8). In the last case, Eq. (34), 
the function is negative for small values of K, its mag- 
nitude decreases like 1/K and reverses its sign at 


K=Si/S; (35) 
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Fic. 3. Ratio of PME short-circuit current over photoconductance as a function of absorption coefficient for various values of 


lifetime and surface recombination velocity ( >0, 


Curve No. 1 2 3 
Logie 5; 3 3 3 
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(curves I, 4, 8; IT, 4, 8). The limiting value at large K is 


T,” So 
im ( ) , 
a golw S,(1+-S2) 


In general, the sign reversal for long bulk lifetimes, 
W<1, occurs where K isa solution of the transcendental 
equation 


(36) 


SiKe* + (Si4+-Sot+ We * + KS2=Si4+-S24+W?, (37) 


reducing to 
K= (§;4+-S2.+W?)/S. (38) 
for large K. 
In the case of short bulk lifetimes, W>>1, and strong 
absorption, KW, one obtains 


—1,°°/(goIw)™~1/(W+S)), (39) 


thus independent of the back surface recombination. 
In addition, for dominant bulk recombination, W>>S,, 
one has 


— 1, /(g0Iw)™~1/W (40) 


(curves V, 1-6; VI, 1-6), and for dominant front surface 


<0). 


recombination one finds 
—I1,/(goIw)~1/S; (41) 


(curves V, 7-9; VI, 7-9). 
The sign reversal in this case (W>>1) occurs where K 
is a solution of 


(K+W)e-*/(W+S.)~— (K-—W)/(K+S)), 
which for KW reduces to 


K~In[ (W+S))/(W+S2) ]. 


(42) 


(43) 


For K to be positive, S; has to be larger than S:. In 


the case where the front surface recombination is 
dominant, S>>W, and the back surface recombination 
negligible, Sx<W, we obtain 


K~=In(S,/W) (44) 


(curves V, 7, 8; VI, 7, 8). 


3. Ratio of PME Response Over Photoconductance 


The ratio of PME response over photoconductance 
is often measured because of its independence from the 
incident light intensity. Its behavior as a function of 
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Fic. 4, Reduced carrier density, PD/(/w), vs reduced distance, 
y/w, through the slab. 
Logio Ww 
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absorption coefficient is plotted in Fig. 3. The ratio 
changes the sign at the same K as the PME response, 
of course, and its general characteristics become ap- 
parent by a comparison with the corresponding curves 
of Figs. 1 and 2. The plot shows under what conditions 
the effect is strongly dependent on absorption co- 
efficient in which case extreme caution is advised when 
such measurements are used to determine recombina- 
tion parameters (unless monochromatic light of a well- 
defined absorption coefficient is used). The graphs also 
show under what circumstances the effect is particularly 
sensitive to bulk lifetime or one of the surface recom- 
bination velocities leading to guidelines for the proper 
experimental conditions, depending on which quantity 
is to be measured. In certain cases it appears feasible 
to measure two or all three of the recombination, pa 
rameters by fitting an experimental curve to the 
theoretical ones. Measuring the sample with the light 
first incident on one surface and then on the other may 
also prove helpful in many cases. 

Figure 4 which is practically self-explanatory has 
been included to show the carrier density profiles across 
the slab for several conditions. 

It is a pleasure to acknowledge the help of Mrs. H. S. 
Perlman in carrying out all the numerical calculations 
and to thank F. A. Brand and H. Mette, all of these 
Laboratories, for interesting discussions on the experi- 
mental aspects of the problem. 


NUMBER 3 FEBRUARY 1, 1957 


Effect of Isotopes on Low-Temperature Thermal Conductivity* 


Guien A. SLACK 
General Electric Research Laboratory, Schenectady, New York 
(Received September 4, 1956) 


An analysis of the experimental results of the low-temperature thermal conductivity of single crystals of 
Si, Ge, and KC! indicates that their maximum conductivities are limited by isotope scattering of phonons 
rather than by umklapp processes. The isotope scattering in solid helium and sapphire is sufficiently low so 
that nearly pure umklapp scattering can be observed. The measured thermal conductivities of SiOx, KBr, 
and diamond appear to still be limited by impurities. However, even in pure crystals of these three materials 
the isotope scattering precludes the appearance of pure umklapp scattering. 


N simple insulating crystals the thermal energy is 
transported by the lattice vibrations.' The vibra- 
tions of an infinite, perfectly periodic lattice can be 
described in terms of phonons.?* Any disturbance in 
the perfect periodicity of the lattice which produces 
scattering of the phonons produces a thermal resistance. 


* Part of this work was done while the author was at Cornell 
University. ; 

'P. Debye, Vortrdge Uber die Kinetische Theorie der Materie 
und der Electrizitét (B. G. Teubner, Berlin, 1914), pp. 17-60. 

?R. E. Peierls, Ann. Physik 3, 1055 (1929), 

4 J. Frenkel, Wave Mechanics—Elementary Theory (Oxford Uni- 
versity Press, London, 1932), p. 266. 


A monatomic crystal of an element which possesses 
more than a single, naturally occurring isotope will not 
have a perfectly periodic lattice. Atoms of the several 
isotopes will be randomly distributed on the lattice 
sites. This random variation in the atomic mass will 
produce a thermal resistivity. This isotope effect was 
pointed out by Pomeranchuk* in 1942, and a calcula- 
tion of the magnitude of the thermal resistivity caused 
by isolated lattice points of differing mass was given by 
Klemens® in 1955. The isotope resistivity will be most 

‘I. Pomeranchuk, J. Phys. (U.S.S.R.) 6, 237 (1942), 

*P. G. Klemens, Proc, Phys. Soc. (London) A68, 1113 (1955) 
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Tae I, Thermal resistivity data for eight different crystals. 


He (solid) AlwOu ( 


No. of isotopes 2 
x 104 6x10~% 
Vein 10™ cm? 23.6 
Op in °K* 55 

v in 10° cm/sec” 0.53 
W ,/B in 10% cm deg/watt 0.22 
W¢ in cm deg/watt (2700) 
Ww in 10°* cm deg/watt 9200* 
Tm in °K 2.25 
Tu /Opd 0.041 
Wo/Wa (2900) 1220 

Wy in 10°* cm deg/watt 9200 68 

Wu — Wz in 10~* cm deg/watt 0 4 

Ky watt/cm deg (observed) 1.08 140 

Ky watt/cm deg (predicted) 1.0% 140 

Ky watt/cm deg (umklapp) 1.08 145 1200 
Umklapp behavior? yes yes ? 


1,3 2 
0.0246 
42.6 
1010 
8.0 
13 
8.74 
724 
40 
0,040 


1960 
47 


804 
80 


* M Blackman, Handbuch der Physik (Springer-Verlag, Berlin, 1955), 
»R, F. S, Hearmon, Revs, Modern Phys, 18, 409 (1946); L. 
* Reference 10. 

4 Berman, Foster, and Ziman, Proc. 
* Berman, Simon, and Ziman, Proc, 
‘RR. Berman, Proc. Roy. Soc, (London) A208, 90 (1951). 

«G,. W. Hull and T. H. Geballe, Phys. Kev, 96, 846 (1954). 

» K. A, McCarthy and S. S, Ballard, Phys. Rev, 99, 1104 (1955). 
' Reference 11, 

1A, Eucken and G. Kuhn, Z. physik. Chem. 134, 193 (1928). 

*F. J, Webb and J, Wilks, Phil. Mag. 44, 663 (1953), 

' Reference 12, 

™ Reference 9, 


Roy. Soc 
Roy. Soc. 


(London) A231, 


pronounced at low temperatures since it is only at these 
temperatures that the resistivity caused by umklapp 
processes** becomes small, It is the purpose of the 
present paper to show how the magnitude of the isotope 
resistivity compares with the thermal resistivities that 
have been observed experimentally. 

An atom with a mass differing from the average 
atomic mass in the crystal will act as a point scattering 
center. Therefore its scattering cross section will have 
the same frequency dependence as other point imper- 
fections such as chemical impurities. This means that 
the effect of isotopes will be more pronounced in crystals 
of high chemical purity. The magnitude of the thermal 
resistivity due to atoms of differing mass is given by 
Klemens as 


1297 V Br 
0.897 hv" 


(1) 


r=> f(i-[M./M})?, 


where T is the absolute temperature, Vo is the average 
volume of a unit cell, » is the average phonon velocity 
at low temperature, M;, is the mass of a unit cell, /; is 
the fraction of unit cells with mass M;, M is the average 
mass of all unit cells, and / is Planck’s constant. The 
quantity B is a constant which Klemens gives as yy for 
the case of very small concentrations of foreign atoms. 
Since his theory is accurate to perhaps a factor of 
about three, the value of B will be determined from the 
experimental data. 

Equation (1) may also be applied to polyatomic 
crystals by noting that at temperatures which are low 


* Berman, Simon, and Wilks, Nature 168, 277 (1951). 


(diamond) 


0.76 
5.68 


11.8 


1.05° 


0.041 


130 (1955), 
(London) A220, 171 (1953). 
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3,3 
0.482 
37.8 
290 
3.75 
290 
13.9! 
830! 
10 
0.035 
166 
110 
720 2110 
12 : : 44 
50 5 
90 150 
? no 


0; 0: 39 
39 
66 


Vol, 7, No. 1, p. 325. 
Bergmann, Der Ultraschall (S. Hirzel, Stuttgart, 


1954). 


compared with the Debye temperature the unit cells 
vibrate as though they were a single mass point. In 
crystals such as sodium fluoride all unit cells have the 
same mass since sodium and fluorine both possess a 
single naturally occurring isotope. Thus W, for sodium 
fluoride will be zero, even though the atomic masses of 
sodium and fluorine are different. 

Thermal resistivity measurements have been made 
at low temperatures on “‘pure”’ single crystals of several 
different insulators. Data collected from various sources 
on eight such materials are given in Table I. Pure 
germanium and silicon have been included since they 
have so very few free electrons at low temperatures that 
they act like insulating crystals.’ The experimental 
value of the thermal resistivity at low temperatures can 
be taken to be the sum of the isotope resistivity (Wz), 
the umklapp resistivity (Wy), the resistivity caused by 
chemical impurities (Wc), and the resistivity caused 
by crystal boundaries (Wx) 


Wo=WitWotWet+Wx. 


This additive resistance approximation leads to a value 
of Wit which is too low by no more than 30% at the 
temperatures of interest. The temperature region of 
interest at present is that where the minimum re- 
sistivity occurs. This region lies between 0.035@p and 
(.0450p, where @p is the Debye temperature of the 
crystal. The temperature at which the minimum occurs 
is determined by a combination of boundary scattering 
and point impurity scattering (or umklapp scattering). 
The thermal resistivity at the minimum is, however, 


(2) 


7P. G. Klemens, Australian J. Phys. 7, 57 (1954). 





LOW-TEMPERATURE 
nearly equal to the resistivity that would be caused 
solely by the point impurities (or umklapp processes) 
in a crystal of infinite size.** Thus at the resistivity 
minimum the Wy term in Wo, can be neglected for the 
accuracy desired. 

The resistivities of a number of different crystals 
may be compared if the comparison is made at the 
same fraction of the Debye temperature. In Table I 
the temperature at which the minimum resistivity 
occurs is given under Ty. It can be seen that T'y/@p is 
nearly the same for all of the crystals. The one exception 
is KCI* which has an observed minimum at 4.9°K, For 
KCI the resistivity values in Table I are all given at 
0.0390 p= Ty. 

At the temperature 7, Eq. (2) may be rewritten as 


WitWe=Wau-Wo, (3) 


where Wy is the value of Wig, measured at 7. The 
value of W,/B has been computed at T= 0,.0390p from 
a table of naturally occurring isotopes and the values of 
Vo, and v given in Table I. Leibfried and Schlémann'® 
have shown that W»/Wy is a function only of 7/@p, 
where Wy is the thermal resistivity measured at 6p. 
Thus at T=0,.0390p it may be assumed that Wo/W, 

A, where A is a constant to be determined. Both W, 
and We are small for solid helium, so that Wy=Wvp. 
If the theoretical value of Ws for helium as calculated 


by Leibfried and Schlémann is used, then A= 2900, 
The values of A and B can also be calculated from 
experimental data. As a reasonable approximation it 
may be assumed that We is small for both germanium 
and artificial sapphire. Then A and B can be estimated 


from Eq. (3) 


0.270B=0.091—(2.13/A), Ge 
0,00013B (8.7 A), AloOs. 


This gives B=0,33, A= 1280. The value of B is deter- 
mined mainly by the Ge data, and that of A by the 
data for Al,O;. If the assumption that We<<W, is in- 
correct, then, sometime in the future, measurements on 
better crystals may show lower values of Wy for Ge 
and Al.O; than given in Table I. It does not seem, 
however, that the above values of A and B are in error 
by more than a factor of four. Within this accuracy 
they agree with Klemens, and with Leibfried and 
Schlémann. 

The values of W; and Wy—Wy as computed using 
the above values of A and B are shown in Fig. 1. It 
can be seen that the data for artificially produced Si, 
Ge, KCI, and Al,O,; crystals all lie on the curve W, 
=Wy— Wy to better than a factor of two. The C and 
SiO. crystals were natural crystals, and hence the 

*P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

9G. A. Slack, Phys. Rev. 105, 832 (1957). 


” G. Leibfried and E. Schlémann, Nachr 
tingen, Math, physik, KI. 4, 71 (1954), 
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Fic. 1, Comparison of the residual measured thermal resis- 
tivity due both to isotopes and to chemical impurities with the 
calculated isotope resistivity. This residual resistivity is the 
measured resistivity minus the computed umklapp resistivity. 


assumption that We=0 is probably not valid, An in- 
crease in purity by a factor of five would being their 
resistivities close to the minimum value. The data for 
KBr also indicates a high chemical impurity content, 
which may well have been present."' The point for He 
does not appear in Fig. 1 since W, is so low. 

Only for He and Al,O, has the exponential decrease 
in resistivity characteristic of umklapp processes been 
experimentally observed. For these two crystals the 
isotope resistivity is very low compared to the umklapp 
resistivity, and thus, when the chemical impurity 
concentration is low, the resistivity is primarily due to 
umklapp processes. For both C and SiO, the isotope and 
umklapp resistivities are comparable. Thus, in suffi- 
ciently pure crystals of these materials, a behavior 
approaching an exponential decrease in resistivity with 
temperature could be observed. An exponential tem- 
perature dependence will probably not be observed for 
Ge, Si, KCl, or KBr because of the large isotope re- 
sistivity. This explains the question raised by White 
and Woods" of why umklapp behavior was not ob- 
served in germanium and silicon. 

A comparison at 7'=0,0399%p is shown in Table I 
between the maximum observed thermal conductivity, 
the predicted maximum conductivity, and the maxi- 
mum conductivity that would be observed if only 
umklapp processes were present. The predicted maxi- 
mum combines both isotope and umklapp resistivities. 
The measured thermal conductivities of He, AlsOx, 
Si, Ge, and KC] have just about reached their predicted 
maximum values. Diamonds free of chemical impurities 
should exhibit the highest thermal conductivity of any 
insulating crystal at a value of about 400 watt/cm-deg. 


"W. J. de Haas and T. Biermasz, Physica 4, 752 (1937), 
2G. K, White and S, B. Woods, Phys. Rev. 103, 569 (1956) 
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Thermal Conductivity of Potassium Chloride Crystals Containing Calcium* 


Guen A. Siackt 
Physics Department, Cornell University, Ithaca, New York 


(Received October 24, 1956) 


The details of the phonon scattering produced by point imperfections in insulating crystals has been 
determined from measurements of the thermal conductivity of six single crystals of KC] from 3°K to 30°K 
as a function of the concentration of point imperfections. These imperfections were produced by the addition 
of CaCl, which was incorporated into the KCI crystals as a substitutional impurity during growth from 
the melt. At temperatures above 15°K the mean free path of the phonons decreases inversely with increasing 
calcium concentration. The average scattering cross section of a calcium ion—potassium ion vacancy 
complex increases as the fourth power of the temperature for low temperatures, and becomes equal to the 
geometrical cross section of the vacancy at a temperature of about 6p/6. Below 15°K the phonon scattering 
by colloids of precipitated calcium chloride produces a large thermal resistivity in the impure crystals. 
The thermal conductivity of “pure” KCl at low temperatures is limited mainly by isotope and boundary 
scattering. The theoretical expressions as given by Klemens for combining thermal resistivities which 
possess different temperature dependences have been calculated, and have been applied to the present 
results. The agreement between Klemens’ theory and the present experiment as to both the magnitude and 


the temperature dependence of the thermal resistivity is considered to be satisfactory. 


I. INTRODUCTION 


HE purpose of the present investigation is to 

determine the quantitative details of the phonon 
scattering from point imperfections in insulating 
crystals at low temperatures, One of the simplest and 
most attractive systems to study from a theoretical 
viewpoint is a neutral vacancy in an alkali halide 
crystal, The system of an associated calcium ion— 
potassium ion vacancy complex in a KCl crystal 
approaches this desired model quite closely. An analysis 
of the thermal conductivity of KCI as a function of the 
temperature and the calcium impurity concentration 
has been carried out in the present investigation. The 
magnitude of the scattering cross section for a single 
point imperfection has been determined as a function 
of the phonon wavelength. The thermal resistances 
produced by point imperfection scattering as well as 
by several other scattering mechanisms have been 
found to agree quite well with previous theoretical 
predictions, 

The thermal conductivity of insulating single crystals 
has attracted attention since 1905 when Lees! estab- 
lished that the thermal conductivity increases with 
decreasing temperature. Since that time the theory of 
insulating crystals has been studied, and some of the 
experimental measurements have shown good agree- 
ment with: the theory. Several review articles*~* have 
appeared recently which summarize both the experi- 
mental data and the theories. The present investigation 
is concerned with potassium chloride as a representative 
insulating crystal. Some of the first measurements of 

* Supported in part by the National Science Foundation. 

t Now at General Electric Research Laboratory, Schenectady, 
New York. 

1C. H, Lees, Trans. Roy. Soc. (London) A204, 433 (1905). 

*R. Berman, Advances in Physics 2, 103 (1953). 

*R. L. Powell and W. A, Blanpied, National Bureau of Stand 
ards, Circular 556, 1954 (unpublished). 


*P. G. Klemens, Handbuch der Physik (Verlag-Julius Springer, 
Berlin, 1956), Vol. 14, No. 1, p. 198 


the low-temperature thermal conductivity of KCl 
crystals were made by Eucken® in 1911. He showed 
that the thermal conductivity was inversely propor- 
tional to temperature between 22°K and 273°K, but no 
absolute values of the conductivity were given. In 1928 
Eucken and Kuhn* made further measurements on 
KCI crystals and on compressed powders of KCI-KBr 
mixtures at 83°K and 273°K. These results agreed 
with the previous work on KCl, and absolute values 
for the conductivity were given. They demonstrated 
further that at a given temperature the thermal 
resistivity, which is the reciprocal of the conductivity, 
increases linearly with increasing bromine (or chlorine) 
impurity content at low concentrations. The magnitude 
of this resistivity increase cannot readily be compared 
with theory since their dampened and compressed 
powders were probably not mixed on an atomic scale. 
The thermal conductivities of pure KCI and also 
KBr were measured from 2°K to 5°K and from 15°K 
to 20°K by deHaas and Biermasz’ in 1937. They 
discovered that at about 7°K KCl possesses a conduc 
tivity maximum which is caused by the onset of phonon 
reflection from the crystal walls. Later they* made an 
extensive study of the effect of crystal size on the 
thermal resistivity below 5°K, and concluded that at 
the very lowest temperature the thermal conductivity 
is nearly proportional to 7* and to the smallest crystal 
dimension. A preliminary study of the effect of im- 
purities on the thermal resistivity of KCl crystals was 
made by Devyatkova and Stilbans’ in 1952. They 
measured the dependence of the thermal resistivity on 
the concentration of F centers produced by additive 
coloring in potassium vapor. Measurements were made 


5 A. Eucken, Ann. Physik 34, 185 (1911). 

* A. Eucken and G. Kuhn, Z. physik. Chem. 134, 193 (1928). 

7W. J. deHaas and T. Biermasz, Physica 4, 752 (1937). 

*W. Jj. deHaas and T. Biermasz, Physica 5, 47 (1938). 

* E. D. Devyatkova and L. S. Stilbans, J. Tech. Phys. (U.S.S.R.) 
22, 968 (1952). 
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at temperatures of 98, 200, and 298°K. Their data 
show that the resistivity of “pure” KCl increases 
linearly with temperature, and the resistivity produced 
by impurities increases linearly with impurity concen- 
tration at low concentrations. The phonon “scattering 
number” can be estimated from their data, as is shown 
later. 

The thermal conductivity of an insulator can reach 
very high values at low temperature. In 1914 Debye" 
pointed out that a crystal lattice bound together with 
purely harmonic forces would have an infinite thermal 
conductivity at all temperatures. Anharmonic coupling 
is necessary to produce a finite conductivity. In 1929 
Peierls"' considered the discrete nature of the crystal 
lattice as well as its anharmonic coupling. He was able 
to show that at low temperatures the thermal conduc- 
tivity rises exponentially with decreasing temperature, 
and becomes infinite at absolute zero. In 1938 both 
Casimir” and Makinson™ calculated the effect of the 
external crystal boundaries on the measured thermal 
conductivity, and showed that the measured conduc- 
tivity of a crystal of finite size will never really become 
infinite. The measured conductivity of a pure crystal 
of finite size, however, can become quite large. Artificial 
sapphire crystals" at 40°K may have a thermal conduc- 
tivity as much as thirty-five times that of copper at 
room temperature, 

Measurement of the thermal conductivity at low 
temperatures should be a very sensitive means of 
studying crystal imperfections since these high values 
of thermal conductivity are seriously reduced by any- 
thing which disturbs the lattice vibrations. Thus small 
amounts of chemical or structural disorder in the lattice 
will decrease the conductivity. Berman'® has shown 
experimentally that the low-temperature conductivity 
of quartz crystals can be greatly reduced by neutron 
irradiation. The conductivity of potassium chloride 
should also be sensitive to small amounts of impurity. 
For example, a large, pure crystal of KCI] should have 
a conductivity of about 250 watts/cm-deg at 10°K 
when only umklapp processes limit the conductivity; 
it would take only 4 parts per million (ppm) of calcium 
to reduce this conductivity by 10%. At 5°K the sensi- 
tivity to impurities would be still higher. Klemens!*® 
has developed the theory of the effects of small amounts 
of impurities and imperfections on the low-temperature 
thermal conductivity of insulating crystals. His theory’ 
agrees qualitatively with Berman’s data on quartz, and 
will be used extensively in analyzing the present results. 


P, Debye, Vortrdge Uber die Kinetische Theorie der Materie 
und der Electrizitat (B. G. Teubner, Berlin, 1914), p. 46. 

"R, E. Peierls, Ann. Physik 3, 1055 (1929); Quantum Theory 
of Solids (Oxford University Press, New York, 1955), p. 40. 

“2H. B. G. Casimir, Physica 5, 495 (1938). 

48 R. E. B. Makinson, Proc. Cambridge Phil. Soc. 34, 474 (1938). 

4 Berman, Foster, and Ziman, Proc. Roy. Soc, (London) A231, 
130 (1955). 

16 R, Berman, Proc. Roy. Soc. (London) A208, 90 (1951). 

16 P, G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 

17 P, G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 
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TABLE I. Data on the six different KCI crystals. 


Crystal A K Q 


Growth run No tee 20 21 
No. of ground faces 0 2 2 
Cross sectional area, 
A, cm? 
Thermometer sepa 
ration, 6, cm 1.80 
Calcium concentra- 
tion, G 104 0.0 
Isolated dislocation 
density, (lines/ 
em?) X10"™¢ 
Av distance between 
grain boundaries, 
cm 0,09 0.07 0.10 
Kmas, watt/cm-deg 4.14 2 1.46 1.26 
Tmax, °K 49 § 6.0 f 12.4 13.0 
0.70 0,028 0.021 


L,ecm 
rxio 1.5(3) 2.1 (8) 2.410) 


0.45 


2.3 
1.1(0) 5) 


II. KCl CRYSTALS 


Great care is needed to insure that the KCI used as 
starting material is as pure as possible, and that 
whatever background impurities are present in the 
KCI remain constant for all of the crystals. For this 
reason a large, single crystal of Harshaw'* KCl was 
used as the starting material. It was then split into 
several pieces, remelted, and five different crystals were 
grown from these pieces (see Table I), Crystal A was 
taken from a different Harshaw single crystal and was 
measured after annealing, but it was not regrown. The 
other crystals were grown from the melt in a graphite 
crucible by using a modified Kyropoulos” technique at 
a growth rate of 1.4 cm/hr. A dried atmosphere of 10% 
H, and 90% Ne» was used to prevent hydrolysis of the 
salt and oxidation of the crucible. The sample crystals 
were cleaved by hand from the grown boules using a 
sharp razor blade. If these cleaved faces contained 
appreciable cleavage steps, the two opposing crystal 
faces were ground flat on No, 400 emery paper (see 
Table I). 

Crystal K was grown without any added impurity. 
Calcium chloride was added to the melt during growth 
of the other four crystals. The amount of calcium in 
the grown crystal cannot be determined accurately 
from the concentration in the melt. Radioactive Ca 
was therefore used as a tracer to measure the absolute 
Ca concentration in the grown crystal. The ratio of 
Ca* to nonradioactive Ca was about 1 atom in 10°, 
The radiation damage inside the crystal from this 
amount of Ca is insignificant. The calcium concen- 
tration in the crystal was measured by placing a small 
unmasked area of the crystal surface over a thin mica 
end-window Geiger counter. This method allowed the 
average calcium concentration in the crystal to be 
measured to +13%, and also permitted a measurement 
of the axial and radial concentration gradients in the 
crystal samples. The samples were all about 40 mm 
long by 6 mm square (see Fig. 2). The axial and radial 
variations were both about 5% throughout that portion 
of the sample across which the measured temperature 


The Harshaw Chemical Company, Cleveland, Ohio 
"S. Kyropoulos, Z. Physik 63, 849 (1930). 
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drop occurred, The absolute calcium concentrations ir 
the crystal are expressed in terms of 


number of Ca atoms per cm* 
G 


number of K atoms per cm* 


After the crystal samples were shaved to size from 
the original boule and the radioactive counting was 
completed, they were annealed to remove any strains 
produced during growth and subsequent handling. The 
annealing was done in air at 700°C for 4 hour, followed 
by programmed cooling to room temperature at a drop 
rate of 30°C per hour, The crystals were then placed 
between crossed polaroids in a beam of monochromatic 
light to check for birefringence caused by strain. The 
minimum detectable strain was about one percent of 
that necessary to break the crystal.” The strain was 
also checked after the copper thermal contacts were 
attached to the crystal, and was small in the region 
over which the thermal resistivity measurements were 
made, A further check was made of the strain introduced 
during cooling. No increase in strain was found in the 
mounted crystals when examined between crossed 
polaroids in a liquid nitrogen bath. 

After the thermal resistivity of the crystal sample 
was measured, a 3-mm thick slab was cleaved from the 
end of each sample bar. These thin slabs were reannealed 
using the previous annealing cycle, and the surface 
layer was removed with a water plus ethyl alcohol 
The fresh then etched for 40 
seconds at room temperature in absolute ethyl alcohol 
contained 25% of the saturation amount of 
BaBr, added as an inhibitor.”! This technique forms 
etch pits at both edge and screw dislocations, and 


rinse. surfaces were 


which 


reveals both isolated dislocations and grain boundaries.”* 
The results of the etch pit counting under a microscope 
are shown in Table I. The density of isolated disloca- 
tions is about as low as has been obtained for a well- 
annealed KC] crystal. The average number of grain (or 
mosaic) boundary lines per centimeter is also given. 
The grain-boundary angles were calculated from the 
number of etch pits per centimeter. The angles were 
between 5X 10~° and 10~* radian. In all of the crystals 
the total number of dislocation lines per cm* that were 
present in the grain boundaries was within a factor of 
3 of the density of the isolated dislocations. 

Several analyses were made in order to determine the 
background impurity concentration in the pure crystals. 
Spectrochemical analyses were made” in order to check 
for metallic impurities. No heavy metals or sodium, 
beryllium, or magnesium were detected. Three of the 
alkaline earths were found and the upper limits on 

*E. Schmid and W. Boas, Kristallplastisitét (Verlag-Julius 
Springer, Berlin, 1935), Chap. 7 

* This etching technique was developed by Dr. W. G. Johnston 
of the General Electric Research Laboratory, Schenectady, New 
York 

#S. Amelinckx, Acta Metallurgica 2, 848 (1954) 


* Courtesy of W. D. Cooke, Chemistry Department, Cornell 
University, Ithaca, New York. 
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calcium, strontium, and barium were about 5, 10, and 
5 ppm, respectively. The crystals containing intention- 
ally added calcium were used to calibrate the sensitivity 
of the photographic plates. A wet chemistry analysis 
was made for bromine and iodine; about 20 ppm of 
bromine were found. An upper limit on the iodine 
concentration was set at about 20 ppm, though none 
was definitely detected. A check was made with a 
microscope for graphite flakes which might have spalled 
off the walls of the crucible during growth. No graphite 
was found. If present, its concentration was less than 
1 ppm. 
Ill. IONIC CONDUCTIVITY 


As a further check on the divalent impurity concen- 
tration in both the pure KC! and in those containing 
added calcium, the ionic conductivity of several crystals 
was measured. These measurements were made on 
small plates of KC] about 2 mm thick and 6 mm square. 
The measurements were made using a sensitive dc 
electrometer, and the charge transport was kept suffi- 
ciently small so that polarization effects could be neg- 
lected. The data are shown in Fig. 1. Crystals Q and L 
contained intentionally added calcium to the extent of 
G=1.110~ and 0.5 10™, respectively. The variation 
of the ionic conductivity as a function of temperature 
and impurity concentration agree quite well with the 
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Fic. 1. The ionic conductivity of KCI crystals versus 
temperature for different impurity concentrations. 


*V._ A. Stenger and I. M. Kolthoff, J. Am. Chem. Soc. 57, 831 
(1935). 
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data of Kelting and Witt.*® Crystals J and K were both 
from the same original single crystal of Harshaw KCl. 
Crystal K was taken from a regrown crystal which 
contained no added calcium (see Table I), whereas 
crystal J was a piece of the unmelted Harshaw stock 
crystal. A comparison of crystals J and K shows that 
the regrowth does not appreciably alter the divalent 
impurity concentration. The limiting Curve J shown 
in Fig. 1 is the intrinsic ionic conductivity of KCl. 

The ionic conductivities of crystals J and K indicate*® 
an electrically active divalent impurity concentration 
in the vicinity of 0.4 ppm. This is lower than the upper 
limit set by spectroscopic analysis by a factor of 50. 
The low concentration of electrically active (i.e., 
atomically dispersed) calcium could be caused by 
association of the calcium ions with potassium ion 
vacancies, Most of the inactive calcium, however, is 
probably present as a precipitated phase along grain 
boundaries. The effects of this association and precipi- 
tation at higher calcium concentrations is discussed 
later. 


IV. APPARATUS 


The thermal conductivity was measured by using a 
steady-state heat flow method. Two carbon resistance 
thermometers*® (Allen Bradley 56 ohm, } w) were 
placed along the length of the crystal in order to 
measure the average temperature and the temperature 
gradient (see Fig. 2). Heat was supplied at the top of 
the crystal by a Nichrome heater wound on a copper 
clamp, and extracted at the bottom by a large copper 
plate which acted as a heat sink. The temperature of 
the copper plate at the base of the crystal was adjusted 
with respect to the helium bath by means of an auxiliary 
heater and a fixed thermal leakage resistance. The 
liquid helium bath provided the final heat sink. The 
bath temperature was varied between 1.9°K and 4.2°K, 
depending on the temperature range desired. 

The thermal contacts at the top and bottom of the 
crystal between the KCI and the copper were held 
together during thermal cycling by a C-clamp arrange- 
ment which maintained a nearly constant pressure of 
200 Ib/in.”. A piece of pure indium foil 0.25 mm thick 
was used to make good thermal contact between the 
copper and the KC]. The maximum temperature drop 
between the crystal and either the heat source or sink 
was 1°K. The carbon thermometers used to 
measure the temperature gradient were cemented into 


two 


copper yokes which surrounded the crystal. These 
yokes were also held in place by spring tension, and 
the 1.0 mm wide contact ridge was covered with indium 
foil. The average vertical spacing between the centers 
of the contact ridges was 1.6 cm, although it varied 
somewhat from crystal to crystal (see Table I). 


2° H. Kelting and H. Witt, Z. Physik 126, 697 (1949) 

#6 J. Clement and E, Quinell, Rev. Sci. Instr. 23, 213 (1952); 
R. Berman, Rev. Sci. Instr. 25, 94 (1954); Hoare, Matthews, and 
Yates, Proc. Phys. Soc. (London) B68, 388 (1955). 
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F1G, 2. The arrangement of the KCI crystal with heater, clamps, 
and thermometers: be = bottom cap, bj = bottom jaw, cb = cross 
bar, cc=c-clamp, ht=heater, In=indium foil, ps= phosphor 
bronze spring, R=carbon thermomenter, s@Cerrolow 117 solder, 
tc=top cap, tj=top jaw, and yk=copper yoke 


The crystal, heaters, thermometers, and heat sink 
were all placed inside an evacuated copper can which 
was submerged in the liquid helium bath. A helium 
gas thermometer attached to the copper plate served 
as a standard thermometer against which all of the 
carbon thermometers were calibrated. 


V. THERMAL CONDUCTIVITY 


The determination of the thermal conductivity at a 
temperature, 7’, depends on: QV, the heat input to the 
crystal; AT, the temperature difference between the 
thermometers; 6, the distance between the 
A, the cross-sectional area of the 


carbon 
thermometers; and 
crystal (see Table I). 
K(T) 
Here 7 is the arithmetic average of the temperatures 
of the two carbon thermometers. ‘The values of AT 
varied between 0.01 and 1,0 degree Kelvin, and the 
values of O between 10 and 200 milliwatts. With these 
small power inputs and temperature differences, care is 
required to keep heat leak losses very small, The only 


Ob/ AAT. (1) 


leads attached to the sample were made of 0.1-mm 
advance wire about 15 cm long. The helium gas pressure 
inside the experimental chamber was constantly checked 
with a special gauge?’ and was always less than 10~° 
mm Hg. The data for crystal 0, however, exhibits more 
scatter than those for the other crystals. This was 
caused by a helium leak, and the pressure was about 
10°* mm Hg during the experiment. Other corrections 
due to thermal radiation, mechanical vibration, and 
room temperature gas molecules were negligible, It is 
believed that the relative values of the thermal conduc- 


27G. A. Slack, Rev. Sci. Instr. 27, 241 (1956) 
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TEMPERATURE IN 
The thermal conductivities of the six different KCl 
crystals as a function of temperature. 


Fic, 3. 


tivity data points for any one crystal are reliable to 
+4%, the absolute thermal conductivity values to 
+10°%, and the absolute temperatures to +1%, 

The measured values of the thermal conductivity for 
the six different crystals are plotted in Fig. 3 as a 
function of temperature. The important features of 
this set of curves are the occurrence of a conductivity 
maximum, 1/7 decrease in the conductivity of a given 
crystal at temperatures above the maxima, and the 
monotonic decrease in conductivity with increasing 
calcium concentration at all temperatures. 


VI. THEORY 


The theory of the thermal conductivity of non- 
metallic solids can explain in a reasonably quantitative 
way all of the features of the curves in Fig. 3. No 
attempt will be made to present an exhaustive coverage 
of the theory, since this has been published by other 
authors.‘ 18,16,17,28-31 

The simplest approach to the problem was suggested 
by Debye" in 1914 when he showed that thermal 
conductivity of an insulator can be represented by 


K=wC,/3, (2) 


where K= thermal conductivity, /= average mean free 


** 1. Pomeranchuk, J. Phys. (U.S.S.R.) 6, 237 (1942). 

*(C. Herring, Phys. Rev. 95, 954 (1954). 

”G. Leibfried and E. Schlémann, Nachr. Akad. Wiss. Gét- 
tingen, Math. physik. KI. 4, 71 (1954). 

ay. Frenkel, Wave Mechanics—Elementary Theory (Oxford 
University Press, New York, 1932), p. 266. 
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path of a phonon, »=average phonon velocity, and 
C,= specific heat per unit volume at constant volume. 

The values of » and C, in Eq. (2) are usually known 
for a given material.** The main problem in the 
theory is the calculation of J. In an insulating solid 
such as KCI the following scattering mechanisms may 
all contribute to the determination of the mean free 
path; external crystal boundaries, internal grain bound- 
aries, colloidal particles, dislocations, point imperfec- 
tions, and umklapp collisions. Usually only one or two 
of these mechanisms are important at any one temper- 
ature. The resultant mean free path for a given phonon 
wavelength when two or more mechanisms are present 


is given by 
hoo Dib, (3) 


where /; in general depends on the phonon wavelength. 
The additive resistance approximation Eq. (3B) follows 
from Eqs. (2) and (3) and the assumption that /; is 
wavelength-independent : 


W tor= ar Wi, 


The values of J; for the several scattering mechanisms 
depend in different ways on the phonon wavelengths, 
and Eq. (3B) is strictly valid only when the wavelength 
dependences of the two mechanisms are the same. The 
approximation is, for example, valid when two types of 
point imperfections are being considered, and very poor 
when, for example, point imperfections and crystal 
boundaries are both important. 

In order to make a more accurate analysis of the 
contributions of the various scattering mechanisms to 
the mean free path of the phonons, the more exact 
theory of Klemens'*.” will be used. Equation (2) in its 
general form is given by Klemens as 


Wi= Ke. (3B) 


where 


0 
K=4 f Hea] — Bie), 
i 0 


where / is now the effective relaxation length of a 
phonon of wave vector « and polarization j, v, is the 
group velocity of the above phonon, and £ is its energy. 
The calculation of /(x) involves considerations of the 
selection rules for phonon interaction, equilibration 
among the various phonon populations by ordinary 
three phonon collisions, and the dependence of the 
various scattering mechanisms on both the phonon 
momentum and polarization. These details are given 
by Klemens. 


Single-Scattering Mechanisms 


For the present purpose only temperatures below 
one-tenth of the Debye temperature (6p) are of interest. 
Thus the formulas given below are applicable to this 
temperature region. When only one scattering mecha- 

™M. A. Durand, Phys. Rev. 50, 449 (1936). 


* P. H. Keesom and N. Pearlman, Phys. Rev. 91, 1354 (1953) ; 
J. R. Clement, Phys. Rev. 93, 1420 (1954). 
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nism is present at a time, the following expressions 
may be used to compute the thermal conductivity'*"” : 
External crystal boundaries .— 


(4) 


Kp= 


——f xte"dx 
0 


rh (e7— 1)?” 


sone Planck’s constant, 
= average phonon 


where k= Boltzmann’s constant, 
L=smallest crystal dimension, 
velocity, and «= hv/kT. 

Internal grain boundaries. 


(5) 


e™ 


———f xtetdx 
ecpVPrv-hPd 5 (e7=—1)? 


where eg = number of grain boundaries per unit distance, 
y= Gruneisen’s constant, and @= the misfit angle. 
Dislocations, 


OOK*T? S tte acs * se*dx 

Beprb’y'ht? o (e7 a 1 (e7—1)? 
where ¢p=number of dislocation lines per unit area, 
b=length of the Burger’s vector of the dislocation, and 
B is a factor depending on the type of dislocation. 
The value of B is 1.00 for all screw dislocations, and 


for an edge dislocation in KCI the value of B is 1.10. 
Point imperfections. 
e*dx 


_ 4h 4] p9 xtetdx 
f- +f |} (7) 
vk? o (e7—1)? 1 (e*—1) 


Here /p is the mean free path of the phonons for 
scattering by point imperfections. Its value is given by 


1 vh \4 
mal) 
48° V TE \RTx 


-average volume occupied by one atom of 
the crystal, ep;= number of point impurities of type 7 
per unit volume, and S,/= total scattering number for 
the jth type of point imperfection. When x= 1, then 
lp equals I po. 
Umklapp processes. 
a*e*dx 


_ 4ek'T'lo of c' xte*dx 
[f—+f—} © 
oh 0 (e*— 1)? 1 (e7— 1)? 


Here ly is the mean free path of the phonons for 
scattering via umklapp processes; its value is given by 


Bs ] (= 
~ Op/2T 
ekT —)e 


where U is some arbitrary constant. 
equals lyo. 

In all of the preceding expressions for the thermal 
conductivity, five different integrals appear. These 


® 


P=) VoersS?, 
7 


where Vo: 


et 


When x=1, ly 
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TIVITY 


may be evaluated from published tables.™ 


1 ytetdx 
f - =().317, f 
0 (e7— 1)? 1 


Two Scattering Mechanisms 


0.583 
" 2"6"de 2.317 


(e*—1)? | 6.733 


25.658 


Over most of the temperature region in which 
measurements were made on KCl, two different scat- 
tering mechanisms are important at any given temper- 
ature. The resultant mean free path for a given phonon 
frequency is then given by Eq. (3). The 
for J, and /; will in general depend in different ways on 
the phonon frequency. One such important case occurs 
when both boundary and point-imperfection scattering 
are important. 
tivity then becomes 


expressions 


The expression for the thermal conduc 


K np(Ry) 


Ry? 0.317R, 
5 wes 


HR), 
R,+1 


0.619 (9) 


T(R4) 7 masts i 

where Kmax is the maximum thermal! conductivity and 
Tmax 18 the temperature at which this maximum occurs. 
Furthermore 


xte*dx 


1,(R.)= f 

[1+ (x*/Ry) (e*—1)? 
O.310vkL (or ' 
ef orl 
bse xt 
=e =) | 


The function /4(R) is given in Fig. 4. The values 
were obtained by graphical integration and are probably 
Once J, is known, it is 
possible to compute Kyp/Kmax versus T/Tingx. Thus 
all thermal conductivity curves taken in the region 
where only crystal boundary (or grain boundary) scat- 
tering and point-imperfection scattering are important 
should have the same shape. Values of Kyp/K max 
versus T/T max are given in Table IL. This table can be 
extended by using the following limiting equations: 


T,(R4) =0,583R, for R,<10 - 
1,(R,)=25.66 for R,> 10°. 


L mex 


accurate to a few percent. 


The expression for Kg p(T) in Eq. (9) has been matched 
to the experimental data for crystals A and S at the 
conductivity maxima. The 


*D. K.C. 
(1956). 


agreement between the 


MacDonald and L. T. Towle, Can. J. Phys. 34, 418 
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VG. 4. The integrals /,(R) and J,(R) as a function of R. The two 
limiting cases /9(R) and J,,(R) are also shown. 


computed resistivity (Wr) and the experimental 
curves is shown in Fig. 5. At temperatures below the 
minimum the agreement between theory and experiment 
is good. The curve predicted by a simple additive re- 
sistance approximation (Wy4+W p+ W_) is seen to give 
a very poor fit to the experimental data (crystal S$). 
Another rather interesting result can be obtained 
from Table II. It can be seen that the effect of point- 
imperfection scattering extends to temperatures well 
below Tax. The conductivity does not reach a simple 
7* dependence, as expected for boundary scattering 
alone, until temperatures below 0.17 ;,4x. In fact the 
conductivity becomes a 7? dependence only at a 
temperature of 0.27... This explains why de Haas 
and Biermasz* did not find a pure 7* dependence for 


rape II, Thermal conductivity versus temperature as determined 
by boundary and point-imperfection scattering 


K/ Kus T/Tmos K/Kwas 


0.98 
0.95 
0.92 
0.84 
0.77 
0.71 
0.57 
0.48 
0.41 
0.37 
0.33 
0.30 


0.00 
0.04 
0.19 
0.38 
0.55 
0.71 
0.82 
0.92 
0.98 
0.99 
1.00 
0.99 
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KC] as predicted by Casimir,” since their measurements 
extended only to 1.9°K. 

At temperatures above 7 ,,,x, point-imperfection 
scattering is much greater than boundary scattering. 
In this temperature range the point-imperfection resis- 
tivity is, however, not sufficient to explain the experi- 
mental results. Some other source of phonon scattering 
is also present. This extra thermal resistivity above 
that caused by the point imperfections is presumably 
due to umklapp scattering. The magnitude of the 
umklapp scattering in KCI can be computed from the 
difference between the measured resistivity and the 
resistivity (Wp) calculated from boundary plus point- 
imperfection scattering. Let us consider the data for 
crystal A. It can be seen from Fig. 5 that at a temper- 
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Fic, 5. The comparison of the thermal resistivities of KCI 
crystals A and S with the theory. Wap is the correct combination 
of boundary and point impurity scattering. The additive resistance 
approximation for crystal S is given by We +Wp+Wv. 


ature of twice Tmax the value of Wgp is very nearly 
equal to Wp; the boundary resistivity contribution 
has disappeared. Thus from 10°K to 30°K the observed 
resistivity is a combination of point-imperfection and 
umklapp resistivity (W py). To a first approximation, 


W pu=Wpt+We. 


This additive approximation is not strictly true. When 
both point imperfection and umklapp processes are 
present, the conductivity is given by 


4rk*T ly 0.317R. 
K py=— “| — +14(R)} 


el om (11) 
hy? 1+R, 
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where 
” xetdx 


R2:=Ipo/luo, and J,(R2) f y 
1 [1+ (2?/R2) }(e*—1)? 


The integral J, is given as a function of Re in Fig. 4. 
A general integral /,(R) can be defined as 


rm “ x"e7dx 
1 [1+ (%"/R) ](e7—1)? 


The two limiting cases, /)(R)= R/{ (e—1)(R+1) | and 
I,,(R)=R/(e—1), are also shown in Fig. 4. From 
Eqs. (7) and (8) it follows that for point imperfection 
and umklapp processes separately, the resistivities are 
related to Ry by 

R,= 2.634Wy/ (0.900W ,). 


Consequently the ratio of the correct combination of 
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RESISTIVITY RATIO Wy /Wp 


Fic, 6, The percentage error in the additive resistance approxi 
mation when used to combine umklapp and point imperfection 
scattering, as a function of Wy/Wp. 


W p and Wy to the additive resistance approximation is 
W pu 
W pt+Wu 
0.900(1+-R») 


= . (12) 
[1+ (R2/2.93) }[0.317+[1+ (1/Re) o(Ro) | 


In Fig. 6 a plot of [Wpu/(Wp+Wvy) |—1 is given as a 
function of Wy/Wp. When Wyp~Wy the addi ive 
resistance approximation produces the largest error, 
and it predicts a value which is too low by 28%, 

When W py and W > are known at any given temper- 
ature, the value of Wy may be computed from Eq. (12). 
An experimental value of Wy has been determined 
from the data for Crystal A over the temperature range 
from 10°K to 30°K. The results are shown in Fig. 7, 
A quasi-theoretical estimate of Wy at low temperatures 
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Fic, 7, Comparison of the experimental and theoretical values for 
the umklapp resistivity of KCI as a function of temperature, 


may be obtained from the measured resistivity of 
KCI at the Debye temperature (W»). Leibfried and 
Schlémann™ have shown that Wy/W5 is a function of 
7/@p, and this function is approximately the same for 
all crystals. This function has not been calculated 
theoretically, but its value may be found experimentally 
from helium®® and artificial 
sapphire crystals." The Debye temperature of KC] has 
been found to approach 233°K at absolute zero.” The 
value of Wy at 233°K can be estimated from the data 
in Fig. 8 as 8.3 cm-deg/watt. The value of Wy computed 
by this method is also shown in Fig. 7, The agreement 


measurements on solid 


between the magnitude of the experimental and theo 
The 


different temperature dependences may be an experi 


retical values of Wy is reasonable. somewhat 
mental error since only a few points determine the 
resistivity curve above 13°K. 

The data given by different authors for the 
thermal resistivity of KCI are plotted in Fig. 8. The 
average curve drawn through the points is designated 


6,7,9,36 


as the total resistivity. This total resistivity is a 
combination of umklapp and point-imperfection scat 
tering plus a small contribution from boundary scatter 
ing at very low temperatures. An attempt has been made 
to estimate the magnitude of the two major terms. 
The number of point imperfections is assumed constant, 
although the scatter in the data is probably caused by 
varying amounts of chemical impurity. The average 


phonon wavelength is comparable to or less than the 
Webb, Wilkinson, and Wilks, Proc. Roy. Soc. (London) 
A214, 546 (1952). 
* Ballard, McCarthy, and Davis, Rev. Sci. Instr. 21, 905 (1950) 
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Fic, 8. The temperature variations of the contributions of 
boundary, point imperfection, and umklapp resistivities to the 
total thermal resistivity of KCI. 


size of a point imperfection for all temperatures above 
about 0/2. For this reason the scattering cross section 
for a point imperfection is nearly constant above @p/2. 
Since C, is also nearly constant above 6p/2, it follows 
from Eq. (2) that the point-imperfection resistivity is 
approximately constant above @p/2, The point-imper- 


fection scattering in crystal A has been extrapolated to 
high temperatures by using this assumption. There is 
also experimental justification for this extrapolation 
since the data of Eucken and Kuhn* and of Devyatkova 
and Stilbans® show that the resistivity increase produced 
by a given concentration of added point impurities 
remains nearly constant from 80°K to 300°K. The 
umklapp resistivity has been calculated from the theory 
of Leibfried and Schlémann using as the value for Ws 
the difference between the total resistivity and the 
point-imperfection resistivity at the Debye tempera- 
ture, 


VII. ANALYSIS OF THE RESULTS 


Scattering Cross Section for a 
Calcium-Vacancy Complex 


The experimental data can be fitted quite well with 
curves whose shape has been predicted by theory. 
From Figs. 3 and 7 it can be seen that Wy is an unim- 
portant contribution to Wy. at temperatures at or 
below the maximum in the conductivity curves. 
Equation (10), therefore, may be applied at the con- 
ductivity maxima. The parameters L and TI’ can be 
computed from Eq. (10) once Kmax and Tmax are 
known. The values of these four quantities are given in 
Table I. The value of I’ increases monotonically with 
increasing calcium content (G), but I’ is not zero when 
G=0, The experimental value of ! may be set equal to 


P= §GSc!+T 0, 
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where Sc,’=total scattering number for one calcium 
atom in the lattice, and I) refers to the background 
impurities. A plot of I’ versus G/2 is shown in Fig. 9. 
The } in 4G is necessary to reduce the calcium concen- 
tration to terms of the number of calcium atoms per 
lattice atom. Figure 9 shows that 


ScZ=1.4, and I'p=1.1510~. 


The exact value of S? depends on the nature of the 
scattering center. The calcium atoms are incorporated 
substitutionally into the crystal.*? For each divalent 
calcium ion in the crystal, there is also a potassium-ion 
vacancy. At the melting point of KCI these are unasso- 
ciated, but a Cat* ion-K* ion vacancy complex has a 
binding energy of about 0.32 ev.** Thus, if the crystal 
is at equilibrium at room temperature, about 90% of 
these complexes will be associated.” Since the crystals 
were cooled slowly to room temperature during the 
annealing process, and since they remained at room 
temperature at least several weeks before the measure- 
ments were made, probably 90% (or more) of the 
complexes are associated at liquid helium temperatures. 
Thus the experimental value of Sc,? refers to an associ- 
ated complex. Klemens has calculated that, for an 
unassociated Ca** ion and K* ion vacancy in KCl, 
S*>1.2. Klemens’ theory would predict a value of 
perhaps S?=0.8 for an associated complex. The agree- 
ment between theory and experiment is considered to 
be satisfactory in view of the fact that the physical 
constants relevant to the theoretical calculations are 
not well known. If the average mean free path of a 
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Fic. 9, T' as a function of G for the six different KCl crystals. 
The slope of the line determines So,’, and its intercept the back- 
ground impurity concentration. 


37H. Pick and H. Weber, Z. Physik 128, 409 (1950). 

%* F, Bassani and G. Fumi, Nuovo cimento I1, 274 (1954). 

* A. B. Lidiard, Phys. Rev. 94, 29 (1954); Camagni, Chiarotti, 
Fumi, and Giulotto, Nuovo cimento I1, 1 (1954). 
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phonon is / po, the experimental value of Sc,” corresponds 
to a scattering cross section equal to the area of a 
lattice vacancy at a temperature of 6p/6. This cross 
section is calculated from o~'=/poep. 


Background Impurities 


The background impurity. concentration in the 
crystal corresponds to an equivalent calcium concen- 
tration of Go=1.7X10~. This is only an equivalent 
calcium concentration since both the spectrochemical 
analysis and ionic conductivity measurements indicate 
a much lower calcium concentration. Indeed no single 
impurity, or even the sum of all of the impurities found 
in the crystal, appears to be sufficiently abundant to 
explain such a large background resistivity. It is, of 
course, possible that some impurity, which is not easily 
checked for, is present in sufficiently large concentration 
to produce this background thermal resistivity. 

It is also plausible that the background thermal 
resistivity in these relatively pure KCl crystals is 
caused by some intrinsic mechanism. In 1942 Pomeran- 
chuck” pointed out that the naturally occurring isotopes 
in a crystal will destroy the perfect periodicity of the 
lattice and thus produce a thermal resistance. This 
suggestion has been compared® with the experimental 
results obtained for a number of different crystals. 
From this comparison it appears that the isotopes of K 
and Cl are sufficient to produce almost all of the back- 
ground resistivity observed. The occurrence of such a 
large background resistivity limits the maximum ther- 
mal conductivity of KCl crystals to the order of 10 
watts/cm-deg at 5°K. Thus the very high sensitivity 
to impurities suggested earlier does not occur in KCl, 
An isotopically pure crystal such as NaF would be 
much more sensitive to small amounts of foreign 
impurities or lattice imperfections. 


Dislocations and Grain Boundaries 


One of the other interesting features of the results is 
that the value of L decreases markedly with increasing 
calcium concentration (see Table I). This particular 
feature is not associated with phonon scattering by 
isolated dislocations. Equation (6) can be used to 
compute the dislocation resistivity. For 10° dislocation 
lines/cm? of either edge or screw type and a temperature 
of 5°K, the dislocation resistivity is only 210~* 
cm-deg/watt. Thus the number of dislocations in the 
crystal is too small by a factor of about 10° to account 
for the observed resistivity. The grain boundaries in 
the crystal will also produce a very small thermal 
resistivity. If the maximum number of grain boundaries 
per centimeter occurring in Table I and the maximum 
grain-boundary angle is used, then the thermal resis- 
tivity at 5°K calculated from Eq. (5) is 2K10~* 
cm-deg/watt. The phonon mean free path for grain 


0G. A. Slack, preceding paper [Phys. Rev. 105, 829 (1957) }. 
“| Berman, Foster, and Ziman, Proc. Roy. Soc. (London) A237, 
344 (1956). 
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boundary scattering is independent of wavelength and, 
for the grain-boundary concentration present, is equal 
to 4X 10° cm. Therefore, grain-boundary scattering in 
the pure crystals is unimportant. Some calcium precipi- 
tation has been found to occur along the grain bound- 
aries and also in the bulk of KCI crystals with a G 
greater than about 2X 10~*. This type of grain-boundary 
precipitation has also been observed® in NaCl con- 
taining excess BaCl,. Some calcium precipitation prob- 
ably also occurs in the KCI crystal for GS&2x10™, 
This precipitation along grain boundaries, however, is 
not the major factor which limits the thermal conduc- 
tivity at temperatures below the maximum. If it were, 
the experimental value of L in Table | would be some 
what larger than, or perhaps equal to, the average 
distance between grain boundaries, There is no such 
correlation in the crystals measured, 


Colloidal Particles 


The precipitation of excess calcium in the bulk of 
crystals which have been supersaturated produces a 
milky white color, The calcium probably precipitates 
as small particles of KCI-CaCl).” These particles are 
too small to be resolved with a light microscope. 
Miyake and Suzuki“ have used x-ray scattering to 
measure the size of the calcium precipitates in super 
saturated mixed crystals of NaCl and CaCl». They 
conclude that the precipitated phase was in the form 
of platelets about 100 A in diameter and 15 A thick. 
Seitz has given a similar size estimate for CaCl, 
colloids in KCl. Crystals of KCl which contain less 
than 2.1%10~* Ca/K do not possess sufficient bulk or 
grain boundary precipitation to appear milky. Pick and 
Weber,” from their density measurements on KC] 
containing excess calcium, have suggested that even 
for concentrations of G<210~* about 20%, of the 
added calcium precipitates out as a separate phase. If 
20% of the calcium in crystal § precipitates out as 
colloids of KCIl-CaCl, which are 100A in diameter, 
there will be 1.610" such colloids per cm’. 

The scattering cross section of these colloids will 
depend upon their size in comparison with the average 
phonon wavelength. At temperatures much below the 
Debye temperature (@)), the most numerous phonons 
in a Debye distribution have a frequency corresponding 
to 


p= 1.6kT/h. 


The wavelength of these phonons is approximately 


d 4a 4 On Op 
1.6\ 3 r T 
where d*= Vo. At 10°K the average phonon wavelength 
“@ Amelinckx, Van der Vorst, Gevers, and Dekeyser, Phil. Mag 
46, 450 (1955). 
“(), Menge, Z. anorg. Chem. 72, 162 (1911) 
“S. Miyake and K. Suzuki, J. Phys. Soc. Japan 9, 702 (1954) 
 F. Seitz, Revs. Modern Phys. 26, 21 (1954). 
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in KCI is about 75 A. The colloid diameter is, therefore, 
comparable to the average phonon wavelength at 
temperatures between 3°K and 15°K. Thus the colloid 
scattering cross section is nearly independent of fre- 
quency and Eq. (4) can be used to determine the value 
of L. The scattering cross section can be taken as the 
geometrical cross section. At G=2.110~ the calcu- 
lated mean free path is 0.008 cm, which compares 
favorably with the value of L=0.021 cm for crystal S. 
The value of L in Table I increases faster than linearly 
with G, perhaps as G? or G*, which indicates that the 
precipitation process is probably self-nucleated rather 
than depending on sites already present in the crystal. 

The measured value of L for crystals K and A is 2 
to 3 times as large as the smallest crystal dimension. 
The phonon reflection from the external crystal bound- 
aries does, however, limit the mean free path. A value 
of L larger than the smallest crystal dimensions indi- 
cates that some fraction of the phonon reflection from 
the crystal walls is specular. From the calculations of 
Berman, Simon, and Ziman,“ it follows that about 50% 
of the reflections are specular in crystal K and about 
75% in crystal A. The difference between the two 
crystals probably is due to the different surface treat- 
ment (see Table I). The four faces of crystal A were 
cleaved, whereas two faces of crystal K were cleaved 
and the other two were microscopically roughened by 
grinding. 


VIII. EARLIER EXPERIMENTS 


Numerical values of the thermal resistivity at low 
temperatures were measured by deHaas and Biermasz’ 
in 1937. Their measurements did not cover the temper- 
ature range between 5 and 15°K. However, at higher 
and lower temperatures their results agree quite well 
with those obtained for crystal N. This indicates that 
their crystals were not so pure as crystals A and K. 

In 1952 Devyatkova and Stilbans’ measured the 
thermal resistivity of KC] crystals containing F centers 
produced by additive coloring. The measurements were 
made at 98°K, 200°K, and 298°K, and their data 
exhibited a rather large amount of scatter. They gave 
only a sketchy analysis of their results. But they found 
that, for F-center concentrations up to 1X10 F 
centers per potassium atom, the thermal resistivity 
increased linearly with increasing F-center concentra- 
tion, Also the resistivity increase caused by the intro- 
duction of 1X10~* F centers per potassium atom was 
nearly the same at all three temperatures and equal to 
AW =1.4 cm-deg/watt, The temperature dependence 


© Berman, Simon, and Ziman, Proc. Roy. Soc. (London) A208, 
90 (1951). 
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of this thermal resistivity increase should be the same 
as that given in Fig. 8 for point-imperfection scattering. 
On this basis the resistivity increase at low tempera- 
tures caused by these F-centers becomes AW =0.018T 
cm-deg/watt, which is equivalent to an 5S? value of 2. 
An F center and an associated calcium ion—potassium 
ion vacancy complex both possess the same mass defect, 
both are electrically neutral, and their strain fields at 
large distances are comparable. Thus their scattering 
numbers at low temperatures should be nearly the same. 
In view of the approximations involved in determining 
S* for an F center, the agreement with the value of 
1.4 for an associated complex is considered satisfactory. 


IX. SUMMARY 


The thermal conductivity of pure KC! crystals below 
30°K is determined mainly by a combination of bound- 
ary and point imperfection scattering. Umklapp 
processes produce a measureable reduction in conduc- 
tivity at temperatures between 10°K and 30°K. The 
temperature dependence of the boundary scattering is 
in good agreement with the theory of Klemens, and its 
magnitude in a crystal with cleaved faces indicates 
that about 75% of the phonon reflections at the bound- 
ary are specular. The background point imperfection 
scattering in a pure crystal may be caused by some 
unknown impurity, but the intrinsic resistivity pro- 
duced by the naturally occurring isotopes appears to 
be a more plausible explanation. Thus the thermal 
conductivity of KCI is sensitive only to concentrations 
of divalent point impurities greater than 25 ppm (its 
sensitivity'® to monovalent impurities is stili less). The 
umklapp resistivity contribution agrees in magnitude 
with that proposed by Leibfried and Schlémann, but 
its temperature dependence is still in question. 

The thermal resistivity of crystals containing added 
CaCl, is increased by the presence of precipitated 
colloidal particles about 100A in diameter, and by 
associated calcium ion~potassium ion vacancy com- 
plexes. The experimental value of the scattering number 
of an associated complex is S*= 1.4. This is somewhat 
larger than the value predicted by Klemens, but the 
agreement is considered satisfactory. 
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Diffusion of Silver in Silver Bromide and Evidence for Interstitialcy Migration 


Ropert J. Friaur 
University of Kansas, Lawrence, Kansas 
(Received September 4, 1956) 


Experimental resulis are presented for the diffusion of silver in 
silver bromide single crystals for temperatures from 140°C to the 
melting point. The results are obtained by the sectioning tech- 
nique, using radioactive tracers. The observed diffusion coefficients 
fall below the values that would normally be expected from the 
electrical conductivity by a factor of 0.46 to 0.66. The discrepancy 
is ascribed to the simultaneous occurrence of two types of inter 
stitialcy jumps, with corrections introduced for differing displace 
ments of interstitials and tracer atoms and for correlation effects 
according to Bardeen and Herring. The resulting mobilities can 
be represented as u=o exp(—U/kT) over a wide range of tem- 


EXPERIMENTAL PROCEDURE AND RESULTS 


HE AgBr was precipitated from J. T. Baker 

“Analyzed Reagent” grade HBr and AgNO, 
and single crystals were grown by withdrawal from the 
melt. After cylindrical samples, roughly 1 cm in all 
dimensions, were machined on a lathe, a thin layer of 
AgBr containing radioactive Ag''® was deposited on one 
end of the sample by vacuum evaporation, followed by 
evaporated metallic silver electrodes on both ends. 
A sample was then subjected to the desired diffusion 
temperature for a suitable length of time, during which 
time the electrical conductivity was measured with an 
ac bridge at 1000 cps. After diffusion the sample was 
sectioned on a microtome, the thickness of each section 
being determined from the weight of the section. Each 
section was then dissolved in hypo, and its activity was 
determined with a scintillation counter. 

For a thin source with diffusion in one dimension 
only, a plot of the natural log of the activity vs the 
distance squared should give a straight line with slope 
—(4Dt)~', and this is found to be true in all cases as 
shown in Fig. 1, indicating that a genuine volume diffu- 
sion process is being observed. Since the temperature is 
not constant throughout the diffusion anneal, the 
effective time to be used in obtaining D from the slope 
of such a plot is determined by t= Do Vf o*D(T)dt, 
where Dy is an assumed value at the temperature 7» 
for which D is to be determined, and where the integral 
is evaluated graphically by using the measured variation 
of T with time ¢. The results obtained in this fashion at 
various temperatures are shown in Fig. 2 and listed in 
Table I, where all values have been corrected for the 
large thermal expansion of AgBr.' Since the interesting 
features in this work arise from a comparison of the 
diffusion coefficient to the electrical conductivity, the 
value of the diffusion coefficient to be expected accord- 
ing to the normal relation Eq. (4), which is discussed in 
the next section, is shown in Fig. 2, and from these 
values the ratios Dovs/Deona in Table I are calculated. 


1p. G. Strelkow, Physik. Z. Sowjetunion 12, 73 (1937). 


peratures with wo=6.2K10™ and 1.5710 cm?*/volt-sec and 
U=0.078 and 0.225 ev, respectively, for collinear and non- 
collinear jumps. These values are in reasonable agreement with 
theoretical calculations for silver chloride. The diffusion coefficient 
is observed to fall increasingly below expected values as the tem 
perature approaches the melting point, and as a possible explana 
tion it is surmised that the activation energy for collinear jumps 
drops gradually towards zero. A comparison is made to similar 
results which have been reported for diffusion of silver in silver 
chloride. 


The errors listed in Table I are composed of the 
internal random errors of D, as determined by least- 
squares fitting of a straight line® to plots like Fig. 1, 
and of a, as determined by comparing measurements at 
different times during diffusion ; the two sets of standard 
deviations are approximately equal in size. The com- 
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Fic. 1, Logarithm of activity os square of penetration depth for 
361°C, Each unit of distance equals 152 microns. The straight line 
is cetermined by a least-squares calculation 


*7H. Margenau and G. M. Murphy, The Mathematics of Physics 
and Chemistry (D, Van Nostrand Company, Inc., New York, 
1943), p. 502 
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Fic. 2. Plot of logD vs 1/T. Deona is calculated from the observed 
electrical conductivity by the normal relation, Eq. (4). 


parison of o at each temperature to the average of 
several standard samples gives a standard deviation of 
2.0%, indicating the possible extent of errors in meas- 
uring sample size or temperature. Errors caused by 
finite slice thickness and misalignment are certainly 
less than 1%,* as are errors caused by the finite length 
of the sample. The total correction for temperature 
changes during diffusion does not exceed 5% at the 
highest temperatures, and should not cause an error 
greater than 1%. 
THEORY 


The relationship between diffusion and electrical con- 
ductivity in ionic crystals arises from the Einstein 
relation* 

D,/ y= Di/pi=kT/e, (1) 
where D,, D,, wu», and yw; are the microscopic diffusion 
coefficients and mobilities for the two types of defects 
that occur in AgBr, silver ion vacancies and interstitial 
silver ions.*:* The observed quantities are the electrical 


*Shirn, Wajda, and Huntington, Acta Metallurgica 1, 513 
(1953). 

*N. F. Mott and R. W. Gurney, Electronic Processes in Tonic 
Crystals (Oxford University Press, London, 1948), second edition, 
p. 63, 

* J. Teltow, Ann. Physik 5, 63, 71 (1949). 

*S. W. Kurnick, J. Chem. Phys. 20, 218 (1952). 
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conductivity ¢ and the macroscopic diffusion coefficient 
Deona; these are normally related to the microscopic 
quantities by’ 

T= ENypy t+ ens (2) 
and 


Deona = (n,/N)Dy+ (ni/N)Di, (3) 


where n,, n;, and N are the number per unit volume of 
vacancies, interstitials, and silver lattice sites, respec- 
tively. By combining Eqs. (1), (2), and (3) the normal 
form of the observed relation is expected to be 


Deona/o = kT / Ne’. (4) 


It is seen in Fig. 2 that the observed diffusion coefficient 
is smaller than predicted by Eq. (4), and the amount of 
the discrepancy is calculated in Table I. In the re- 
mainder of the paper the reasons for the existence of this 
discrepancy and the conclusions which can be drawn 
from it will be investigated. 

Since Eqs. (1) and (2) appear to be irreproachable, 
the source of trouble must lie in Eq. (3), and this is 
found to be the case when it is realized that in the 
actual diffusion experiment the motion of tracer atoms 
is followed, not the motion of individual vacancies or 
interstitials. There are two types of effects which intro- 
duce changes in Eq. (3): (A) the tracer may not move 
the same distance in an elementary jump as the vacancy 
or interstitial does, and (B) the successive jumps of a 
given tracer may be directionally correlated to some 
extent, an effect which is not present for a vacancy or 
interstitial. With these effects combined into correction 
factors f, and f;, Eq. (3) must be written 


Dy* = fo(my/N)Dotfi(ni/N)Di, (5) 
and in a pure crystal where n,=n, and ¢=p;/p», the 


TABLE I. Observed values of diffusion coefficient 
and electrical conductivity.* 


Dots em*/sec 


3.0110" 
1.24% 10-° 
4.78 10-9 


ov (ohm-cm)™! 


6.03 10-8 
2.2210 
7.26 10-* 


Dot»/ Deona 


0.4654-0.007 
0.481 +-0.007 
0.5314-0.005 


(0.605 4-0.010) 
0.5704-0.005 
0.603 4-0.006 

(0.5734-0.008) 

(0.5764-0.005) 


1.13 10~* 
1.62 10~* 
6.42 10~* 
1.6410"? 
1.54 10-7 


325 4.591077 
350 1.03 10~* 
361 1.50 10~° 
387 3.31 10~¢ 
407 5.92 10~* 
409 6.29 10~* 


(1.12 10~*) 
2.14 10-8 
7.41X10 
(1.89 10°?) 
(1.76 10°?) 


0,635+-0.008 
(0.655+-0.010) 
0.6504-0.006 
0.620+-0.004 
0.584-+0.008 
0,588 +0,006 


4.5310 
(7.00X 10°) 
1.3510" 
2.96 10 
5.4110" 
5.69 10™ 


*In the last column Deona is calculated from the observed conductivity 
according to the normal relation in Eq. (4). The values in parentheses are 
somewhat uncertain because of appreciable temperature gradients in the 
early form of sample holder. 


7 Reference 4, p. 34. 





DIFFUSION 
over-all relation becomes 


Dr* —_ kT RT 


a ‘ee 


a f——, (6) 


Ne? J Ne? 


The quantity f which is defined in Eq. (6) is seen by 
comparison to Eq. (4) to be equal to Dr*/Deona, where 
Dr* should correspond to Debs. 

For vacancies the entire correction is due to effect (B), 
and f,=0.80 has been calculated by Bardeen and 
Herring, who first proposed this effect ;* a recalculation 
by the writer gives a value of f,= 0.79. For interstitials 
several types of jumps as shown in Table ITI need to be 
considered. Type 0 jumps involve the passage of an 
interstitial through the face of a small cube and are 
energetically unfavorable." In type 1 and type 2 jumps, 
an interstitial displaces a neighboring lattice ion into 
an interstitial site in a cell having one corner and one 
edge, respectively, in common with the cell occupied by 
the original interstitial, which occupies the vacated 
lattice site; jumps of this type have been called 
interstitialcy jumps by Seitz’! and have been considered 
for silver halides by Teltow,® Hove,’ and McCombie 
and Lidiard.’* Also included in this table for con- 
venience, although not strictly interstitial jumps, are 
type 3 jumps, which involve the initial stage of forma- 
tion or the final stage of recombination of a pair of 
Frenkel defects, e.g., the jump of a lattice ion to one of 
its neighboring interstitial sites. For type 0 jumps 
neither effect is present and f/;=1. For type 1 jumps 
both effects are present, with (A) causing the greater 
correction, and /;=0.333 has been calculated in refer- 
ence 12. In the following, corrections will be calculated 
for type 2 jumps and for situations where jumps of 
types 1, 2, and 3 can occur simultaneously. 

First consider the case where jumps of both types 
1 and 2 may occur with frequencies »; and v2 for an 
interstitial ion. [The probability that an interstitial 
will jump toward any given neighboring lattice ion in a 
short time di is then z~'(v;+-2)dt, where z=4 is the 
number of neighboring lattice ions. ] The amount of 
the correction f; in Eq. (5) will depend on the relative 
frequency of the two types of jumps, «= v;/v2, attaining 
the values for type 1 and type 2 jumps in the limits 
x0 and x0, respectively. To determine f;, the 


§ J. Bardeen and C. Herring, in /mperfections in Nearly Perfect 
Crystals, edited by W. Shockley (John Wiley and Sons, Inc., New 
York, 1952), p. 281, with the correction of a factor of two as 
indicated in reference 11. 

*TIt has recently been brought to the writer’s attention by 
A. B. Lidiard that a value of /,=0.78146 has been calculated by 
K. Compaan and Y. Haven, Trans. Faraday Soc. 52, 786 (1956). 
Lidiard also states that Compaan and Haven have obtained 
values of 1/3 and 8/11 for type 1 and type 2 processes, respec- 
tively (see Table II), in excellent agreement with the values 
presented in this paper. 

J. E. Hove, Phys. Rev. 102, 915 (1956) and thesis, Cornell 
University, 1953 (unpublished). 

4 F, Seitz, Acta Cryst. 3, 355 (1950). 

49C. W. McCombie and A. B. Lidiard, Phys. Rev. 101, 1210 
(1956). 
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AgBr 
TABLE II. Types of interstitial jumps.* 


Description by 


Direct interstitial a a 
Collinear interstitialcy V3a §v3a 
Noncollinear interstitialcy v2a §V3a 
Formation or recombination §v3a §v3a 


* ai is the displacement of an interstitial ion during the jump; bi is the 
displacement of a tracer atom during the jump; a is the edge of the smallest 
cube in the NaCl type lattice. 


diffusion coefficients are related to the mean square 


displacements of the diffusing entities ;*" 


Dy;\* ((reri*)?) wy (rr) ny ((rri*)*) me 


dD, (ri?) (rdw (rr) a 

where the total correction /;= f/f’ contains separately 
effect (A) in f,’ and effect (B) in f/’. Since in these 
jumps a tracer may move either by being in an inter- 
stitial position or by occupying a lattice site next to an 
interstitial ion, it follows that v_y/v)=vr2/ve= 2n,/N. 


Then 
vb)? + vebe? 1 k+1 
2 - ( ), (8) 
¥10,>+ vod?" 2\k +4 


where values for a; and }b; have been inserted from 
Table IT. 
The calculation of f;’’ proceeds according to 


fil’ = Dy (> bi) ?)av =1+2by 7% iA b,: bi, imy (9) 


where by,?=b,;?=b,? is the value ((3~b,)”)4 would have 
if no correlation were present, since then the cross 
terms in Eq. (9) would average to zero. Since there will 
be correlation for the tracer in these jumps only for the 
first jump after a tracer has landed in a lattice site, all 
terms with j7>i+2 will vanish, and only half the terms 
with j=i+1 will contribute. Hence 


fl = 1+ bu (by Di dw, (10) 
where the prime on the average indicates that it is to 
be taken for jumps immediately after the tracer has 
jumped to a lattice site. The average in Eq. (10) may 
be evaluated in terms of the probability p(s,r) that the 
interstitial which has just been displaced to site r by 
the tracer will first return from site s to displace the 
tracer. If g(t,s) is the probability that the interstitial 
goes to site when the tracer jumps from site s and if 
the tracer last jumps from site 3, then 


(by: bi, eo b;: >, q(7,3) do p(s) do1 q(t,s) be, (11) 


where b; is the vector from the lattice site to the inter- 
stitial site 4 and where the sums over r, s, and ¢ extend 
over the eight interstitial sites shown in Fig. 3. By 
introducing the appropriate geometry and expressing 


4S. Chandrasekhar, Revs. Modern Phys. 15, 1 (1943). 
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Fic. 3, Numbering of interstitial sites around a lattice site, 
which is midway between the two layers shown and centrally 
located with respect to each layer. 


q(t,s) in terms of v; and vo, it is found that 


ff’ =1— (K+4)*(c+1)P, 
with 
P= p(1,1)+ p(2,1)— p(3,1)— p(5,1). 

The probabilities p(s,1) can be obtained directly by 
following the motion of the interstitial step by step, 
using the proper probabilities for the various possible 
jumps at each step, counting } of the probability that 
each neighboring site s is occupied at the end of a step 
towards p(s,1), and using } of the probability for 
neighboring sites and all of the probability for other 
sites as the starting probability distribution for the next 
step. This process has been carried out for the case 
x= (type 1 jumps only), yielding after twelve jumps 
p(1,1) = 0.344 and p(5,1)=0.013 (sites 2 and 3 cannot 
be reached in this case); combined with ///=4 these 
values give {;= 0.336, in excellent agreement with refer- 
ence 11, Since such a process is tedious to repeat, 
however, it is convenient to estimate p(s,1) for other 
cases from values given by McCrea and Whipple" for 
random walk of a particle on a simple cubic lattice 
with no restrictions such as those described above. 
Values are quoted for p’’(s,1), the total number of 
appearances at site s after starting at site 1; from these 
it follows that the probabilities of first return p’(s,1) 
=[1—p'(1,1) ]p’’(s,1) are 0.35, 0.35, 0.23, and 0.18 for 
s=1, 2,3, and 5. By inserting the factors of } and { as in- 
dicated above, values of p(s,1) =} p'(s,1)3[1—3(0.35) } 
are found to be 0.339, 0.089, 0.058, and 0.046 for 
s=1, 2, 3, and 5. The estimate agrees remarkably well 
with the exact value above for p(1,1) and is somewhat 
too large for p(5,1) as expected; hence the estimated 
values are corrected by ratios varying in equal steps 
between the ratios calculated for p(1,1) and p(5,1). The 
values thus obtained should be most appropriate for 
the case x= 1 since in this case the actual motion of the 
interstitial approaches most closely that of a particle 
on a simple cubic lattice; a value of P=0.39 is found 
from Eq. (12). Although P will in principle vary 
slowly as «x varies, the values of « found in the next 
section are close enough to unity that no change in P 
is required. With this value of P, Eqs. (7), (8), and 
(12) then give f; as a function of x. 


“W., H. McCrea and F. J. Whipple, Proc. Roy. Soc. (Edin 
burgh) 60, 281 (1940). 
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For the case where type 2 jumps predominate 
(x0), P is estimated to be 0.31, and f/= 0.750, giving 
fi=0.725, 

At temperatures approaching the melting point it is 
to be expected that type 3 jumps will make a notice- 
able, though small, contribution to the diffusion and 
the conductivity. The maximum contribution of these 
jumps may be roughly estimated by supposing that an 
interstitial recombines with a vacancy whenever the 
two happen to occupy adjacent sites'®; then, since only 
three of the four lattice sites next to an interstitial have 
a chance of being vacant at any one time and since the 
number of formation jumps must equal the number of 
recombination jumps, v3=2vg=6(n,/N)v;. It is found 
that there is a contribution to the conductivity of 
o,= (e?/kT)nwe(ha)? and to the diffusion of Dr; 
= (6t)-\r73")4= (ni/N)vr(ha)’, yielding Dr;/o,;=kT/ 
Ne? as expected since possible correlation effects have 
been neglected. Equation (6) must then be modified by 
adding to both numerator and denominator a term 


a3 


OME 


» 
which is obtained by using v;= v1+ v2 and 


o;= (e?/kT)n,(4v,a"+- 420"). (14) 


INTERPRETATION OF RESULTS 


Before discussing the results of the previous section, 
it may be noted that it does not appear to be possible 
to ascribe the observed deviation from the normal 
relation, Eq. (4), to any processes which enhance the 
conductivity without contributing to the diffusion of 
silver atoms. Both transport experiments® and some 
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Fic, 4. Log« vs 1/T. The quantity « is the ratio of frequencies 
of the two interstitialcy processes. Open circles represent less 
reliable data (see Table I). 


J. Frenkel, Kinetic Theory of Liquids (Dover Publications, 
Inc., New York, 1955), second printing, p. 17. 
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results on diffusion of bromine!” indicate that bromine 
ion vacancies do not make any appreciable contribution 
to the conductivity, and the electronic conductivity 
has also been observed to be several orders of magnitude 
smaller than the conductivity actually observed.'* 

The experimental results have been analyzed in the 
following manner. From Teltow’s® values of @ and the 
value of /, obtained in the previous section, the values 
of f; needed to account for the observed values of f 
have been calculated from Eq. (6). Then these values 
are used in Eqs. (7), (8), and (12) to calculate x as a 
function of 7; the results are shown in Fig. 4. Aside 
from some of the early measurements the points for 
intermediate temperatures follow the sort of activation 
curve which might be expected; explanations for the 
deviations at high and low temperatures are offered 
below. The straight line portion of the plot is repre- 
sented by k=xo exp(U/kT), with xo=0.026=1/38 and 
U=0.15 ev. Now by using the straight line for « at all 
temperatures, the process has been reversed to calculate 
f, and then f, which is shown in Fig. 5 along with the 
experimental points. The agreement is seen to be quite 
satisfactory. The values of / calculated for single 
processes of types 0, 1, or 2 are also shown, indicating 
clearly that no single process gives very good agree- 
ment; it is especially evident that type 0 processes are 
not likely to occur, as is to be expected from energy 
considerations. 

The mobilities for type 1 and type 2 processes may 
now each be calculated from « and Teltow’s values 
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Fic. 5. Theoretical curves of f= Dote/Deona. The curves are 
calculated, reading from the top down, for type 0, type 2, type 1 
and 2 combined, and type 1 processes (see Table II); for type 1 
and 2 processes combined /; is calculated from « shown in Fig. 4 
The dotted curve at high temperatures represents the effect of 
including type 3 processes. Experimental points are indicated by 
circles, the open circles representing less reliable data (see Table I) 


16 Murin, Kazakova, and Lure, Doklady Akad. Nauk S.5S.S.R. 
99, 529 (1954). 

17D, Tannhauser (private communication). 

18 J. Teltow, Z. Physik. Chem. 195, 213 (1950). 
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Fic. 6. Mobilities associated with jumps of interstitial ions 
ui is experimentally observed by Teltow, reference 5; a; and yy are 
calculated from y; and the values of « from Fig. 4. The dotted 
portion of w; at high temperatures is obtained by adding the 
extrapolated values of yw; and ye 


of uw; °; by utilizing the Einstein relation it is possible 
to write 


Mi Mite =pa( fet), 


as in Eq. (14). The results appear in Fig. 6, from which 
activation energies U’;=0.078 ev and U,=0.23 ev are 
obtained. The dashed extension of y, is calculated from 
the extrapolated values of yu; and yo, indicating that 
the presence of two processes in the interstitial mobility 
would not be especially evident in the curve for uw; even 
if the peculiar jog in Teltow’s data were not present. 

The values obtained here for xo, (/;, and Uy appear to 
be in reasonable agreement with theoretical values 
calculated by Hove,’ who obtains U,=0.8 ev and 
U,=—0.1 to +04 ev for AgCl. Even though Hove’s 
value for U, is somewhat larger than observed, this 
value would be expected to be smaller in AgBr because 
of the larger polarizability of bromine, and an observed 
value of 0.15 ev has been reported for interstitial 
mobility in AgCl.” For the pre-exponential factor xo, 
the geometry of the lattice provides three type 2 jumps 
for each type 1 jump, leaving only a factor of thirteen 
to be accounted for by the entropies of activation,” 
a seemingly not unreasonable value. 

The maximum possible effect of formation and recom 
bination has been determined by calculating the term 
given in Eq. (13), using values of « from Fig. 4 and 

“T. Ebert and J. Teltow, Ann. Physik 15, 268 (1955) 

”C. Zener, in Imperfections in Nearly Perfect Crystals, edited by 


W. Shockley (John Wiley and Sons, Inc., New York, 1952), 
p 289 
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n,/N from Teltow.® Although in principle the inclusion 
of this effect should alter slightly the calculation of @ 
from the conductivity data, the over-all influence on 
the calculated value of f, as shown by the dotted curve 
in Fig, 5, is so slight that no attempt has been made to 
perform this alteration, and in fact the total effect is 
negligibly small. 

The lowering of the observed diffusion at the two 
lowest temperatures (see Fig. 5) may perhaps be due to 
the presence of small amounts of sulfur, which would 
increase the number of interstitials relative to vacancies 
and hence decrease D,,,.. A simple calculation using the 
law of mass action indicates that 5 to 50 parts per 
million would be sufficient.'* This amount is not de- 
tectable by ordinary methods and could have been 
introduced by the etching in sodium thiosulfate which 
alawys preceded a high temperature anneal. 

The droop in Do. at high temperatures appears to 
be a genuine, reproducible effect since impurities will 
not be effective at these temperatures, The anomalous 
thermal expansion offers no help whatsoever if pure 
Frenkel defects exist, for then the correction to N in 
Eq. (4) precisely cancels the corrections to Dona and a. 
If an appreciable number of Schottky defects coexist as 
suggested by Kurnick,® the correction to N is altered 
slightly, but a much larger effect is introduced by the 
suppression of interstitials according to the law of mass 
action, For Kurnick’s values of n; and n, at 406°, this 
would lead to f=0.77, a much larger value than ob- 
served or expected, Since the concentration of defects 
approaches 1 to 2% at the melting point,®® it will 
fairly often happen that a tracer atom will be moved 
by some defect other than the one which last moved it 
(an effect implicitly excluded both in Eq. (9) and in 
reference 8). Thus part of the correlation in both f, 
and f; will be destroyed, again tending to make / larger 
than expected, It is also likely that corrections of the 
Debye-Hiickel type will be appreciable in this tem- 
perature region,’ but since at 408°C the observed / is 
smaller than f; calculated with « from Fig. 4, this 
effect can offer at most only a partial explanation. 

An interesting possibility for the explanation of this 
droop lies in the observation that U,; may decrease 
rapidly as the lattice loosens up prior to melting. On this 
basis, values of U/, which are necessary to yield the 
actual values of « in Fig. 4 have been calculated from 
x=xo exp (U,—U,)/kT ], keeping xo and U, constant. 
The results for U; at the four highest temperatures fall 


ROBERT J. 


FRIAUF 


remarkably well on a straight line which extrapolates 
to zero at 413°, provocatively close to the melting point, 
which is often quoted at 422°C” but may lie between 
416° and 420°C." Of course U2, as well as U,, will also 
tend to decrease as the melting point is approached, 
but at least it appears likely that this effect accounts 
for a major portion of the observed droop. 

The experimental results have been interpreted satis- 
factorily by considering the simultaneous occurrence of 
type 1 and type 2 jumps, and the values obtained for 
U;, Us, and xo appear reasonable when compared to 
theoretical calculations. It is entirely possible, however, 
that other combinations of processes, perhaps involving 
the dumbbell model for interstitials proposed by Hove,’ 
might give just as good agreement. Without more 
precise theoretical values, it would appear difficult to 
exclude completely other possibilities of this type. 

Measurements of the diffusion of silver in AgCl have 
been reported by Compton,” and the general trend of 
the results is much the same as in AgBr. Values of 
f=Dzye/Deona Obtained from Compton’s data” lie be- 
tween 0.4 and 0.6 except at temperatures below 150°C, 
where impurities are important, and there is a gradual 
rise of f as the temperature increases, with no evidence, 
however, of a droop similar to that observed in AgBr at 
high temperatures, even at 429°C, which is only 26°C 
below the melting point of AgCl. An attempt has been 
made to analyze the data for AgCl in the fashion de- 
scribed above for AgBr, but the errors of five to ten 
percent in the data preclude a detailed, quantitative 
treatment. It seems clear for both substances, however, 
that the motion of interstitial ions must definitely 
occur by some sort of interstitialcy process ; furthermore 
the analysis in AgBr indicates that at least two such 
processes are present and compete with each other, and 
a similar type of explanation appears to be required to 
account for the general trend of the observed results in 
AgCl. As far as the author is aware, the results for these 
two substances represent the first unambiguous evidence 
for interstitialcy motion as a mechanism for diffusion in 
solids and may suggest the possibility of similar mecha- 
nisms in other types of solids. 


*% Landolt-Bérnstein, Physikalisch-Chemische Tabellen (J. 
Springer, Berlin, 1931), fifth edition, Hauptwerk I, p. 355. 

™See reference 1. This is tentatively confirmed by some 
experiences of the writer. 

* W. D. Compton, Phys. Rev. 101, 1209 (1956). 

*W. D. Compton, thesis, University of Illinois, 1955 (unpub- 
lished). 
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X-Ray and Neutron Diffraction Study of Antiferroelectric Lead Zirconate, PbZrO; 
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The room-temperature structure of antiferroelectric lead zirconate, PbZrO, has been studied by x-ray 
and neutron diffraction. The symmetry is orthorhombic (pseudotetragonal) with lattice parameters 
a=5,88 A, b=11.77 A, c=8.22 A. The space group is Pba2 and there are 8 formula units in the unit cell 
The structure results from slight distortions of the cubic perovskite lattice, which the crystal assumes 
above 230°C, 

With respect to the ideal perovskite structure, Pb atoms suffer antiparallel shifts along the former cubic 
[110] direction; oxygen atoms also suffer antiparallel shifts within the (001) plane and, in addition, un 
balanced antiparallel shifts along the c direction. 

The noncentric symmetry is in accord with the presence of a small piezoelectric effect as reported by 
Roberts. The oxygen octahedra surrounding the Zr atoms appear to be distorted, and it is possible to 


explain the strong optical anisotropy within the (001) plane as well as the pseudotetragonality (b= 2a) 


INTRODUCTION 


OUBLE oxides of the perovskite type have become 

of large interest in solid state physics in recent 
years.' These oxides have the formula A BOs, where A is 
a monovalent or divalent cation, and B is correspond- 
ingly pentavalent or tetravalent. Many of these com- 
pounds are characterized by very drastic anomalies in 
dielectric constant at temperatures, which 
anomalies are indicative of corresponding phase transi- 
tions. Some of the transitions are called ferroelectric, 


certain 


since the crystals show, in the lower-temperature phase 
(or phases), a spontaneous electric polarization which 
can be reversed by an externally-applied field. The 
leading representatives of this class of crystals are 
BaTiO;, PbTiO;, and KNbO3. Certain other transitions 
are called antiferroelectric, in the sense given by Kittel,’ 
since dielectric anomalies appear, but no net spon- 
taneous polarization can be observed in the lower phase, 
where the crystal structure is characterized by anti- 
parallel displacements of certain atoms. The most im- 
portant representatives of this class of antiferroelectric 
crystals are PbZrO3, NaNbOs, and PbHfQ;. 

Common to these double oxides with the general 
formula A BO; is the fact that, at higher temperatures, 
they all have a cubic structure of the perovskite type, 
represented schematically in Fig. 1(a). Taking the 
origin at the position of the A atom, the coordinates of 


t Research supported by the U. S. Atomic Energy Commission, 
the Signal Corps Engineering Laboratories, and the Air Force 
Office of Scientific Research. X-RAC calculations were supported 
by the Office of Naval Research. One of us (F. M.) gratefully 
acknowledges a fellowship from the U. S. Department of State, 
under the Smith-Mundt and Fulbright Acts. 

*On leave at Brookhaven National Laboratory, Upton, New 
York. 

t Present address: University of Florence, Florence, Italy. 

1 See, for example, Shirane, Jona, and Pepinsky, Proc. Inst 
Radio Engrs. 43, 1738 (1955). 

*C. Kittel, Phys. Rev. 82, 729 (1951). 


all the atoms are then: 


A (Pb, Ba, K, Na, etc.) at (0, 0,0); 
B (Ti, Zr, Nb, Hf, etc.) at (4, 4, 4); 
O at (4, 4,0), (4, 0, 4), (0, 4, 4). 


This structure is often looked upon as being built by 
linear chains of BOs, octahedra, extending along every 
(100) direction, and sharing all corners [ Fig. 1(b)], In 
lower phases these octahedra may or may not be dis- 
torted,** depending on the size and polarizability of the 
atoms A and B, 














YD RK” ion 


© B* ion 


OXYGENS AT CORNERS OF OCTAHEDRA 


(b) 


Fic. 1. (a) Cubie perovskite-type structure A BO,. (b) Perov 
skite structure A BO, considered as a three-dimensional framework 
of BOs octahedra 


* Shirane, Pepinsky, and Frazer, Acta Cryst. 9, 131 (1956). 
* Frazer, Danner, and Pepinsky, Phys. Rev. 100, 745 (1955). 
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hic, 2. Antiferroelectric structure of PbZrO, according to the 
model of Sawaguchi et al.’ 


This paper is concerned with a structural study of 
the antiferroelectric transition in lead zirconate, PbZrOs. 


Il. PREVIOUS STUDIES OF LEAD ZIRCONATE, 
AND SOME DISCREPANCIES 


A transition in PbZrO; occurs at approximately 
250°C,* From her early x-ray powder diffraction investi- 
gation, Megaw® proposed tetragonal symmetry at room 
temperature, with lattice parameters a7=4.159 A and 
cr/a7= 0.988, Sawaguchi ef al.’ pointed out, however, 
that the powder pattern contains extra lines which can 
be accounted for by assuming a multiple unit cell of 
size 4a7X 4azrX 2cr. The true room-temperature sym- 
metry is orthorhombic, with lattice parameters a= a,v2, 
b=2a v2, < aT, T: 

Single-crystal oscillation photographs were obtained 
by Sawaguchi ef al.’; and from them these workers 
concluded that the Pb atoms suffer antiparallel dis- 
placements, with respect to their original position in the 
cubic perovskite lattice, as indicated schematically in 
Fig. 2. The displacement of the Pb atoms was calcu- 
lated to be about 0.2 A. The space group was reported 
to be either Dy,’ — Pbam or C2,*— Pba2, the latter being 
noncentric. The second choice is in agreement with an 
extremely small but apparently reproducible piezo- 
electric effect reported by Roberts® from measurements 
on ceramic disks of PbZrQ,,. 

The hypothesis that all the Pb ions undergo a certain 
shift along the ¢ axis, in addition to the antiparallel 
displacement within the ad plane, is apparently in con- 
tradiction with the extremely small intensities of the 
x-ray reflections with odd indices /.7 Another feature, 
which strongly indicated the need for a detailed struc- 
tural study, is the peculiar relation between the ortho- 
rhombic a and 6 axes, b= 2a, which is the cause for the 
pseudotetragonality of the crystal. Optical studies by 


*S. Roberts, J. Am, Ceram. Soc. 32, 63 (1950). 

*H. D. Megaw, Proc. Phys. Soc. (London) 58, 133 (1946), 

7 Sawaguchi, Maniwa, and Hoshino, Phys. Rev. 83, 1078 
(1951) 

*S. Roberts, Phys. Rev. 83, 1078 (1951). 


MAZZI, 


AND PEPINSKY 

Jona et al.,° on the other hand, have revealed a large 
optical—and, indirectly, dielectric—anisotropy within 
the ab plane, thus confirming the orthorhombic sym- 
metry. Moreover, the characteristic twinning of the 
crystals clearly establishes the nonpolarity of the ab 
plane.’ 

A convenient method for growing single crystals of 
PbZrO; was found in this laboratory,’ and a detailed 
structural analysis of this compound at room tempera- 
ture appeared both desirable and feasible. 

Previous analyses’ *:”.!! had demonstrated that x-ray 
techniques alone cannot lead to the structures of these 
lower-phase pseudoperovskites. This is because the 
scattering factor of oxygen is generally much smaller 
than that of the atom A at the origin (e.g., Ba, Pb), so 
that oxygen contributions to the intensities of the 
diffracted waves are overwhelmed by the massive con- 
tribution of the A atoms, Similar studies were successful 
only when x-ray information was supplemented by 
neutron scattering data. In the case of neutron scat- 
tering, the structure factor of oxygen is of the same 
order of magnitude as that of the A atoms. 

A single-crystal neutron diffraction study of PbZrO; 
was excluded a priori, since the size of available un- 
twinned single crystals was much too small for the 
purpose. It was hoped that a powder neutron diffraction 
pattern would provide the additional information neces- 
sary for a complete solution of the structural problem. 
This proved to be the case. 


Ill. NEW X-RAY INVESTIGATION 


The room-temperature lattice constants of PbZrO, 
were first examined via an x-ray powder diffraction 
photograph of very pure ceramic material, taken with 
Cu Ka radiation. The pseudotetragonal parameters 
were determined from the high-angle lines derived from 
the cubic line V = 26, the tetragonal indexing of which 
became (105), (501), (134), and (413); the results were 
ar=4.161 A, cp=4.110 A, and ¢r/a7=0.988. These are 
in good agreement with Megaw’s results.° The ortho- 
rhombic parameters are therefore: 


a=arV2= 5.884 A, 
b= 2a7V2= 11.768 A, 
c=2c7=8.220 A. 


Single crystals of PbZrO;, grown by the method 
previously reported,’ were selected under the polarizing 
microscope for absence of twins and for regular rec- 
tangular shape. Weissenberg patterns were taken with 
Mo Ka radiation filtered by 0.04 mm Zr foil; rotations 
were about the a, b, and c axes, and about the [210] 
axis, corresponding to the original cubic [100 ] direction. 


* Jona, Shirane, and Pepinsky, Phys. Rev. 97, 1584 (1955). 

” W. Kdnzig, Helv. Phys. Acta 24, 175 (1951). 

"H. T, Evans, Jr., Technical Report No. 58, Laboratory for 
Insulation Research, Massachusetts Institute of Technology, 1953 
(unpublished). 
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Fic. 3. Observed and calculated electron density projections of PbZrO; along [001] 


Intensities were visually estimated, using the multifilm 
technique with a calibrated intensity scale. Brass sheet 
of about 0.02 mm thickness was placed between suc- 
cessive films, to reduce the film-to-film transmission 
factor. Exposure times varied between eight days and 
three weeks, depending on the crystal size (see below). 

The quantitative analysis was performed only on the 
projections obtained from reflections of the type (Ak0O) 
and (h,2h,l), because it is only in these cases that a 
reliable absorption correction could be performed with- 
out prohibitive efforts. (The linear absorption coefficient 
for Mo Ka radiation is n= 714 cm™!.) Because of their 
pseudocubic habit, crystals can be found with uniform 
rectangular cross sections with respect to the [001 | and 
[210 ] axes, and these cross sections can be determined 
accurately by microscopic measurements. The crystal 
used for the (AkO) projection had a cross section of 
33X41? (length 60u); that used for the (4,2h,/) projec- 
tion had a cross section of 36X71? (length 100 uw). The 
absorption corrections were applied according to the 
graphical method reported by Howell.!* The values of 
the absorption factor were computed for 52 points of 
the reciprocal lattice, and graphs plotted; from these 
the values for individual reflections could be read by 
interpolation. 

The problem of space group assignment appeared 
particularly critical. The observed extinction rules 
satisfy not only the requirements of the space groups 
Pbam and Pba2, as proposed by Sawaguchi ef al.,’ but 
also those of the space groups Pbnm and the corre- 
sponding polar Pbn2,. In fact, the absences attributable 
to the glide plane perpendicular to the 6 axis cannot be 
distinguished in the four cases, in spite of very long 
exposure times; reflections of the type (HOl) are ob- 
served only when both / and / are even. It should be 
noted, however, that the problem disappears for the 
projection along the [001] direction (reflections of the 
type hkO). This projection is the same whatever space 
group is chosen among the four listed above. 

Patterson maps were first obtained, on X-RAC, for 
the projections along [001] and [210]. The former 
confirmed qualitatively the model given for this struc- 


2 R. G. Howell, Acta Cryst. 3, 365 (1950). 


ture by Sawaguchi et al. A first set of x and y coordinates 
for Pb and Zr was chosen, leaving the oxygens unshifted, 
and a structure factor calculation performed. Structure 
factors Fino were computed for 302 reflections, up to a 
value of sin6/A = 1.26; the number of the reflections with 
nonzero observed intensity was 139. For the scattering 
factors of the atoms involved, the values tabulated in 
the /nternationale Tabellen (1944) were used. Dispersion 
corrections were applied to the scattering factors of Pb 
and Zr for Mo Ka radiation, according to the tables 
published by Dauben and Templeton.” 

The x and y coordinates of Pb and Zr were then 
refined at first by trial and error using the disagreement 
factor R= (Z| \F, F.||)/2\F. 


then by the conventional Fourier method. Figure 3 


as a criterion, and 


shows a comparison between observed and calculated 
electron density projections along [001 |, involving Pb 
and Zr atoms only. Finally, a least-squares analysis was 
carried out, yielding the following values for the 
coordinates of the heavy atoms, in fractions of the 
cell edges: 

0.127; 


v pp 0 706, Vpp : 
0),124, 


tz7>=0.243, var 


The results appeared largely insensitive to any variation 
of the oxygen coordinates, so that no attempt was made 
to find these coordinates from the x-ray data. 

The study of the projection along [210] first raised 
Both the 
Patterson and the Fourier projections seemed to indi 


the problem of the space group assignment 


relative shift or an anisotropic thermal 
oscillation of the Pb atoms along the ¢ axis. In the 
the group Pbnm (or Pbn2;) is 


this was in fact assumed in the early 


cate either a 


former 
favored, and 


case, space 
stages of the analysis. However, an accurate study of 
this and other projections revealed that a z shift of Pb 
is to be excluded, since the observed reflections with 
odd index | are extremely faint. This leads to the 
unequivocal conclusion that the Pb atoms perform an 
anisotropic vibration along the ¢ axis; but it does not 
yet permit a choice of the space group from among 


SC. 8, 841 


(1955) 
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Tasie I. Comparison between observed and calculated intensities 
of neutron powder diffraction lines. 


Observed 
intensities, 
in counts/min Calculated intensities 
(a) (b) All 
Line F iret Second Final Oxygen atoms 
number hkl run run model unshifted unshifted 


“223 


0a 110 203 190 


1 12u 301 293 291 
002 


130 256 249 256 
112 


200 2672 
040 
122 
210 


132 
221 
141 
023 


113 é 4861 
202 
042 
230 
212 


151 6712 
to 


241 


2746 2681 


213 
to 


143 
311 


to 


321 
251 


to 


134 


153 i 3010 
to 
243 


260 
to 
115 


262 
to 


045 


180 
to 
361 


334 1016 
to 
273 


344 
to 
433 


372 
to 


007 


R= (Z| Jato Tove| )/Zlore 
for all lines up to angle 20= 54° 


* Not recorded, 
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those listed. The Zr atoms, on the other hand, appear 
undisplaced along the [001 ] direction. Structure factors 
Fy, %,1 were computed for 92 reflections, up to a value 
of siné/A\=1.22. The number of nonzero observed re- 
flections was 51, but a large number of them appeared 
to be affected by extinction. The following conclusions 
could finally be drawn from the x-ray analysis: 


(1) As far as Pb and Zr atoms only are concerned, 
the structure is centrosymmetric, since a satisfactory 
agreement between observed and calculated structure 
factors can be attained in either space group Pbam 
and Pbnm. 

(2) Neither Pb nor Zr appear to be displaced along 
the [001] direction with respect to their relative 
positions in the original perovskite lattice. The Pb 
atoms, however, vibrate anisotropically along [001 ]. 

(3) The positions of the oxygen atoms cannot be 
determined from the x-ray data. 


IV. NEUTRON DIFFRACTION STUDY 


As already remarked, the small size of available 
crystals precluded a single-crystal neutron analysis; 
and the possibility of solution of the structure via a 
supplementary neutron powder pattern was explored. 

Figure 4 shows a comparison of a powder diffraction 
pattern (a) obtained from a GE XRD-3 with Cu Ka radi- 
ation, and (b) that obtained with neutrons at the Brook- 
haven reactor, on the spectrometer of L. Corliss and 
J. Hastings. For the latter the transmission method was 
employed, with a neutron wavelength of 1.064 A. The 
indices in Fig. 4 refer to the V values (N = h?+-k?+/?*) 
of the original cubic lines of the perovskite lattice. 

Qualitative differences between the x-ray and the 
neutron patterns are visible at first sight. The most 
striking features are the ratios of the intensities of the 
lines 2, 3, and 4. Interesting is also the appearance, in 
the neutron pattern, of a diffraction line on the low- 
angle side of line 3, and the disappearance of another 
on the high-angle side of the same line, as compared 
with the x-ray pattern. 

For the quantitative analysis of the neutron pattern, 
the intensity data were put on an absolute scale by 
reference to the (111) reflection of a standard Ni powder 
sample. The values of the scattering lengths used in the 
calculations were 0.96, 0.62, and 0.58 for Pb, Zr, and O, 
respectively.“ The study was done systematically, by 
keeping in mind also the conditions required by the 
x-ray results. The most important conditions are 
summarized in the following : 


(a) Reflections of the type 401: when the index h is 
odd, the corresponding reflection is not observed. 

(b) Reflections of the type O&l: For / odd: when 
k=4n, the corresponding reflection is not observed; 
when k= 4n-+-2, the corresponding reflections are rather 


4 C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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strong. However, the reflection 021 appears to have 
practically zero intensity. 

(c) The intensities calculated for all the reflections 
which have zero intensity in the observed powder 
pattern must be either zero or very small. 

The analysis was accomplished by trial and error. 
Intensities were computed for 205 reflections. Solutions 
were sought in each of the possible space groups Pbam, 
Pba2, Pbnm and Pbn2,. It appeared that all the condi- 
tions listed above can be fulfilled only within the space 
group Pba2. As shown in Figs. 5 ff. and as discussed 
below, the final model involves displacements of the 
oxygen atoms along the [001 | direction. The agreement 
between observed and calculated intensities (in counts/ 
min) for the powder lines is shown in Table I. A dis- 
crepancy factor Rr= (Z| Joate—Jovs|)/Zlovs Was com- 
puted to be 7% for this final model, involving all lines 
recorded on the neutron pattern up to an angle 20= 54°. 
For comparison, the intensities were computed also for 
a structure in which the Pb and Zr atoms alone were 
shifted according to the results of the x-ray analysis, 
and the oxygens left undisplaced ; the same was accom- 
plished for a fictitious structure in which the displace- 
ments 6 of all the atoms were set equal to zero. The 
results of these calculations are shown in the two last 
columns of Table I. The latter discrepancy factors 
appeared as 44% and 54%, respectively. 

It should be emphasized that the final model satisfies 


the experimental data not only in the 6 regions where 
diffraction peaks are observed (Table I), but also in 
those where no peaks are recorded, 


V. COMBINED NEUTRON AND X-RAY RESULTS 


Introduction of the oxygen coordinates obtained from 
the neutron diffraction analysis into the x-ray data 
revealed the following: 

1. Reflections of the type hkO.—The x-ray discrepancy 
factor R shows practically no change upon introduction 














oo 


(b) 


Fic. 4. X-ray and neutron powder diffraction patterns of PbZrOy. 
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of the oxygen coordinates obtained from the neutron 
study: R=10.9%. A common temperature factor 
B=(.53 A* was applied to all atoms in the structure. 
F, and F, synthesis, as well as difference syntheses 
F,—F., carried out on X-RAC, show that the coordinate 
parameters are satisfactory, and that in this projection 
both Pb and Zr have isotropic thermal vibrations. The 
maps definitely indicate, however, that a larger tem- 
perature factor is required for Pb, a smaller one for 7r. 
Calculations show that upon assuming Bp,=0.80 A* 
and Bz,=0.10 A*, the discrepancy factor R can be 
reduced to about 8°. These values of the temperature 
factors for Pb and Zr are very probably too extreme. 
No further efforts were made in this direction because 
it was felt that the accuracy of the observed structure 
factors was not sufficient for the purpose. 

2. Reflections of the type h, 2h, l. 
a large number of these reflections appear to be affected 
by extinction. The electron density maps indicate the 
existence of an anisotropic vibration of the Pb atoms 
along the [001] direction. These perhaps account for 
the fact that the discrepancy factor R for this pro- 
jection is noticeably higher than in the previous case: 
R=18.4%. Corrections for extinction and use of an 
anisotropic thermal factor for Pb could easily reduce 
the R factor to smaller values. This, however, would 
not affect the atomic coordinates; and, moreover, the 
physical significance of the results of these corrections 
would be highly questionable, in view of the rather 
limited accuracy of the observed structure factors. The 
study of thermal vibrations of the atoms in PbZrOs 
must await a neutron diffraction analysis of large, 
untwinned single crystals. 

The coordinates of all the atoms for the final model, 
obtained from the combined x-ray and neutron studies, 
are given in Table II. In the last column the total shifts 
of all the atoms are given in angstrom units. 


As stated above, 


VI. DISCUSSION 


Ever since the discovery of the dielectric anomalies 
in PbZrO; ceramics® suggested the possibility of its 


Tasie IL. PbZrO,: atomic coordinates. 


Coordinates of the 
unshifted atoms 
(in fraction of 
cell edge) 


Final coordinates 
(in fraction of 
cell edge) 

Atom x y x y 


Total 
shift 
in A 


W yckoff 


notation 


Pb’ 0.750 


) 0.125 O 
Pb” 0.750 


0.125 0.500 


0,706 
0.706 


0127 O A 
0.127 0.500 A 


0.26 
0.26 


Zr’ 0.250 
Za” 0.250 


0.125 
0,125 


0.250 
0.750 


0.243 
0,243 


0,124 
0,124 


0.250 4 
0.250 Ac 


0.04 
0.04 


Or; 
Or.” 


0.250 
0.250 


0.125 0 
0.125 0,500 


0.270 
0.270 


0.150 
0.100 


0.980 4c 
0.440 A 


0.45 
0.45 


Or’ 0 
On” 0 


0.250 
0.250 


0.250 
0.750 


0.040 
0,040 


0.270 
0.270 


0.400 


A 0.53 
0.750 ac 


0.34 


OO,’ 0 
QO; 0 


0.500 
0,500 


0.250 0 
0.750 0 


0.500 
0.500 


0.250 0 
0.400 OAl 


OO” 0 0 
Ge. 0 0 


0.250 0 0 
0.750 0 0 


0.250 0 
0.400 OAl 
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Fic. 5. Schematic projection of the room-temperature structure 
of PbZrO, on the (oot) plane. The dotted lines represent the 
a of the original perovskite unit cells. The ovr solid 
ine shows the orthorhombic unit cell. The dashed lines show the 
traces of the glide planes. 


antiferroelectric character, a number of very intriguing 
questions were raised, which a structural analysis was 
expected to answer. It was hoped, for example, that 
the solution of the structure could shed some light on 
the reasons for the difference in dielectric behavior of 
compounds chemically closely related to PbZrO;: for 
example, ferroelectric PbTiO;. A second—less ambitious 
but equally intriguing—dquestion is the following: why 
is the orthorhombic 6 axis, in PbZrOs, exactly equal 
to 2a (i.e., there is no measurable shear distortion of 
the ideal cubic lattice in the ab plane); and yet the 
typical orthorhombic character is confirmed by a pro- 
nounced optical anisotropy of the ab plane ?® 

As it turns out, the structural study of PbZrO, 
provides a very satisfactory answer to the second ques- 
tion, but cannot of itself give the complete solution of 
the first. This is because considerations of crystal 
chemical character (differences in the ionic radii and 
polarizabilities of Ti and Zr) and internal field con- 
siderations play a role of which the structure analysis 
can unveil the effects but not the causes. 

It might be instructive, in this connection, to con- 
sider some schematic representations of the structure 





@ Pr 
0 O 
e Zr 
Fic. 6. Schematic view of one layer of ZrO, octahedra 
as seen along [001 }. 
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as depicted in Figs. 5, 6, 7 and 8. Figure 5 represents a 
schematic projection of the PbZrO; room-temperature 
structure on the (001) plane, while the following figures 
emphasize the distortion of the ZrO, octahedra [com- 
pare with Fig. 1(b) |. Figure 6 shows a schematic view 
of only one layer of ZrO, octahedra as seen along the 
[001 } direction. Figure 7 represents schematically the 
ZrOs octahedra network as seen along the [100] direc- 
tion, and Fig. 8 the same as seen along the [010] 
direction. It appears that the ZrO, octahedra distort on 
zig-zag lines along the original cubic (100) directions, 
in a way somewhat recalling the pyrochlore-type struc- 
ture of CdyNboO;.'* 16 

Previous studies of BaTiO; and PbTiO; have shown 
that a lattice expansion takes place in the direction 
along which the main atomic shifts occur, and a con- 
traction in the direction perpendicular to it. In view of 
these, the preliminary model of Sawaguchi et al.’ for 


O Pb 


00 


Fic. 7. Schematic view of ZrO. octahedra network 
as seen along [100] direction. 


the structure of PbZrO; (Fig. 2) could not explain the 
pseudotetragonality of the lattice (b=2a), since an 
expansion was expected in the direction a along which 
the Pb atoms are displaced (antiparallel to each other). 
The final model, as illustrated by Fig. 5, provides a 
satisfactory explanation for the pseudotetragonality, 
since the oxygens O, and Oy, are also found to be dis- 
placed in the 6 direction, thus equalizing the parameters 
along the orthorhombic a and 6 axes. This model at the 
same time explains why a large optical (and conse- 
quently dielectric) anisotropy exists within the ab plane, 
which was found to be nonpolar.’ 

In view of the classification of PbZrO; as an anti- 
ferroelectric material, some features of the crystal 
structure reported here should be emphasized. It is 
obvious that PbZrO; is not an antiferroelectric in the 
sense first introduced, theoretically, by Kittel.’ Kittel’s 
hypothetical crystal involves two or more sublattices 

6 A. Bystrém, Arkiv Kemi, Mineral. Geol. 184, No. 21 (1944). 

‘6 Jona, Shirane, and Pepinsky, Phys. Rev. 98, 903 (1955). 
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with equal and opposite polarizations, so that the 
resulting structure is centrosymmetric; and, among 
other features, no piezoelectric effect should be de- 
tected. As it turns out, PbZrO; is “antiferroelectric” 
only in the ad plane, since all the atomic shifts within 
this plane are antiparallel; but it is definitely polar 
along the ¢ direction. The experimental evidence given 
by Roberts® for the existence of a piezoelectric effect in 
prepolarized ceramic specimens of PbZrO; agrees with 
the structural result. Also, the piezoelectric activity is 
supported by the elastic anomalies of PbZrO; ceramics 
at the transition point, as found by Marutake and 
Ikeda.” 

It is interesting to note that none of the antiferro- 
electric crystals whose structures have been studied 
satisfies Kittel’s criterion of centric symmetry. Room- 
temperature sodium niobate, NaNbOs, belongs to the 
orthorhombic noncentric space group P222,.!> Ammo- 
nium dihydrogen phosphate, NH,yH2PO,, assumes sym- 
metry P2,2;2, in its low-temperature, antiferroelectric 
phase." 

It has been suggested that orthorhombic PbZrO, 
could be ferroelectric in the [001] direction, even 
though accurate tests failed to detect any pyroelectric 
activity in ceramic samples.” Obviously, such a ques- 
tion can be only answered by a detailed study of the 
dielectric behavior of single crystals, as yet not available 
in suitable size. But if the crystal were ferroelectric in 
the ¢ direction, the question would immediately arise: 
why is no sign of ferroelectric activity (i.e., hysteresis 
loops) ever found in PbZrO; ceramics, when it is easily 
detectable in ceramic specimens of (for example) 
BaTiO;? This is particularly puzzling because we can 
now compute the maximum contribution to the over- 
all polarization, in the [001] direction of PbZrO,, as 
given by the ion shifts under the assumption of a purely 
ionic crystal. This contribution turns out to be of the 
order of 25 microcoulombs/cm*, which is of very con- 
siderable magnitude. Certainly the assumption of a 
purely ionic structure is incorrect ; but it is known that 
spontaneous polarizations even 100 times smaller can 
easily be measured. 

We are rather inclined to believe that PbZrO, is not 
ferroelectric along the [001] direction. This is because 
the answer to the question, of whether or not the 
polarity along the c axis can be reversed by an applied 
field, may be anticipated on the basis of the structure. 


Figures 6, 7, and 8 reveal that the reversal of the ¢ axis 


involves an opposite distortion of the oxygen octahedra 
and, particularly, the reversal of the polarizations of the 
Pb sublattices within the (001) plane. It is conceivable 
that the amount of energy necessary for such a reversal 
is very large, and in fact the crystal prefers to assume, 

7M. Marutake and T. 
(1955). 

18 P. Vousden, Acta Cryst. 4, 545 (1951). 


“R.O. Keeling, Jr., and R. Pepinsky, Z. Krist. 106, 236 (1955). 
*” Shirane, Sawaguchi, and Takagi, Phys. Rev. 84, 476 (1951). 


Ikeda, J. Phys. Soc. Japan 10, 424 
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Fic. 8. Schematic view 
of ZrO« octahedra net- 
work as seen along [010] 
direction. 


°o 0 


under a strong electric field, and very near to the 
transition temperature, a completely different type of 
structure (rhombohedral) with ferroelectric properties”! 

It is interesting, in this respect, to examine the change 
in bond length brought about by the large shifts of the 
atoms in PbZrOs. The O—O distances, at room temp 
erature, vary from 2.52A to 3.28 A, while the sum 
of the Goldschmidt ionic radii is 2.64 A and the sum of 
the covalent radii only 1.30 A. Figure 9 shows that 
the shortest Zr—O that involving the 
corner of the oxygen octahedron which is on top of the 
Zr atom. This distance is 1.92 A, which is much shorter 
than either the sum of the Goldschmidt radii (2.19 A) or 
the sum of the covalent radii (2.25 A). As for the Ph—O 
distances, three of them turn out to be very short (two 
of 2.58 A and one of 2.53 A); the sum of the ionic 
Goldschmidt radii corrected for 12 coordination is in 
this case 2.76 A, and that of the covalent radii 2.39 A, 

All these short interatomic distances are not new in 
the literature concerned with the structure of this type 
of compound. O—O distances as short as 2.49 A (and 
as long as 3.25 A) were found in the hexagonal modifi 
cation of BaTiO; **; Pb—O distances as short as 2.53 A 


distance is 


Fic. 9. Environ : 
ment of Zr in al 2:04 
PbZrO,. Interatomic 
distances are given 


in A 


210 


{t) 
0; 


#1 G. Shirane and S. Hoshino, Acta Cryst. 7, 203 (1954) 

“Rk. D. Burbank and H. T. Evans, Jr., Technical Report 
No. 12, Laboratory for Insulation Research, Massachusetts 
Institute of Technology, 1948 (unpublished). 
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were found in the room-temperature structure of 
PbTiO;.* Particularly these short Pb—O bonds, in 
PbZrO; as well as in PbTiO;, indicate that the homo- 
polar bond system plays an important role. Megaw™ 
predicted that in PbZrO, the same pyramidal environ- 
ment of Pb should be achieved which obtains in 
tetragonal PbO, where the Pb—O bonds form a flat 
tetragonal pyramid with Pb at the apex. Such a 
pyramidal environment was, in fact, found in the room- 
temperature structure of ferroelectric PbTiO;,* but does 
not occur in PbZrOx. In the latter, if we need such a 
model at all, the shortest Pbh—O bonds rather form a 
flat triangular pyramid with Pb at the apex. The dis- 
tance between the oxygens at the corner of such a 
pyramid are 2.89 A, 2.88 A, and 2.75 A. The direction 
of the normal from the Pb atom to the plane of these 
three oxygens is approximately that of the [111] 
direction in the original cubic lattice; this may be 
related to the fact that a strong electric field induces, in 
the vicinity of the transition temperature, a ferroelectric 
phase which was proved to be rhombohedral,” It would 
also be interesting to determine whether such a type 
of pyramidal environment of the Pb atoms occurs in 


*H. D. Megaw, Acta Cryst. 7, 187 (1954). 
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the as yet unknown structure of the orthorhombic 
modification of PbO. 


Tables of Observed and Calculated Intensities 
and Structure Factors 


Three tables of observed and calculated diffraction 
data have been prepared™: Table III: Observed and 
Calculated Neutron Powder Diffraction Data for 
PbZrO;. Table IV: PbZrO;: Comparison Between Ob- 
served and Calculated Structure Factors Fix. Table V: 
PbZrO;: Comparison Between Observed and Calcu- 
lated Structure Factors Fp, a, 1. 
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Neutron Diffraction Study of Orthorhombic BaTiO,;+ 
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The atomic positions of ferroelectric BaTiO, in its orthorhombic phase have been determined by a single- 
crystal neutron diffraction analysis. Pillar-shaped crystals with their major axes along the cubic [110] 
direction were maintained as single domains by the application of an electric field. The structure deduced 
can be viewed as a framework of slightly distorted oxygen octahedra, in which the central Ti ions are dis- 
placed towards one of the octahedron edges (polar axis) by 0.13 A. The Ba ions are also shifted in the same 
direction but by the smaller amount of 0.07 A. A comparison of this structure with that of the tetragonal 
phase suggests the essential role of Ti in the ferroelectricity of this crystal as treated by Slater. 


I. INTRODUCTION 


T is well known that BaTiO, exhibits three ferro- 

electric phases.’ Possessing a cubic perovskite 
structure at high temperatures, BaTiO; transforms 
to a tetragonal modification at its Curie temperature 
around 120°C. Upon further cooling, the symmetry 
changes to orthorhombic at 5°C and to rhombohedral 
at —80°C. The dielectric anomalies at these transitions, 


t Development supported by Brookhaven National Laboratory, 
the U. S. Atomic Energy Commission, the Air Force Office of 
Scientific Research, and the Signal Corps Engineering Laboratory. 
X-RAC and S-FAC calculations are supported by the Office of 
Naval Research. 

'H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 

*P. W. Forsbergh, Jr., Phys. Rev. 76, 1187 (1949). 


as well as the associated changes in other physical 
properties, have been well established. 

A knowledge of the exact atomic positions in the 
three phases is of fundamental importance to the 
understanding of the ferroelectric behavior of BaTiOs. 
The first steps taken in this direction were the careful 
x-ray studies of the tetragonal phase carried out by 
Kaenzig* and by Evans.‘ Although the structure of 
BaTiO; is very simple, it appeared that reliable in- 
formation of the atomic positions cannot be given 
by x-ray analysis. This is a consequence of the small 

5 W. Kaenzig, Helv. Phys. Acta 24, 175 (1951). 

‘H. T. Evans, Technical Report No. 58, Laboratory for 


Insulation Research, Massachusetts Institute of Technology, 
January, 1953 (unpublished). 
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Fic. 1. Crystal 
orientations used in 
the study of ortho- 
rhombic BaTiO,. 
Directions in (a) are 
referred to the cubic 
axes. 
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scattering factor of oxygen for x-rays compared with 
that of Ba. Under these circumstances x-ray methods 
are insensitive to the small ionic shifts from the cubic 
positions. However, the difficulty can be removed by 
employing neutron diffraction techniques, where the 
oxygen scattering power is of the same order of magni- 
tude as the scattering powers of Ba and Ti. A recent 
neutron diffraction study by Frazer, Danner, and 
Pepinsky® has established the tetragonal structure 
unambiguously. 

It should be emphasized that neutron diffraction 
studies of BaTiO; have been possible only since the 
method of growing large plate-like single crystals was 
discovered by Remeika.* Even with the flux of 4X10" 
neutrons/cm? sec available at the Brookhaven reactor, 
relatively large crystals are required to give sufficient 
intensities. For example, the study of the tetragonal 
phase was carried out using a single crystal whose 
dimensions were 12X%3X0.3 mm. 

In addition, the application of an electric field is 
necessary to maintain the crystal as a single domain. 
This is easily done in the tetragonal phase since the 
major surfaces, the (100) faces, are the ones to be 
electroded. In the orthorhombic case, however, the 
field must be applied along the cubic [110] direction, 
which is the polar direction for this phase. This requires 
that the crystal plates from which the samples are cut 
must be relatively thick. Figure 1(a) shows the orien- 
tation of the sample with respect to the natural crystal 
plate. 

The crystals used in this study, grown by the Remeika 
technique, were furnished through the courtesy of Dr. 
H. Jaffe and Mr. L. Shiozawa of the Clevite Research 
Center. The purity of the crystals was reported as better 
than 99.9% and the Curie temperature as between 
120°C and 130°C. 


Il. EXPERIMENTAL 
The symmetry of orthorhombic BaTiO; is that of the 
space group Amm2—C}i.! At —10°C the dimensions 


5 Frazer, Danner, and Pepinsky, Phys. Rev. 100, 745 (1955). 
6 J. P. Remeika, J. Am. Chem. Soc, 76, 940 (1954), 
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Fic, 2. Temperature dependence of counting rate of (200) 
reflection. The change is due to a slight reorientation of the crystal 
at the transition, The counter is set at the peak position at room 
temperature. 


of the unit cell are 


a=3,990 A, b=5.669A, c=5.682 A, 


where a coincides with one of the original cube axes, 
while 6 and ¢ are rotated 45° with respect to the two 
remaining cube axes. This unit cell is approximately 
twice as large as the simple cubic cell, and contains 
two molecular units. The atomic positions are given as 
follows: 


2 Ba at (0, 0, 0), (0, 4, 4); 

2 Ti at (4, 0, 4+-d2n;), (4, 4, dari); 

2 O; at (0, Q, 4+-8201), (0, }, 6201); 

4 Oy at (4, 4+4y, 4442011), (4, 24+4y, 3+42011), 
5, 1—dy, 4+-42011), (4, 4 —4y, 4 +4201). 


The four positional parameters, along with the tem- 
perature parameters for each nonequivalent atom type, 
completely determine the structure. 

Figures 1(b) and 1(c) illustrate the two types of 
crystal mounting used for the collection of (hOL) and 
(Okl) intensity data, respectively. The dimensions of 
the crystal used for the (hOl) observations were 120.7 
0.7 mm. A somewhat smaller crystal, of size 40.7 
<0.7 mm, was used to obtain the (Ok) reflections 
because of the anticipated extinction effects for a 
crystal in this orientation. Despite its reduced size, the 
latter crystal had a large enough volume to give 
measurable intensities for all reflections. In both 
cases, air-dry silver paint was used to form the elec 
trodes, and a dc biasing field of 10 kv/cm was obtained 
by placing a 700-volt potential across the crystal. 

Several reflections of the (h0l) class were observed 
at room temperature. The observed integrated in- 
tensities, which have (All) indexing in the tetragonal 
phase, were in excellent agreement with the calculated 
intensities based on the reported structure.® 
cooling the crystal, the transition to the orthorhombic 
phase was clearly indicated by a change in the counting 
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F1G, 3. Projection of orthorhombic BaTiO, on the (100) plane. 


rate of the (200) peak, as shown in Fig. 2. The transition 
temperature is 5°C on cooling and 10°C on heating. 

All intensity data for the orthorhombic phase were 
collected at +1°C. This temperature was attained by 
using a simple cooling system, in which dry air, after 
passing through a dry ice bath, was blown over the 


crystal. A copper-constantan thermocouple was used 
to indicate the temperature, which was kept constant 
to within +0,2°C. 

A conventional double-crystal spectrometer, utilizing 
a monochromatic neutron beam of 1.053 A wavelength 
from the Brookhaven reactor, was employed to observe 
all reflections for which 20< 100°. A total of fifty Bragg 
reflections, 25 (hOl) and 25 (Okl), were scanned, The 
scanning speeds ranged between 1.25 min and 10 
min/per 0.1° in 26, depending on the intensity. The 
magnitudes of the observed structure factors, | Fo, 
were calculated from the integrated intensities by the 
relation |/»| = K(/ sin26)!, where K is a scale factor. 

The structure was determined by the trial and error 
method, It was clear, at an early stage of the analysis, 
that extinction effects were negligible except in the 
strongest reflection, the (102). No effort was made to 
correct for the extinction effect, and the (102) was 
omitted in the subsequent analysis. Two groups of 
reflections, the (2n4-1, 0, 4) and the (0, 2n+-1, 2n-+-1), 
were quite sensitive to changes in the parameters, The 
final parameters, determined to give the best agreement 
for both (#01) and (Ok/) reflections, were 


bx i 
bz I 


b2011 


+0.010, 
~0,010, 
~0,013, 


b¥o1 + 0.003. 


The values of the scattering lengths used in the above 
calculations are 0.52, —0.38, and 0.5810~-" cm for 
Ba, Ti, and O, respectively.” The comparison between 


7C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 
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the observed and the calculated structure factors is 
shown in Table I. The agreement is excellent, giving a 
discrepancy factor R=d0||Fo|—|F.||/X|Fo| of 
0).037. 

Particular attention was given to the possibility of 
the existence of other sets of 6’s which might give 
equally good agreement with the observed data. For 
example, all structures involving combinations of 
“signs” of éz and éy for O; and Oy; were examined. 
However, none of these models satisfied the observed 
data. 

III. DISCUSSION 


The projection of the structure of orthorhombic 
BaTiO; on the (100) plane is shown in Fig. 3. With 
respect to Ba at the origin, the Ti atom is displaced 
from its “cubic” position by 0.06 A in the positive z 
direction. The oxygen atoms Oy;, which are coplanar 
with the Ti atoms, are shifted by 0.07 A in the opposite 
direction. In addition, the Oy; have small shifts in the 
y direction, such that their resultant displacement is 
“toward” the Ti atom. The remaining oxygen atoms 
QO, are displaced in the negative z direction. 

Since the choice of origin is arbitrary along the 
z direction, we can alternately describe the structure in 
terms of the Ti and Ba atoms with respect to the 
oxygen octahedra. Choosing the origin such that the 
shifts of Oy; atoms in the z directions are zero, Ti and 
Ba are displaced 0.13 A and 0.07 A, respectively, in the 
positive z direction. The large Ti displacement may be 
associated with the slight distortion of the oxygen 
octahedron in which the Oy; are shifted 0.02 A parallel 


TaB_e IL. BaTiO;: observed and calculated structure factors, in 
unit of 10~" cm. Temperature factor B is 0.41 A? for (A01) and 
0.45 A* for (Ok). 


F.| (Ok!) |Fo | Fe| 


0.87 
3.55 
0.75 
2.99 
0.64 
0.68 
0.58 
0.67 
0.85 
3.67 
0.80 
3.29 
0.75 
0.62 
0.80 
3.62 
0.77 
3.42 
0.77 
0.89 
0.59 
0.65 
3.39 
0.93 
3.19 


(hol | Fo 


0.85 
3.66 
0.75 
3.01 
0.66 
0.74 
0,58 
0.65 
0.84 
3.63 
0.81 
3.59 
0.78 
0.59 
0.84 
3.53 
0.77 
3.44 
0.70 
0.83 
0.60 
0.69 
3.35 
0.89 
3.10 


020 
040 


0.85 
3.04 
0.64 060 
3.26 O80 
0.64 O11 
5.15 031 
0.89 051 
4.38 071 
1,17 002 
3.66 022 
0.83 042 
3.55 062 
0.63 013 
3.18 033 
0.60 053 
4.89 004 
0.84 024 
4.16 O44 
3.39 015 
0.76 035 
3.28 055 
0.54 006 
441 026 
0.76 017 
2.98 OO8 


002 0.88 
004 3.68 
006 0.67 
008 3.17 
100 0.62 
102* 4.53 
104 0,99 
106 4.11 
108 1.10 
200 3.87 
202 0.83 
204 3.65 
206 0.66 
208 3.17 
300 0.66 
302 4.04 
304 0.86 
306 4.29 
400 3.39 
402 0.75 
404 3.54 
500 0.64 
502 4.24 
504 0.85 
600 3.23 


* (102) reflection was not used for analysis because of probable extinction 
effect. 
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to y, resulting in even shorter Ti—Oy, distances, and 
the O; are shifted 0.02 A in the direction of the Ti 
displacement. 

These shifts result in large differences in the bond 
lengths between Ti and the six surrounding oxygens. 
The Ti—Oy;(+) bond becomes 1.90 A, while the 
remaining Ti—O bonds are 2.00 A and 2.10 A as shown 
in Fig. 4. The shortest bond is somewhat smaller than 
the sum of the Goldschmidt radii, 1.96 A. On the other 
hand, the changes in the Ba—O and O—O bond 
lengths are small, the former ranging from 2.78 to 
2.90 A, while the latter range from 2.80 to 2.87 A, 

A comparison of the orthorhombic and tetragonal 
structures, based on different origins, is given in Table 
II. The unit cell dimensions and atomic positions for 
the tetragonal structure are: 


a= 3.986 A, c= 4.026 A; 
Ba (0, 0, 0); Ti (4, 4, 440.015); Oy (4, 4, — 0.023); 


2) 29 2 


On (4, 0, }—0.014), (0, 3, 40.014). 


It should be noted that in the tetragonal phase Ti has 
one nearest oxygen neighbor (O;) at a distance of 1.86 A, 
while in the orthohombic phase Ti has two nearest 
oxygen neighbors (Oy;) at 1.90 A. 

In view of the slight distortion of the oxygen octa- 
hedron present in both the tetragonal and orthorhombi« 
structures of BaTiOg, it appears definite that the various 
models which presupposed a drastic distortion of the 
oxygen framework may be excluded. In this respect, it 
may be added that tetragonal PbTiO; shows little 
distortion of the Os group.* On the other hand, we can 
obtain a uniform picture encompassing both the 
tetragonal and orthorhombic structures if we consider 
the small distortion of the oxygen octahedron as a 
result of the displacement of Ti and Ba along the 
polar axis. 

The essential role of Ti is in line with the Slater 
theory,’ in which the ferroelectric behavior of BaTiO, 
arises because of the Lorentz correction, leading to a 
vanishing term in the denominator of the expression 
his treatment Slater 


for the dielectric constant. In 


TABLE IL. Comparison of ion shifts in orthorhombic and tetragonal 
phases, with respect to different origins, for BaTiOy. 


Orthorhom bic letragonal 


(A) Ba (000) 
| Ti +0.06 A 
0.07 A 
£0.02 A 


+-0.06 A 
0.09 / 
0.06 | 


bz 
| On 
byour 


(B) Origin is chosen to give 62o;;=0 


| Ti +013 A +015 , 
6z{ Ba +-0.07 A +-0.09 ; 
| O; +-0.02 A 0.03, 


§ Shirane, Pepinsky, and Frazer, Acta Cryst. 9, 131 (1955) 
* J.C. Slater, Phys. Rev. 78, 748 (1950). 


DIFFRACTION STUDY 


Fic. 4. Environ 
ment of Ti in ortho 
rhombic BaTiO, 
Interatomic dis 
tances given in A 


computed the Lorentz correction exactly, taking into 
account the precise crystal structure. The temperature 
dependence of the polarizability, which is essential to 
the phase transition, is assumed to come from a tem 
perature variation of the ionic polarizability of Ti. 
Although the treatment was limited to the cubic to 
tetragonal phase change, the same mechanism seems 
to be of the essential character for the tetragonal to 
orthorhombic transition. 

It is well established experimentally that the behavior 
of BaTiO; through the three phase transitions can be 
explained by the “single” free energy function of 
Devonshire.” This imposes the restriction that any 
atomistic model proposed to explain the mechanism of 
the ferroelectric properties of BaTiO, must satisfy this 
thermodynamical requirement. A further consequence 
of the Devonshire theory is that once the proper model 
has been established in the cubic phase, and if this 
model can account for the temperature change of free 
energy in the cubic phase, no further assumptions are 
needed to account for each phase change. 

The observed structure of BaTiO, in the tetragonal 
and orthorhombic phases may provide important 
information concerning the form of the proper atomic 
model in the cubic phase. For example, according to 
Devonshire’s estimate!’ the oxygen atoms are more 
loosely bound to their symmetrical positions than are 
the Ti atoms, provided we assume BaTiO, to be a 
purely ionic crystal. This was the basis of the oxygen 
displacement theory of Jaynes.'' However the observed 
structures suggest the essential role of ‘Ti as treated 
by Slater. 

It is certainly possible that besides the long-range 
dipole interaction considered by Slater, other factors 
such as the bond character of the constituent atoms 
play an important role in determining the free-energy 
function. In this respect, a more satisfactory theoretical 
treatment is awaited, It is certain now, however, that 
whatever the origins of ferroelectricity may be, they 


” A. F. Devonshire, Phil. Mag. 40, 1040 (1949); 42, 1065 (1951) 
"E. T. Jaynes, Phys. Rev. 79, 1008 (1950) 
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must be physical quantities which are changing 
gradually and continuously even through the phase 
transitions. It must be emphasized, therefore, that the 
observed changes in the Ti—O bonds in BaTiO, do 
not necessarily imply that a change in the covalent 
bond system is the “origin” of the ferroelectricity of 
this crystal, as has been suggested by Megaw.” 

The essential difficulty of Megaw’s theory is not in 
the fact that she emphasized the covalent bond in the 
crystal, but in the point that she considered the 
“abrupt” changes of the bond character at each 
transition as the origin of the ferroelectricity. On the 
contrary, the short bond lengths may be a result of the 
restrictions imposed by the free-energy requirement 
through the phase change. 

The atomic displacement along the polar direction 
result in a spontaneous polarization. Unfortunately no 
reliable information about the ionic charges in BaTiO, 
has been provided, and it is not likely that BaTiO, is 
purely ionic, Nevertheless, the polarization calculated 
on the assumption of ionic character may provide an 
estimate of the maximum contribution of the ionic part. 
The observed ion shifts give 17 microcoulombs/cm 
in the tetragonal phase at room temperature, and 16 
microcoulombs/cm? in the orthorhombic phase near 
0°C. The observed spontaneous polarizations are 26 
and 29 microcoulombs/cm’*, respectively”; the latter 


was calculated from the observed value along [100]. 
The differences between the observed values and the 
calculated ionic contributions based upon an assumed 
purely ionic crystal may be considered as an estimate 


" H. D. Megaw, Acta Cryst. 5, 739 (1952). 
“W. J. Merz, Phys. Rev. 91, 513 (1953). 
4H, H. Wieder, Phys. Rev. 99, 1161 (1955). 
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of the minimum contribution to be accounted for by 
electronic polarization. 

In this structure analysis we have assumed the polar 
direction in the orthorhombic phase to be the cubic 
[110]. Recently, Berlincourt e al.!® have raised the 
question that the polar axis might be the cubic [100], 
rather than [110] as previously accepted. Their 
argument is based on an extremely high electro- 
mechanical coupling coefficient observed along the 
cubic [100] direction in the orthorhombic phase. 
Although optical observations by Kay and Vousden! 
and by Forsbergh? under the application of an electric 
field seem to have provided strong evidence for the 
polar axis to be [110], one more additional dielectric 
test was carried out in our X-Ray and Crystal Analysis 
Laboratory with the help of Professor F. Jona. The 
temperature dependence of the spontaneous polari- 
zation was studied with the crystal used for the (401) 
neutron observations. With the field applied along the 
cubic [110] direction, the spontaneous polarization 
increases by about 40% on cooling through the tetra- 
gonal-orthorhombic phase transition. This, combined 
with the previously reported drop along the [100] 
direction,! can be considered as a sufficient proof that 
the polar direction is not [100], but is [110] as has 
been accepted. 

We are very grateful to Dr. H. Jaffe and Mr. L. 
Shiozawa for supplying the single crystals of BaTiOs, 
and to Professor F. Jona for measurement of the 
temperature dependence of the spontaneous polari- 
zation. We are also grateful to Professor Jona and to 
Dr. B. C. Frazer for helpful discussions. 

6 Berlincourt, Jaffe, and Shiozawa, Bull. Am. Phys. Soc. Ser. 


II, 1, 132 (1956). 
‘©W. J. Merz, Phys. Rev. 76, 1221 (1949). 
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X-ray Weissenberg patterns of a barium titanate crystal in the low-temperature phase (below —90°C) 
show that the spacings along the perovskite cubic axes are equal and that the cube faces are sheared through 
a small angle, i.e., the unit cell has rhombohedral character. Optical examination of these crystals in electric 
fields, together with dielectric constant measurements, suggest that the cell is only pseudorhombohedral. 


The true symmetry appears to be lower and may possibly be monoclinic (point group 2 or m) 


The con 


tradictions in the early dielectric measurements are explained by this assumption. 


I, INTRODUCTION 


ARIUM titanate, BaTiOs, the best known repre- 

sentative of the perovskite-type ferroelectrics, 
undergoes three wel!-described phase transitions. Above 
120°C the crystal is cubic and nonpolar. Below 120°C 
tetragonal symmetry appears, with an axial ratio c/a 
of 1.01 at room temperature, and exhibits ferroelectric 
properties along the direction of the tetragonal ¢ axis. 
Tetragonal barium titanate has been studied in great 
detail,’ and its structure has been completely deter- 
mined in a neutron diffraction study by Frazer, Danner, 
and Pepinsky.? 

A second phase transition occurs at about 0°C, with 
the symmetry becoming orthorhombic. The crystal is 
still ferroelectric, but the direction of spontaneous 
polarization is now inclined at 45° to the original cubic 
[100] direction. The structure of this phase was 
recently determined with neutrons by Shirane, Danner, 
and Pepinsky.’ 

If the crystal is cooled below —90°C, a third phase 
transition occurs. The symmetry of this phase is re- 
portedly rhombohedral, with the direction of spon- 
taneous polarization along the original cubic [111] 
direction. The experimental data indicating such sym- 
metry for this low-temperature phase have been very 
convincing. The most important points are the fol- 
lowing: 

(1) An x-ray study of the low-temperature phase by 
Kay and Vousden‘ reveals that all reflections can be 
indexed on the assumption that the symmetry is 
rhombohedral. The spacings along the cube axes are 
found to be equal, and the cube faces are sheared 
through a small angle. 

(2) Optical studies‘ show that the extinction of a 
BaTiO; plate with pseudocubic habit is always sym- 
metrical in the low-temperature phase. This is in 

t Research supported by contracts with the Air Force Office 
of Scientific Research, and with the Signal Corps Engineering 
Laboratories. 

'See, e.g., Shirane, Jona, and Pepinsky, Proc. Inst. Radio 
Engrs. 43, 1738 (1955). 

? Frazer, Danner, and Pepinsky, Phys. Rev. 100, 745 (1955), 

3 Shirane, Danner, and Pepinsky, preceding paper [Phys. Rev. 
105, 856 (1957) ] 

4H. F. Kay and P. Vousden, Phil. Mag. 40, 1019 (1949). 

5 P. W. Forsbergh, Phys. Rev. 76, 1187 (1949). 


accordance with the assumption of a rhombohedral 
phase, which is the only pseudocubic form which gives 
twinning and extinction independent of the cube axis 
of viewing. Moreover, Kay and Vousden showed that 
electric fields applied along the original cubic [100] 
direction cause no orientation of the crystal before 
breakdown occurs. This again is in accord with the 
assumption of a polar axis along [111], since the 
twinning of such a crystal permits four different polar 
directions equally inclined to the field. 

(3) Because the polar axis is supposedly lying along 
the original body diagonal below —90°C, the value of 
the spontaneous polarization measured along the cube 
axis was expected to be V3 times smaller than the room 
temperature value. The measurements of Merz® show 
that this relationship is approximately fulfilled. 

Although the above results are all in agreement with 
a rhombohedral symmetry for the low-temperature 
phase, they do not provide conclusive proof. Optically, 
such proof appears very difficult because no crystal 
with (111) faces is available. Crystal-structural studies 
also encounter difficulties. The presence or absence of 
threefold symmetry could only be established by a full 
neutron analysis, using a cylindrical single-domain 
specimen of adequate size; and no such specimen has 
been preparable. 

There exist two other reasons for questioning the 
assumption of rhombohedral symmetry. The first of 
these is of a general nature, and is based on the well 
known empirical fact that crystal transitions generally 
result in a decrease in symmetry as temperature de- 
creases. In BaTiOs; this rule is indeed fulfilled at the 
two upper transitions. Starting with cubic symmetry, 
space group Pm3m, the crystal loses the threefold 
symmetry at 120°C and assumes the tetragonal space 
group P4mm. At O0°C, the fourfold symmetry dis 
appears, and the result is the orthorhombic space group 
Amm2. The reassumption of a threefold symmetry 
(space group R3m) at —90°C, if true, is remarkable but 
not impossible. The loss of the mirror plane symmetry 
(leading to monoclinic C2) or the twofold axis (leading 
to monoclinic Cm) would be more in agreement with 
previous experience. 


*W. J. Merz, Phys. Rev. 76, 1221 (1949). 
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A re-examination of the dielectric measurements 
made on single crystals of BaTiO; by Merz® lead to the 
second reason for skepticism about the supposed 
rhombohedral symmetry. The reported data, plotted 
as dielectric constant versus temperature, were obtained 
from specimens which were a- and c-single-domain 
plates in the room-temperature tetragonal phase; but 
the curves corresponding to the two samples were 
remarkably different in the low-temperature phase. It 
has been repeatedly pointed out'’ that the existence of 
two branches on such a plot in the temperature region 
below —90°C is incompatible with the accepted 
rhombohedral symmetry of the lowest phase. 

The purpose of this investigation is to obtain addi- 
tional information concerning the low-temperature 
phase of BaTiO,, and to show that the previously 
assumed rhombohedral symmetry is unlikely. 


Il. X-RAY STUDY 


A small parallelepiped was cut from a large plate of 
BaTiOs, in such a way that its major dimension lay 
along the original cubic [100] direction. The crystal 
was then mounted on the goniometer head of a low- 
temperature Weissenberg camera® so that the cubic 
axis coincided with the axis of rotation. As a control, 
room-temperature Weissenberg photographs were taken 
with both Cu Ka and Mo Ka radiation. The Cu Ka 
wavelength allowed recording of reflections up to the 
fifth order; and Mo Ka gave data as high as the eleventh 
order, The sample was not ground to cylindrical shape 
and a single-domain crystal was not sought, since 
intensity data were not required. Unit cell dimensions 
for the room-temperature phase were found to be 


a=3.992 A, c=4.031 A, 


in good agreement with the published data. 

A Weissenberg photograph was taken with Mo Ka 
radiation at —168°C, and the splitting of reflections 
due to twinning was carefully studied. No splitting was 
observed for reflections of the type (00) and (ORO), but 
a definite splitting occurred for reflections of the genera! 
type (AkO). The splitting is proof of the multidomain 
nature of the crystal in the low-temperature phase, and 
the lack of splitting for (400) and (Ok0) type reflections 
confirms the early work of Kay and Vousden.‘ 

The unit cell for the low-temperature phase proved 
to be rhombohedral in the sense that the spacings 
along the three axes which coincide with the original 
cubic [100] directions are indeed equal. This “rhombo- 
hedral”’ cell was found to have the following dimensions : 


a,= 4,001 A, a,=89°51'. 


Of course, these measurements do not prove that the 
true symmetry of this phase is rhombohedral. It is 


7C. Kittel, [ntroduction to Solid State Physics (John Wiley and 
Sons, Inc., New York, 1953), p. 119. 

* Keeling, Frazer, and Pepinsky, Rev. Sci 
(1953). 
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conceivable, for example, that the symmetry could be 
monoclinic, or even triclinic, in which case the existence 
of a pseudocell with rhombohedral character would be 
purely accidental. Such accidental pseudocells of higher 
symmetry are not unusual for low-temperature phases 
arising from slight distortions of a cubic lattice. The 
most recent example is that of the low-temperature 
phase of NaNbO;°; older examples are PbZrO;,” and 
magnetite at low temperatures.'! If a monoclinic lattice 
is chosen for the low-temperature phase of BaTiOs, 
measurements of the unit cell dimensions give the 
following values: 


a=5.666A, b=5.651A, c=4.001A, 6=90°13'. 


Figure 1 shows the relative positions of the previously 
chosen rhombohedral axes and the monoclinic axes 
chosen above. 


Ill, OPTICAL STUDY 


If it is true that the symmetry of the lowest phase is 
monoclinic, both symmetrical and parallel extinction 
should be observed. However, the fact that only sym- 
metrical extinction is observed does not exclude the 
possibility of monoclinic symmetry. 

In the first place, it is conceivable that the domains 
which show parallel extinction are oriented so that the 
polarized light travels almost in the direction of an 
optic axis. In such a case, the existence of these domains 
in a highly twinned crystal (and every BaTiO; crystal is 
highly twinned in the low-temperature phase) would 
escape the attention of an observer, because their only 
effect would be to render the predominantly sym- 
metrical extinction imperfect. In actual fact, it was 
found that a multidomain crystal of BaTiO; does not 
extinguish perfectly in the low-temperature phase. 

Secondly, it was observed that a multidomain crystal 
in the orthorhombic phase shows predominantly sym- 
metrical extinction, which indicates that the polar axis 


\b 


Fic. 1. Orientation of rhombohedral axes a, relative to monoclinic 
axes a, b, c in low-temperature phase of BaTiOs. 


9 Johns, Shirane, Jona, and Pepinsky (to be published). 
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in this phase lies in general within the plane of the 
crystal plate. If the polar axis coincides with the 
monoclinic 6 axis in the low-temperature phase (see 
Fig. 1), it is quite possible that the same situation 
occurs. As a consequence, a majority of the domains 
will show symmetrical extinction. 

Observation of the crystal between crossed nicols and 
in the presence of a strong dec field should provide a 
conclusive answer to the problem. However, Kay and 
Vousden,* who performed such an experiment, obtained 
data which showed only that one or the other of the two 
following assumptions may be correct: (i) the polar 
axis lies in the direction of the body diagonal; or 
(ii) the polar axis lies in the direction of the monoclinic 
b axis, which coincides with an original cubic (110) 
direction. Their inability to distinguish between these 
two possibilities is due to the fact that the field was 
applied along the cube axis, which was oriented per- 
pendicular to the direction of propagation of the light. 
However, if the field is applied in the (100) direction 
parallel to the light beam, the two possibilities give rise 
to different effects, and a choice can be made. In the 
first case, a parallel field should cause no domain orienta- 
tion which could affect the symmetrical extinction. In 
the second case, there should be a change from sym- 
metrical to parallel extinction in the presence of the 
field. 

The above experiment was performed using BaTiO; 
crystals of approximately 5X10~* cm thickness and 
with areas as large as 25 mm’. These were kindly 
furnished by Professor Pulvari of the Catholic University 
in Washington, D. C. The major surfaces of the plates 
were, as usual, perpendicular to a (100) cubic axis. Semi- 
transparent electrodes about 2 mm in diameter were 
evaporated in vacuo on opposite surfaces of the crystal 
plates, and electrical contact was made to a dc power 
supply. The crystals were then mounted in a special 
holder designed for optical studies at low temperatures. 

The experimental arrangement was checked in the 
following ways: 

(a) At room temperature, where between crossed 
nicols the plates show a large number of a domains 
(parallel extinction), application of the field caused 
darkening of the coated region. Here the polar axis is 
forced to assume the same direction as the field, i.e., 
parallel to the light beam. 

(b) In the orthorhombic phase, where the crystals 
appear to be highly twinned and where the extinction 
is symmetrical, the field causes orientation of the 
domains under the coated region in such a way that 
the extinction changes from symmetrical to parallel. 
This can be considered additional proof that the polar 
axis of the orthorhombic phase does lie along one of the 
original cubic (110) directions. The latter fact had 
recently questioned by Berlincourt et al.,'* but was re- 
confirmed by the structural analysis of Shirane et al.* 


% Berlincourt, Jaffe, and Shiozawa, Bull, Am, Phys, Soc. 1, 
132 (1956), 
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Fic. 2. Dielectric constant €;;:99; of multidomain BaTiO, 


crystals in low-temperature phase 


After the above tests of the experimental arrange- 
ment, the temperature was dropped below — 90°C, the 
multidomain crystals were rotated into one of the 
(symmetrical) extinction positions, and electric fields 
ranging up to 10° v/cm were applied. In the presence 
of the field, a definite brightening of the coated region is 
observed ; and this is found to disappear as soon as the 
field is removed. This optical experiment, more than 
any of the indications discussed above, would seem to 
point to some symmetry other than rhombohedral for 
the low-temperature phase of BaTiOs. 


IV. DIELECTRIC STUDY 


The early dielectric measurements made on BaTiO, 
by Merz,® which show two branches on the dielectric 


constant curve below —90°C, also indicate other than 
rhombohedral symmetry for the low-temperature phase. 
Merz’s data can be explained if it is assumed that the 
true symmetry is monoclinic and that the two crystals 
investigated had very different domain configurations 
in the low-temperature phase. 

To show that these assumptions hold, it was decided 
to determine the dielectric constant €;09) (i.e., measured 
along the cube axis) for several different crystals in the 
low-temperature phase. Six crystals of different sizes 
and origins were used (four from the Bell Telephone 
Research Laboratory and two from the Clevite-Brush 
Development Company). Rhombohedral symmetry 
should result in identical €(,90, values for all the crystals ; 
but the measured values differed widely. For example, 
one series of measurements at — 108°C gave 273, 239, 
486, 528, 515, and 217 for the €;;90) of the six crystals. 
It seems unlikely that such a wide spread of values 
could be due to experimental error, even if this error 
(due to thickness and area determinations, edge effects, 
etc.) is pessimistically estimated at 20%. However, 
there still remains the possibility that these crystals 
from different sources might have different dielectric 
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behavior as a result of variations in growth conditions, 
impurities, etc. 

To eliminate this criticism, the following experiment 
was performed. A single-crystal plate about 35 mm? in 
area and 0.4 mm in thickness was cut in half after being 
coated with evaporated silver electrodes, The dielectric 
constants of the two plates thus obtained (plates A 
and 8) were measured at the same time in the same 
crystal holder. The measuring field was 2.5 v/cm and 
the frequency 10 kce/sec. The results are shown graphi- 
cally in Fig. 2 (curves with open circles and open tri- 
angles). With identical experimental conditions for the 


two samples, the only source of error in | €,100;4 — €:100; 


is due to error in the surface area measurements. At 
most such an error should not exceed 5%, so that 
differences larger than 5% be due to a true 


dielectric 


must 
difference in behavior, which corresponds 
here to slightly different domain configurations in 
A and B, 

If the two plates are heated to room temperature 
and then cooled to the low-temperature phase, there is 
a high probability that the domains will return to their 
original configuration. This was confirmed by optical 
observation of the domain patterns below — 90°C after 
repeated warmings to room temperature. 

One of the plates (B) was then heated to 250°C in a 
Nichrome furnace, kept at this temperature for 4 hours, 
and cooled to room temperature over a period of 8 
hours. It was hoped that this annealing process would 
eliminate the thus favor the 
establishment of a different domain configuration in the 


some of strains and 
low-temperature phase. Plate A was not subjected to 
this heat treatment. A low-temperature dielectric con- 
stant measurement was then made under the same 
conditions as before. The results are included in Fig. 2 
(black circles and black triangles). Plate A exhibits the 
same dielectric constant €,,90; a8 in the first run, as 
expected. Plate B shows drastically different behavior, 
thus confirming the supposition that a new domain 
configuration was assumed during cooling to the low- 
temperature phase. The relative error in the curves 
obtained in the two runs is the error of the capacitance 
bridge, which is essentially negligible. 

The above dielectric tests confirm the results of the 
optical investigation, and clearly indicate that the 
differences in the values of €;;00, obtained for BaTiO; 
crystals in the low-temperature phase are due to the 
presence of different domain patterns in the individual 


plates. 
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Vv. CONCLUSION 


The above experiments strongly suggest that, even 
though the low-temperature phase of BaTiO; can be 
described in terms of a unit cell with rhombohedral 
dimensions, the true symmetry is nonetheless lower. 
In view of the sequence of phase transitions exhibited 
by barium titanate, it would seem logical to assign 
monoclinic symmetry (point group 2 or m). However, 
the possibility of triclinic symmetry cannot be ruled 
out on the basis of present evidence. 

If the polar axis is taken as lying along the face 
diagonal (monoclinic 6) in the low-temperature phase, 
the conclusion—that the spontaneous polarization along 
the cube axis below —90°C is about v3 times smaller 
than that of the tetragonal phase because the polar axis 
lies along a body diagonal—is invalidated. Clearly, such 
a statement implies that only the direction of the spon- 
taneous polarization changes at the transition points, 
and not the magnitude. It should not be necessary to 
emphasize that there is no reason for the magnitude of 
the spontaneous polarization to remain constant at the 
transitions. In fact, it would be rather surprising if 
it did. 

There is admittedly a large amount of experimental 
and theoretical work to be done before the question 
raised by this paper is definitely settled. This involves: 
the correlation between the optical and the dielectric 
results; the study of a possible effect of strains which 
may be created in the crystal by the field in the optical 
experiment; the possibility of microscopic cracks in- 
fluencing the magnitude of the dielectric constant 
below —90°C!; the effects of domain clamping ; and the 
theoretical treatment of the low-temperature phase on 
the basis of Devonshire theory." The determination of 
the true symmetry of the low-temperature phase must 
finally be based on a detailed x-ray and neutron study 
of a single-domain crystal in this phase. 
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Magnetoconductivity in p-Type Germanium 
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Measurements of the Hall coefficient and resistivity of p-type germanium have been made as a function 
of magnetic field, temperature, and carrier concentration between 77°K and 300°K. An attempt is made to 
interpret the data quantitatively using a two-carrier model but no completely satisfactory quantitative 


interpretation is possible. 


1. INTRODUCTION 


Pipe JTRON resonance measurements at the 
4 temperature of liquid helium show that the 
valence band structure of germanium is complex, 
consisting of two valence bands having carriers of 
effective 0.3 my and 0.04 mo, 
respectively.'? Galvanomagnetic measurements made 
at higher temperatures confirm the general picture of a 
double valance band in a semiquantitive way.’ How- 


mass approximately 


ever, because of various complications having to do 
with the detailed nature of the two valence bands, no 
very quantitive analysis of the magnetoconductivity 
has been made. 

The studies described below were undertaken in the 
hope of achieving a more quantitative treatment of 
the galvanomagnetic properties. It was our objective 
to find a model of p-Ge that would permit a consistent 
understanding of the following characteristics: 

(a) Temperature dependence of lattice mobility. 
Experimentally the mobility follows roughly a 7°? 
law.! 

(b) Temperature dependence of the Hall constant in 
relatively pure materials—This temperature dependence 
was apparently different for samples of different re 
sistivity,® even though the samples appeared sufficiently 
pure that impurity scattering ought to be negligible. 

(c) Dependence of the Hall constant and magneto 
resistance on magnetic field.’ —The field dependence at 
room temperature had been fitted’ semiquantitatively 
with a simple two-carrier model. However, this two- 
carrier model required that the ratio of the number of 
light holes to the number of heavy holes be quite 
different than would be expected from low-temperature 
cyclotron resonance measurements, and the model was 
based on a treatment of scattering which was apparently 
not consistent with the observed temperature depend- 
ence of mobility. 

In order to try to clarify the experimental situation 
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a rather extensive set of experiments seemed necessary. 
A set of samples with carrier concentrations ranging 
from 10" to 4X 10" was prepared, 

Two kinds of experiments were done on this series of 
samples. One kind involved determining the dependence 
of the Hall constant and mobility on temperature in the 
temperature interval 77°K to 300°K. In these experi 
ments we wanted to get the limiting value of Hall 
constant and mobility in vanishing magnetic field. 

The second kind of experiment involved determining 
the dependence of Hall constant and resistivity on 
magnetic field at fixed temperature. In these experi 
ments we wanted to get the shape of the strong field 
magnetoconductivity functions, so we needed to have 
high mobility values and to work at a well-defined 
these were 


temperature. experiments 


carried out in a liquid nitrogen bath over a magneti 


Accordingly, 


field range of 0-25 000 gauss. 

Generally speaking, the choice of the experiments was 
governed by the reasoning that from the two series we 
could separate that part of the temperature dependence 
of mobility which originates in the direct temperature 
dependence of the scattering process from that part 
which comes about because the average energy of the 
carriers changes with temperature. However, to make 
that separation in a satisfactory way we would need 
to be able to get a quantitative understanding of the 
shapes of the conductivity functions as function of both 
temperature and magnetic field 

Thus in addition to the experiments reported in the 
first part of this paper, we needed to make a careful 
theoretical analysis. In particular we needed to be able 
to make a fairly accurate treatment of the magneto 
conductivity for the warped energy which 
occur in p-Ge, Our analysis and its results make up the 


surfaces 
second part of the paper 


2. SAMPLE PREPARATION 


Single-crystal germanium was pulled in the [001 | 
Indium 
was added to the melt to make the crystals p type. The 


direction from a melt of zone-refined material 


amount of compensation in these crystals is unknown 
but is believed to be small. One single crystal was made 
by a double-pull technique with no added impurities. 
Samples cut from a slice of this ingot proved to be 
p-type with a carrier concentration of approximately 
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Tasie I. Carrier concentrations determined from the saturation 
value of the Hall coefficient. Limy..R 47 = 1/pe=1/(pit pade. 


Carrier concentration (cm™) 


Sample 


A 8.110" 
B 9.8X 10" 
Cc 1.6 10" 
D 24X10 
E 44X10" 
P 1.5 10" 
G 34X10" 


8X 10" cm™*, The compensation in this ingot is unknown 
but is probably higher than in the less pure ingots. 

The samples were cut so that the magnetic field 
would be in a [001] direction during Hall measure- 
ments. The current direction in these samples were 
chosen to be either [100] or [110]. The sample surfaces 
were lapped with 600-mesh alundum to avoid some of 
the effects’ which may exist at temperatures where an 
appreciable number of minority carriers are present. 
Leads were attached by using indium solder. 

Most of the samples were cut with the usual rec- 
tangular geometry. Some samples were cut in a bridge 
shape* from the high-purity ingot. There was no sig- 
nificant difference in any of the measured quantities 
between measurements on rectangular samples and 
measurements on bridge-shaped samples. 

Although it may be incorrect to do so because of the 


lack of information about compensation, the terms 


“carrier concentration” and “impurity concentration” 
will be used interchangeably in this paper. The carrier 
concentrations as determined from the saturation 


60 <a 
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Temperature (°K) 


Fic. 1. Temperature dependence of mobility for samples D and G. 
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values of the Hall coefficient at 77°K are given in 
Table I. 


3. MEASUREMENTS 


A. Temperature Dependence of Lattice Mobility 
and Hall Coefficient 


The measured mobilities of two of the samples as a 
function of temperature are shown in Fig. 1. These 
values were obtained from measurements of resistivity 
by assuming that the mobility at 300°K is 1820 cm?/ 
volt sec. (This is the value found by Prince‘ for the 
drift mobility at this temperature.) These data are 
well represented by a 7~** power law at the higher 
temperature. At the lower temperatures the mobility 
is affected by impurity scattering. As the sample purity 
increases, the 7~** region is extended to lower 
temperatures. 

The zero-field Hall coefficients of two of our samples 
are given as a function of temperature in Fig. 2 





RATI/R, (77) 











100 150 ~ 200 j 
Temperature (°K) 


Fic. 2. Temperature dependence of the zero-field Hall coefficient 
for samples D and G. For ease of comparison the data are divided 
by the zero-field Hall coefficient at 77°K. 


(Ro=limy+4oRy). In order to compare the temperature 
dependence of the two curves, Ro(T)/Ro(77) is plotted. 
In each case the value of Ro(7)/Ro(77) at the higher 
temperatures decreases because of the presence of 
intrinsic electrons. The horizontal portion of the curve 
for sample G at low temperature, which is perhaps a 
minimum, is apparently due to impurity scattering 
since it gradually disappears as the sample purity 
increases. For sample D, Fig. 2 gives only a very slight 
indication that such a region is being approached. 

Figure 2 shows that the Hall constant has a marked 
temperature dependence. No such temperature de- 
pendence is to be expected on the ordinary lattice 
scattering theory. Because of the temperature depend- 
ence of Ro, the zero-field Hall mobility (un = Roo) 
varies more nearly as 7~*" than as 7~**, 

A derived quantity of theoretical interest is the 
mobility ratio (u/u). The most accurate way to deter- 
mine this quantity is to evaluate the ratio Ro/R., 
where R,, is the strong field saturation value of the 
Hall coefficient. This ratio is equal to the mobility 
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ratio uy/u since R,=1/pe, where p is the carrier 
concentration, and Ro=(uy/u)(1/pe). The field de- 
pendence of the Hall coefficient discussed later in this 
section indicates that at 77°K saturation has been 
reached at a field of 3700 gauss so that uy/u at a tem- 
perature T should be equal to Ro(7)/Rsz0(77). The 
temperature dependence of this quantity is shown in 
Fig. 3. The shapes of the curves in Fig. 3 are, of course, 
the same as in Fig. 2. 


B. Field Dependence of Resistivity and 
Hall Coefficient at 77°K 


The field dependences of the Hall coefficient and of 
the resistivity at 77°K are shown in Fig. 4 for two 
samples that differ in carrier concentration by a factor 
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Fic, 3. Temperature dependence of the mobility ratio uy/p for 
samples D and G. This ratio has been determined by dividing the 
zero-field value of the Hall coefficient by the strong-field saturation 
value. 


of approximately 440. In both cases the magnetic field 
was in the [001 | direction. 

It can be seen that at low magnetic fields the Hall 
coefficient for the pure sample varies more strongly 
with magnetic field, but reaches the strong-field satu- 
ration value at a lower value of field than does that of 
the less pure sample. The field dependence of the 
resistivity is larger for the pure sample. In contra- 
diction to all theories based upon scattering mechan- 
isms independent of magnetic field, there is no indication 
of a strong-field saturation value for the resistivity, the 
resistivity being approximately linear with field above 
7000 gauss. 

The curves for the other samples shown in Table I 
have been measured also. The data for these samples 
are consistent with the idea that the difference in shape 
of the curves is an effect of increased impurity 
concentration. 
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Fic. 4. Magnetic field dependence of the Hall coefficient and 
transverse magnetoresistance of samples A and G at 77°K. 


Peterson, Swanson, and Tucker’ have reported a 
minimum in the curve of the Hall coefficient as a func- 
tion of magnetic field. In their experiment the Hall 
constant at minimum was about 0.94 times the satu- 
ration value. Our data do not show any such minimum 
in excess of the experimental uncertainty. However, 
it should be pointed out that the samples for which 
minima have been found*® were cut with a different 
crystallographic orientation than those used here. 


C. Magnetic Field Dependence of the Hall 
Coefficient as a Function of Temperature 


Figure 5 shows the magnetic field dependence of the 
Hall coefficient at several temperatures in the interval 
between 77°K and room temperature. At 77°K the 
Hall coefficient is strongly field-dependent at low fields 
but quickly reaches a saturation value. As the tem 
perature increases, the low-field values of the Hall 
coefficient appear to increase while the field dependence 
at low fields decreases. The data are consistent with the 
idea that the saturation value of the Hall constant 
should at each temperature be the same as it is at 
77°K: Interpretation of the field dependence of the 
Hall coefficient will be deferred to a later section. 


’ Set ait 4 l 


K 








Fic. 5. Magnetic field dependence of the Hall 
coefficient for sample F 


* Peterson, Swanson, and Tucker, Bull. Am. Phys. Soc. Ser. I, 


1, 117 (1956). 
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Fic, 6, Magnetic field dependence of the magnetoresistance for 
sample A at 77°K. The subscripts and superscripts indicate the 
crystallographic directions of the electric current and magnetic 
field, respectively 


D. Anisotropy of Magnetoresistance at 77°K 


For sufficiently small values of magnetic field, the 
electric current takes the form" 


i= ooE+aE xX H+6E/"+ yH(E-H)+6ME. (3.1) 


Here M is a diagonal tensor with elements //,*, /7,’, 
7? in the 11, 22, and 33 positions, respectively. 

The anisotropy of magnetoresistance can be expressed 
by giving the values of the two quantities a= (28+-6)/28 
and b= (28+-2y+-6)/28. For an isotropic material these 
quantities have the values 1 and 0 respectively. 

Figure 6 shows the observed field dependence of 
resistivity at 77°K for a current in the [110] direction 
and three directions of the magnetic field, viz., the 
{001}, [110], and [110] directions. The anisotropy is 
substantial, Extrapolating these curves to zero field, 
we obtain the following values for the anisotropy 
parameters: a= 0.90 and b=0,17. 


The dependence of resistance on field is shown in 
Fig. 7 for the case where both the current and magnetic 
field are in the [ 100] direction. The effect of the field 
is much smaller than that shown in Fig. 6. In Fig. 7, 
as in Fig. 6, there is no indication that the resistivity 
is saturating at high fields. 


4. THEORETICAL 


Lattice scattering in p-Ge can take place as a result 
of the interaction of the holes with either the acoustical 
modes of lattice vibration or the optical modes. For 
the states of interest to us, the modes must be of very 
long wavelength in either case. 

” F, Seitz, Phys. Rev. 79, 372 (1950). 
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The observed temperature dependence of mobility 
is 7~** in the temperature interval 77°K to 300°K. 
Acoustical scattering alone would lead to a temperature 
dependence T°. Therefore, it seems likely that optical- 
mode scattering plays an important, perhaps even a 
dominant, role in the lattice scattering." 

If it is assumed that only optical mode scattering is 
important, we can estimate the effective Debye tem- 
perature for the optical mode from the temperature 
dependence of the mobility. We have made such an 
analysis and found a value of about 300°K for the 
optical frequency. This method of estimate gives a 
lower bound on the optical frequency, of course, since 
any acoustical scattering present will tend to lower the 
mean power law towards a value of —1.5. 

While 300°K is somewhat lower than is expected for 
the optical frequency in germanium, it is not so low as 
to be ruled out. It is more probable, however, that the 
scattering receives appreciable contributions from both 
optical and acoustical branches, and that the Debye 
temperature is somewhat higher. 

On the above assumptions about the relaxation 
process, we are led to expect that the relaxation time 
at 77°K will depend only weakly on energy. The exact 
energy dependence of the relaxation time will depend 
on the ratio between acoustical and optical mode 
scattering rates. It should be intermediate between 
the e! expected on the former and the (hwp+e)~ 
expected on the latter mechanism of scattering. 

The above reasoning indicates that no great error 
will be made by assuming 7 at 77°K to be proportional 
to e~'. In the first place, neither energy dependence is 
very strong. In the second place, the relative importance 
of the acoustical mode scattering should be very great 
at 77°K since the optical mode scattering is proportional 
to a factor e~*/*? as compared with a factor 7/6 for the 
acoustical mode scattering. Accordingly, for analyzing 
the magnetic field dependence of magnetoconductivity 
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Fic. 7. Magnetic field dependence of longitudinal magneto- 
resistance of sample B at 77°K. The electric current and the 
magnetic field are in the [100] direction, 


" H, Ehrenreich, Bull. Am. Phys. Soc. Ser. II, 1, 48 (1956). 
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at 77°K, we have assumed that 7 is exactly proportional 
to 4, 

Clearly the two kinds of holes could have different 
temperature and energy dependence of relaxation time. 
We can justify the assumption that the two relaxation 
times have the same energy dependence at 77°K, 
however. 

We remark that there are two kinds of scattering 
process for each kind of hole, one that we call “intra- 
band”’ scattering, in which there is a simple scattering 
to another energy state on the same energy surface, 
the other which we call “conversion scattering” in 
which a fast hole converts to a slow one or vice versa. 
The energy dependence for the relaxation time asso- 
ciated with each of these processes is the reciprocal of 
the energy dependence of the density of final states, 
the matrix elements being approximately energy 
independent. 

Since at 77°K we expect acoustical mode scattering 
to predominate, the density of final states is propor- 
tional to «, even for a combination process of an 
arbitrary sort. Thus we expect each 7 at 77°K to be 
proportional to «~!. 

Actually, from the observed value of the mobility 
ratio of the two kinds of hole, we can get an idea as to 
which of the four processes are important. From simple 
theory the ratio of scattering times for intraband 
scattering is proportional to the inverse 5/2 power of 
the masses. Thus 

(ry! / rn! )~(mp/m,)*!? = 150. (4.1) 
On the other hand, from detailed balancing, the extra- 
band (conversion) scattering times are in the ratios of 
the concentrations, so 


(7,8 ry”) ~pi Pr 1/20. (4.2) 


The experimental mobility ratio is (u:/un)* (ms/m1), 
hence rp 71. 

From the approximate equality of the relaxation 
times, it seems most likely that the two important 
processes are conversion scattering of light holes and 
intraband scattering of heavy holes. Such an outcome 
will result provided only that the matrix elements for 
all four processes are of the same order of magnitude, 
since the density of states in the heavy hole band is 
about twenty times as great as the density in the light 
hole band. 

The density of states is the origin of the energy 
dependence of each relaxation time 7,. If the same 
density of states, viz., the density of heavy holes state, 
is involved for both 7, and 7), then it might be expected 
that 7; and r, should have the same dependences on 
energy, and perhaps on temperature. In particular it 
might be thought that the mobility ratio should be 
temperature-independent. However, this need not be the 
case. Although at any temperature the energy depend- 
ence of 7; should be almost the same as that of ra, it is 
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possible with a different ratio of matrix elements for 
optical and acoustical mode scattering to have a con- 
siderable variation of the ratio (4,/m;) with temperature 
in the temperature interval of changeover from 
acoustical- to optical-mode scattering. Such a variation 
probably accounts in part for the temperature de 
pendence of the zero-field Hall coefficient. 

We have not discussed the detailed nature of the 
scattering process and could not do so quantitatively 
without an elaborate theory of the scattering mechan 
ism. We shall assume in our subsequent analysis that 
ris a function of energy only, although this assumption 
may well be invalid. 


5. SIMPLE TWO-CARRIER MODEL 


In this section, the magnetoconductivity data for 
sample A 
two-carrier model. Our calculation assumes that each 
of the two energy surfaces is spherical, and that the 
relaxation time is proportional to the inverse square 
root of the energy (acoustical lattice scattering). As 
the parameters of fit we can take the light hole mobility 
ui, the heavy hole mobility u,, and the ratio r of the 
number of light holes to the number of heavy holes. 

The conductivity tensor S(H) is defined by the 
relation between the current i and the electric field E: 


i=S-E. 


will be analyzed on the basis of a simple 


(5.1) 


If the magnetic field is in the [001] direction, the 
isotropy of the energy surfaces results in the following 
symmetry relations among the elements of S: 


Su=Saa, Sie Sa, Saa=Sig= 0. (5.2) 


The relations (5.2) together imply that the components 
of the conductivity tensor are invariant against an 
arbitrary rotation of the coordinate system about the 
magnetic field (3 axis). 

The conductivity of the material is the sum of the 
individual conductivities of the two kinds of holes. 
Thus it is necessary in the analysis to attempt to 
decompose the observed conductivity into its two parts 
before any simple interpretation can be made. Further 
more, the usual experiments do not determine the 
conductivity directly, but instead determine certain 
derived quantities, viz., the longitudinal resistivity py, 
the transverse resistivity py, and the Hall constant Ry 
and the experimental conductivities must be deduced 
from the measured values of these. 

In virtue of the third of Eqs. (5.2), the longitudinal 
resistivity is the reciprocal of the conductivity com- 
ponent S33. The other two independent elements of § 
are determined from somewhat 
relations. We have 


Si=pu/ (pur? +IPR:/), 
Sie HRy/ (pu? IT’?R;/*), 


Ssa= 1/px. 


more complicated 


(5,3a) 
(5.3b) 
(5.3c) 
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Fic, 8. Magnetic field dependence of S,, for samples A and G 
at 77°K. The dashed line represents a curve calculated | the 
method outlined in Sec. 6. (8b) gives the weak-field data of (8a) 
on an expanded scale. 


On the simple two-carrier model, we can at once 
write down a theoretical expression for the magneto- 
conductivity. We write 


Siy() = preun(Ky+Kas), 
Si2(H)/H = (39/8) preun?(Lat+Las*), 
Saa™ preua(l+r5) ; 


(5.4a) 
(5.4b) 
(5.4c) 


the subscripts A and / refer to the light and heavy holes, 
respectively; K,= K (9ru?H?/16) and Ly= L(9rpu?2H?/ 
16) are the field-dependent functions defined by 
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Willardson, Harman, and Beer,’ r is the ratio (p:/ pn) 
of the hole concentrations, and s is the ratio (y;/us) of 
the mobilities at zero magnetic field. Each of the 
functions K and L is unity at H=0 and is a monotoni- 
cally decreasing function of y*H?. 

In our problem s>1, so K, and L; decrease more 
rapidly than K, and Ly as the field increases. If s>1 
the light hole can make important contributions to the 
low-field values of S,;, and S,./H, even though the 
concentration ratio r is only a few percent. The frac- 
tional contribution of the light hole to S,./H will, of 
course, be s times greater than the contribution to Sy, 
at zero magnetic field. 

Figures 8 and 9 show the field dependence of 51;/ pe 
and S,2/peH for samples A and G at 77°K calculated 
from Hall and resistivity data by means of Eqs. (5.3). 
The quantity 1/pe=1/(prt+pije was calculated from 
strong-field measurements of the Hall coefficient. 

The curves for sample A are easily understood 
qualitatively on the basis of the simple two-carrier 
mode! with a very few light holes of very high mobility.’ 
At low fields there is a large contribution to Si2/Hpe 
from light hole conduction because of the large value of 
rs* due to the high mobility of the light hole. However, 
L decreases rapidly with increasing field, again because 
of the high light-hole mobility, and the fractional 
contribution of the light hole to S\./H/pe becomes small 
at about 1000 gauss. 

The fractional contribution of the light hole to S1:/pe 
is always fairly small, of the order of 20%. Further, 
the light hole contribution to S,, decreases with in- 
creasing field just as rapidly as its contribution to 
Si2o/H. 

The functions S,, and S;./H as function of H for 
samples A and G have different shape, so have to be 
fitted by somewhat different parameters of the two- 
carrier models. Qualitatively the difference indicates 
that the increased impurity concentration of sample G, 
the sample with the larger number of carriers, has 
caused a large decrease in the light-hole mobility and 
a smaller decrease in the heavy-hole mobility. The field 
dependence of Si,/pe and S\./pHe has been measured 
for all seven of the samples listed in Table I. The 
results indicate that, in each case, as the impurity 
concentration is increased both yu» and s = u;/p» decrease. 

For a purely qualitative purpose, then, the simple 
two-carrier model permits us to understand the gross 
trends of the Hall coefficient and resistivity curves in 
Fig. 4. The value of Ro/Rszoo is higher for the purer 
sample because the mobility ratio is higher for this 
sample and the resistivity and Hall coefficient have a 
stronger field dependence at low fields because of the 
higher mobilities of the two holes. The temperature 
dependence of Ro/Rsro0 may also result to a large extent 
from the changing importance of impurity scattering 
of fast holes. The nonsaturation of resistivity at high 
magnetic fields is, however, not explained by the simple 
model. 
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We shall now attempt to make a more quantitative 
treatment of the data. From the values of S,,(0)/pe 
and (S2/Hpe)o=limy+olSi2.(H)/Hpe}, we can deter- 
mine two of the three parameters 7, s, and ua. Since we 
are interested in lattice scattering primarily, we do this 
for sample A, the purest sample. 

The values of s and u for sample A for several different 
assumed values of the concentration ratio r are shown 
in Table II. The concentration ratio of 0.02 is that found 
by Willardson e/ al.* from Hall coefficient and resistivity 
measurements at 205°K and room temperature. The 
concentration ratio 0.042 is that found from the 
parameters of the energy surfaces determined by 
cyclotron resonance experiments” at 4.2°K. It is to be 
noted that, assuming the number ratio 0.02 as found 
by Willardson ef al., we find a mobility ratio s or 4.1 
which is appreciably smaller than that found by 
Willardson, Harman, and Beer (7.5 at 205°K and 8.0 
at room temperature), 

A calculation of the field dependence of S\,/pe and 
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Fic. 9. Magnetic field dependence of S\,/H for samples A and 
G at 77°K. The dashed line represents a curve calculated by the 
method outlined in Sec. 6. (9b) gives the weak-field data of (9a) 
on an expanded scale, 


1B. Lax and J. G. Mavroides, Phys. Rev. 100, 1650 (1955). 
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TasBie II. Mobilities of the two holes determined from the 
zero-field values of S\:/pe and S,,/Hpe for sample A, with the 
concentration ratio as a variable parameter. 


wa (cm!/volt sec) 


4.3X 108 
4.2X 104 
4.1X 10 
4.0X 104 


Sio/Hpe using Eqs. (5.4) and the parameters in Table 
II gives curves which have too weak a field dependence 
at low fields. The dashed lines in Figs. 8 and 9 show the 
curves calculated using r=0.02. It is to be noted that 
the field dependence of the calculated curves is much 
weaker than that of the observed curves. The situation 
is about the same if the curves are calculated from the 
mobility parameters obtained using other values of r. 

From the above it is clear that the simple two-carrier 
model is inadequate to give a quantitative fit of the field 
dependence data obtained at 77°K. The difficulty seems 
to be that the light-hole mobility obtained from the 
zero-field data is always too low. To account for the 
observed field dependence of S;./Hpe at low fields, the 
light-hole mobility would need to be about twice as 
great. 

The calculated values of S\,/pe at very strong fields 
are always considerably lower than the measured values. 
The difference is related to the nonsaturation of the 
resistivity at strong fields. The simple Boltzmann 
model could not possibly account for nonsaturation, 
so we must regard the nonsaturation as a separate 
phenomenon. Thus the failure of our theory to yield a 
good fit at very high fields is probably not due to over- 
simplifications in the treatment of, for example, the 
shape of the energy surfaces. 

In summary, the simple two-carrier model permits a 
qualitative understanding of the dependence of S,, and 
Si2 upon magnetic field and impurity concentration. 
When used to get a quantitative treatment of the 77°K 
data it does not permit a consistent description of any 
two of the following: zero-field resistivity and Hall 
constant, strong-field (O<ypH<1) magnetoconduc- 
tivity, very-strong-field magnetoconductivity (1<y//). 


6. WARPED ENERGY SURFACES 


The preceding discussion was conducted on the basis 
of a spherical energy surface model for each of the two 
kinds of holes. Such a model is incapable of giving any 
anisotropy of magnetoresistance such as is observed. 
Actually, we know that the energy surfaces are not 
perfect spheres but are warped. For the heavy holes 
these warped surfaces are really quite different from 
spheres. 

In the following paragraphs we will examine the way 
in which the results obtained on our simple two-carrier 
model must be modified to take account of the warping 
of the energy surfaces. For this discussion we will use 
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the energy surface parameters obtained from cyclotron 
resonance measurements at 4.2°K, although it is pos- 
sible that different parameters would be appropriate 
at 77°K. 

The energy surfaces for holes in germanium can be 
expressed as a function of the wave vector k by the 
equation! 


= (h?/2my) (AR BA +C(kZk,? 


+h,kP+h Ph.) }}, (6.1) 


where the k coordinate system is coincident with the 
cubic axes, mo is the mass of a free electron, and the 
values of the constants obtained from cyclotron reso- 
nance measurements” are 


A=13, B=8.7, C=11.4. (6.2) 


The plus sign in (6.1) is to be associated with the holes 
of small effective mass and the minus sign with the 
heavier holes. 

Mavroides and Lax" have calculated the coefficients 
occurring in Eq. (3.3) for the case of the energy surfaces 
represented by (6.1) where the relaxation times are 
functions of the energy only. We have combined the 
results of their calculations and the energy surface 
parameters given by (6.2) with our zero-field experi- 
mental values of S),/pe and S\./Hpe. In this way we 
find the set of values r=0.042, s=4.34, and p,=3.92 
*10' cm?*/volt sec, for sample A at 77°K on the 
assumption that both 7, and r, are proportional to the 
inverse square root of the energy. This gives a light-hole 
mobility higher than that found in Sec. 5 where spherical 
energy surfaces were assumed, This light-hole mobility 
is still too low, however, to account for the rapid 
decrease of Sy./// pe with increasing field. 

If the heavy-hole energy surface were more aniso- 
tropic than is indicated by (6.2), then the mobility 
ratio calculated from the experimental zero-field values 
of Sy,/pe and S\./H pe would be higher. It is hard to 
judge how probable is a large change in A, B, C between 
4.2°K and 77°K. Further, the calculations of Mavroides 
and Lax do not indicate the nature of the field depend 
ence of S,.///pe. Thus in any case the strong-field data 
cannot be used in ¢ onjun tion with their calculations to 
indicate uniquely what the correct parameters are for 
Eq. (6.1) without the use of additional theory. A 
tentative theory of the field dependence of S,; and 
S\»/H for warped surfaces will be discussed below. 

The calculations of Mavroides and Lax" can also 
be used to determine the ratios a= (28+-6)/28 and 
b= (28+ 27+4)/6 if assumptions are made concerning 


the exact energy dependence of r;(¢€) and rp(€). Without 


making these assumptions about the form of 7;(€) and 
r,(e) it can be shown that for the parameters given by 
(6.2), b= 1.03 (1—a). As indicated in Sec. 3, a=0.90 
so that the calculated value of 6 is 0.10, considerably 
smaller than the experimental value of 0.17. This 
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finding may be interpreted as indicating that the 
energy surfaces are more anisotropic at 77°K than at 
4.2°K. 

In summary, the zero-field anisotropy calculated 
from the energy surfaces obtained from cyclotron 
resonance on simple assumptions about the scattering 
does not agree well with our observed values. This 
disagreement is substantial: However, we are reluctant 
to draw any far-reaching conclusions from this fact, 
since (a) our extrapolated zero-field values have a 
considerable experimental uncertainty, and (b) the 
theoretical value, which is based on a simplified treat- 
ment of scattering, could be changed a good deal if it 
turned out that the scattering mechanism were appro- 
priately pathological. 


7. TRANSVERSE MAGNETOCONDUCTIVITY 
IN STRONG FIELDS 


We shall now discuss more fully the field dependence 
of S;, and Sj» for the heavy holes. McClure" has given 
a straightforward method of getting the field depend- 
ence of magnetoconductivity in the case of an arbitrary 
energy surface. This method is general, with the 
important exception that the relaxation time must be 
taken to be a function of energy alone. 

We could use McClure’s method for the analysis of 
the p-Ge data, but it would be very tedious to do so for 
the actual warped surfaces. Instead, we have studied a 
simpler model of the energy surface and have made a 
treatment which is, as a consequence, only semi- 
quantitative. 

We have used a model according to which the light- 
hole surface is taken to be sphere and the heavy-hole 
surface a cube. This model actually gives a pretty fair 
representation of the actual warped surface, as has 
been remarked by Kittel.’° The special advantage of 
the model is that it permits an exact calculation of the 
field dependence of the magnetoconductivity for all 
values of the field.'® 

In McClure’s formula the magnetoconductivity 
functions S,,; and Sj. are expressed in terms of the 
Fourier components of the velocity. The Fourier series 
represents the magnetoconductivity as an expansion in 
harmonics of the periodic time of the carrier on the 
hodograph which the carrier momentum executes under 
the action of the magnetic forces. 

The hodograph of the motion of a particle in a 
magnetic field is the curve of intersection in momentum 
space of a plane of constant ?, (the momentum along 
the magnetic field) with an energy surface. For a 
spherical energy surface the hodograph is a circle and 
the particle moves around this circle uniformly with 
the cyclotron frequency. Any transverse velocity com- 
ponent is exactly sinusoidal, so has only a single Fourier 
coefficient different from zero. For a carrier with a 

“J. W. McClure, Phys. Rev. 101, 1642 (1956). 


°C. Kittel (private communication). 
6 J. A. Swanson (private communication). 
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spherical energy surface, the magnetoconductivity has 
the familiar forms 


Siu= (pe?/m)(r/(14+27)), 
Sie = ( pe’, ‘m)(x7r/(1 +x*)). 


Here the angular brackets denote a Boltzmann average 
over the energy and x the quantity wr, where w is the 
angular frequency of the motion along the hodograph. 

We now want to discuss the forms which replace 
(7.1) and (7.2) when the energy surface is cubical 
instead of spherical. In our problem, the magnetic field 
was in a [100] direction, so the hodograph is a square. 
Further, in the exactly cubical approximation all 
hodographs associated with a given energy surface are 
exactly alike. 

The velocity of the particle on the square hodograph 
is always perpendicular to the hodograph. It is of 
constant magnitude v at all points along the hodograph 
but its direction changes as the momentum point passes 
each corner of the square. 

For a hodograph of edge 2P the magnitude of », the 
velocity on the hodograph, is P/myoo with myoo the 
effective mass on the [100] axis in P-space. The x 
component of velocity as a function of time along the 
hodograph is shown in Fig. 10, The rate of precession 
along the hodograph is obtained from the equation 


dP/di=evH /c. (7.3) 

From (7.3) we obtain for the angular frequency the 
relation 

w= 2n/T = rel /Amyooc. A) 


Assuming that the relaxation time is a function of 
energy alone, McClure has shown that the magneto- 
conductivity functions for this case take the form 


(1+ Nx"), 5) 


Sis ((2per, kT) © ww2(—)™Nx/(1 Hv), (7.6) 


M =) 


Su=( (per kT) > Une 


M ==) 


in which V is 2M+1 and oy, is the amplitude of the 
Nth harmonic. The formulas (7.5) and (7.6) have been 
specialized to the case of fourfold symmetry of the 
hodograph. 
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Fic. 10, x-component of velocity as a function of time along 
the square hodograph. 7 is the period of cyclotron resonance. 
Note added in proof—The horizontal axis of Fig. 10 should be 
labeled 2, =0 instead of v,= —v. 
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For the particular motion shown in Fig. 10, 
Fourier analysis yields 


twz=2vsin(Nr/4)/Ne (N=2M+1). (7.7) 
The formula (7.7) for these Fourier coefficients permit 
us to calculate the strong-field magnetoconductivity 
functions on our model, provided we know the energy 
dependence of r. 

The formula (7.7) gives the Fourier coefficients for 
those hodographs which pass all around the sides of the 
cube. However, 4 of the carriers are in states which are 
in the end surfaces of the cube. For these states the 
velocity is along the magnetic field, so there is no mag 
netic force and no precession around the hodograph 
for such states. Since these states also carry no current 
the field, they contribute 


transverse to magnetic 


nothing to the conductivity components Sy, and Sj» 
Accordingly, we must omit them when we use the 
Fourier components (7.7) in Eqs. (7.5) and (7.6), 
which we do by multiplying p by a factor §. 

We find for the heavy-hole conductivity the following 


O4A pe Ew 2 l 
. "\<( Mm ) > 
3x kRT/ M0 N?(1+-N?x*) 
64 pe Ew s . 
Sis ( )( ) me? ) me 
3a kT] Mo V (1+ Nx") 


(7.8) 


In the above we have used 
(7.10) 


bull = x. 

For illustrative purposes we will now work out the 
conductivity for the case 7 independent of energy. 
Then the Boltzmann average over energy can be per 
formed at once and we find 


32 pepe al 1 
Si ( ) ¥ | 
nr M= \2(1 + 2") 


32 peu. ” 
S12 ( ) > (-)* ' 
n M0 V (1+ Vx") 


From the zero-field value of S,,; we get 


By = ermn/am. 


Here yu, is defined so that in all cases wr 


(7.11) 


(7.12) 


p= 4y,/m. (7.13) 


Thus the conduction mobility is about 30% larger than 
the mobility as determined from the field dependence 
of S,,. Similarly the Hall constant at zero field is 


Ro=1/2pec (7.14) 


so the ratio of Hall mobility to drift mobility is wy/p 
iE 
A value of uy/u for the warped surfaces in p-Ge can 
be obtained from the formulas of Mavroides and Lax,” 
and is given by uy/u=0.77. Thus we see that the cubical 
energy surface model does not permit a quantitative 
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Fic. 11. Dependence of cS, and ¢S\j,/x upon x=wr=p ll for 
the case of cubical energy surfaces and an energy independent 
relaxation time where c=a*/(32peu,). For spherical energy 
surfaces these quantities both vary as 1/(1+-2*). This latter 
quantity is shown for comparison. 


treatment of magnetoconductivity by carriers on the 
warped surface. The failure of the model undoubtedly 
has to do with the fact that the high harmonics of the 
velocity are much stronger than they would be if the 
velocity fell to zero more smoothly near the corners of 
the hodograph. 

Even though the conductivities (7.11) and (7.12) 
cannot be used to make a quantitative treatment of 
the conductivity at high magnetic field, they serve to 
indicate what qualitative effect the warping of the 
energy surface has on the transverse magnetocondu 
tivity. In Fig. 11 we show as a function of py. =wr=x 
a comparison of the cubical surface functions S,, and 
Siz and the spherical surface functions as given by 
(7.1) and (7.2) for an energy-independent relaxation 
time. It is to be noted that for the case of the cubical 
surface S,, is higher at low fields and Sj. lower than 
would be the case if the surface were spherical. 

From the plots of S,, and S\./wr as functions of wr, 
it can be seen that the quantity mw, defined above could 
be obtained rather well by fitting the magnetocon- 
ductivity data in the field interval for which wr>1. 
In this interval the two functions S,; and $,./w should 
be nearly equal, so we can get yw, from the experimental 
quantity 


Me Sie AMS, (H >), (7.15) 


Since this method works in the cubical case, it should 
be valid for the actual warped surface in Ge which is 
less warped than a cube. 

For the actual warped surfaces the strength of the 
harmonics of the velocity is less than for a cube. We 
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have studied several models in attempting to find out 
how the Fourier coefficients will behave in a more 
realistic case. While we shall not discuss the work in 
detail, we wish to indicate the direction in which the 
Fourier coefficients for the warped surface case must differ 
from those found when the cubical model is used. Prima- 
rily the difference is that for more rounded hodographs 
fewer harmonics are important and all of the higher 
harmonics are weaker. Our rough calculations suggest 
that for a value (uy/u)~0.77 it may well require only 
third and fifth harmonics to represent the velocity 
variation rather well. 

We have made a semiempirical theory of magneto- 
conductivity using only third and fifth harmonics. 
The strengths of these are determined by requiring that 
the zero-field values of the two functions S,; and S\./H 
be the same as those given by the formulas of Mavroides 
and Lax. The functions obtained in this way are given 
by 
Sis = pewol 1.02/ (1+?) +0.06/(1+92*) 

+0.02/ (1+ 252*) }, 
(7.16) 
Sio= pewox[ 1.02/ (14-27) —0.18/ (1+ 92") 
+0.10/(1+- 252") ]. 


We have tried using the functions (7.16) as a basis 
for an empirical fit of our data on the field dependence 
of the conductivity functions. In order to make such a 
fit, we found the values of fast- and slow-hole mobilities 
such that our zero-field conductivity and extrapolated 
zero-field Hall constant were correctly given; we used 
for the ratio of the concentrations the value 0.042 as 
found by Mavroides and Lax. These empirical mobility 
values were than used to compute a “theoretical” field 
dependence of the conductivity functions. 

The “theoretical” field dependence function as ob- 
tained in this way agreed very poorly with the measured 
conductivity functions. Indeed the observed functions 
are much more like what we would compute for a 
cubical energy surface model and a relaxation time r 
varying approximately as «~!. It seems that a fairly 
good fit of the data could be made by means of such a 
model, but we have not undertaken to do so since no 
particular significance could be attributed to the 
mobility parameters so determined. In any case, the 
fit would fail for fields above a few thousand gauss 
the nonsaturation behavior of the magneto- 
resistance cannot be accounted for on any such model 
as we are using. 

In summary, we are unable to account for the shape 
of the magnetoconductivity functions as a function of 
magnetic field using simple assumptions about the 
relaxation time and assuming the warped energy sur- 
faces obtained from cyclotron resonance. No matter 
what refinements we have introduced we cannot get 
the observed shape in the interval 0</7<1000 gauss 
and also get the right shape in the interval 1000 gauss 


since 
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<H<4000 gauss. The experimental curves depart 
from what we expected in such a way as to permit the 
interpretation that the anisotropy of the energy sur- 
faces at 77°K is appreciably greater than at 4.2°K. 


8. LONGITUDINAL MAGNETOCONDUCTIVITY 
IN STRONG FIELDS 


From our data it is seen that in the [100] direction 
p-Ge exhibits a very considerable longitudinal magneto- 
resistance, of the order of 12% at 25 000 gauss. This 
magnetoresistance is different from what McClure’s 
theory predicts in two significant ways: (a) the mag- 
nitude of the magnetoresistance is greater than is to be 
expected for p-Ge and (b) the field dependence is 
anomalous. We wish to discuss these points in some 
detail. 

The longitudinal magnetoresistance for a simple 
energy surface arises from the variation of », around 
the hodograph. It is possible to show that a useful 
estimate of Ap,/p.=(p.—po)/px is given by 


Ap./pr~[ (02) m)— (L (02) av P)] (Lv, \w }). 


In (8.1), v, is the carrier velocity along the magnetic 
field and ( ) indicates average over the hodograph. 

The estimate (8.1) suggests that the longitudinal 
magnetoresistance should be very small for a [100] 
direction in p-Ge. The reason for this is that in the case 
of the heavy holes, the carriers which carry most of 
the current in the z direction are those near the (nearly 
flat) [100] end surface of the (nearly cubical) energy 
surface, and for most of these carriers the variation 
around the hodograph of », is nearly zero. A few 
percent would seem to be about all of the magneto- 
resistance which could originate in this way. 

For the case of the fast holes, which carry ~20% of 
the current, the longitudinal magnetoresistance should 
be even smaller than for the heavy hole, since the energy 
surfaces are nearly spherical. Thus we would expect the 
conductivity to be constant to within a few percent at 
all fields. 

McClure’s theory of the field dependence gives for 
the conductivity in a [100] direction the form 


(8.1) 


w Cu 


, 2 (8.2) 
m= 1+ (4M x)? 


a = aot 


Equation (8.2) shows that the field dependence of the 


magnetoconductivity must manifest itself at fields 
smaller than that for which wr~1. Thus on the basis 
of the classical Boltzmann theory we would expect that 
whatever change of conductivity occurs with increasing 
H, the conductivity would approach a limiting value 
as H approached the value for which wr~1. 

Our experiments on p-Ge show a qualitatively 
different behavior than that described above. To be 
sure, there is a small longitudinal magnetoresistance at 
fields of a few thousand gauss just as we might expect. 
However, for fields of 5000 gauss or more the resistivity 
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increases again and is not yet saturated in the presence 
of a field of 25 000 gauss. 

We have been able to conceive of several sources of 
the high magnetic field anomaly, all consisting of effects 
not included in MeClure’s theory. Such quantum 
effects arise because in high magnetic fields quanti- 
zation of the carrier orbits becomes important. 

The simplest of these effects comes about because of 
the zero-point energy of the motion in the magnetic 
field. The zero-point energy is proportional to the 
reciprocal mass, and so is much larger for the light hole 
than for the heavy hole. Thus, as the field is increased, 
the degeneracy of the two bands is effectively removed 
and there is a transfer of carriers from the light-hole 
band to the heavy-hole band. The relative number of 
light holes will satisfy 


(pi pr) (Pw Pro) (wr w»)[ sinh (Aw), ‘QT ), 


sinh (hw,/2kT) |. (8.3) 


Taking the cyclotron resonance values of 0.04 mo 
and 0.3 mo for the light- and heavy-hole masses, respe« 
tively, we can estimate the w values, and hence the 
value of p/p, as a function of field. Our estimate sug 
gests that at our highest field of 25000 gauss the 
number of fast holes is only about 80°%, of what it is 
at zero field. Taking account of the small fraction of the 
current carried by the fast holes, we estimate a longi- 
tudinal magnetoresistance of 3 or 4° originating in 
the transfer effect. 

Another quantum effect is that discussed by Titeica!” 
and more recently by Argyres and Adams.'* This is a 
reduction in the carrier mobility because of the direct 
effect of the orbital quantization on the scattering of 
carriers. While no exact formula applicable to our 
experiment is available, it was possible to estimate that 
this kind of quantum effect could give a longitudinal 
magnetoresistance of as much as 5 or 6% at the highest 
fields we used. 

Still a third quantum effect is a warping of the energy 
surface in the presence of the strong-magnetic field. 
While we have not tried to calculate the warping, we 
can see qualitatively that it should be strongest for a 
nearly degenerate band structure like that of p-Ge. It 
is not at all inconceivable that a significant effect on 
the mobility of the fast hole could follow from such a 
warping. 

Under the circumstances we see no way to make a 
quantitative interpretation of the longitudinal mag- 
netoresistance. However, we are inclined to think that 
these quantum effects are responsible for the large 
value of longitudinal which we 
observe. 


magnetoresistance 


9. SUMMARY AND COMMENTS 
Our experiments confirm in a qualitative way the 
features of the two-carrier model of p-Ge found by 


17V_S. Titeica, Ann. Physik (5) 22, 129 (1935) 
'*P. N. Argyres and E. N. Adams, Phys. Rev. 104, 900 (1956). 
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others. The ratio of mobilities and the dependence of 
the Hall constant and resistivity on magnetic field, on 
temperature, and on impurity concentration all agree 
well with the predictions of a model assuming a large 
number of heavy carriers and a small number of light 
carriers conducting simultaneously. Further, the devi- 
ations from a simple two-carrier model are qualitatively 
what would be expected to result from the warping of 
the energy surfaces. 

However, our experiments have not yielded an 
entirely satisfactory theoretical model of lattice- 
mobility-limited conduction in p-Ge. Some discrep- 
ancies which remain quantitatively unaccounted for 
are these: 

(a) The low-field data give values for the mobilities 
of the two kinds of carriers which are incompatible 
with the observed field dependence of the magneto- 
conductivity. 

(b) The anisotropy of magnetoresistance is ap- 
preciably different from that expected on the warped- 
surface theory of Mavroides and Lax. 

(c) The variation of the magnetoconductivity 
functions with magnetic field in the region of inter- 
mediate field strength does not appear to conform very 
well with what would be expected from the warped 
surfaces inferred from cyclotron resonance experiments. 

(d) The resistivity does not saturate at high fields as 
would be expected according to classical transport 
theory. 

Assuming no major systematic error in our data, one 
would suspect from the first three discrepancies that 
either (1) the energy surface parameters at 77°K are 
significantly different from what they are at 4.2°K, or 
(2) the treatment of scattering which we have used is 
seriously wrong. The second possibility would mean 
that the scattering of carriers is quite anisotropic over 


an energy surface, in which case the correct formulas 


for the various magnetoconductivity functions would 
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need to be generalized and might be considerably 
changed. Since in the case of large anisotropy no 
relaxation time would be expected to exist, it is very 
difficult to know what kind of generalization would be 
possible or to estimate the effects on the strong-field 
magnetoconductivity functions. 

The nonsaturation of resistivity at large values of 
magnetic field is very probably due to a combination 
of the three quantum effects mentioned in the text. 
It is unfortunate that no saturation of resistivity occurs, 
since the saturation value of the resistivity would yield 
a transport integral which is very useful for determining 
the heavy-hole mobility and the energy dependence of 
the relaxation time. 

The failure of the high-magnetic-field data to conform 
to a simple transport model prevents us from getting 
independent evidence on the mechanism of lattice 
scattering in p-Ge. As we stated in Sec. IV, the most 
plausible assumption is that optical mode scattering 
together with appreciable acoustical mode scattering 
is responsible for the “compromise” power law 7~*#, 

The principal findings of our work are the suggestions 
that the warping of the energy surface changes between 
4.2°K and 77°K and the suggestion of quantum effect 
on the strong-field conductivity. Neither of these 
effects has been demonstrated unequivocally in the 
present work, however, and a more clear-cut demon- 
stration would be desirable. 
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Size Effects in the Superconductivity of Cadmium 
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The magnetic threshold field of superconducting cadmium has been investigated as a function of specimen 
size, With the exception of the bulk material, the specimens were in the form of spheres. In all, five distinct 
groups were investigated ranging in size from the bulk specimen (irregularly shaped pieces of dimensions of 
the order of mm) down to spheres 44-62 microns in diameter. A ballistic mutual inductance technique was 
employed to detect the superconducting transitions. While all the specimens exhibited the same zero-field 
transition temperature (7), a marked increase in the magnetic threshold fields was observed for the three 
smallest groups. If this increase in the magnetic threshold curves is interpreted in light of existing theories 
as being due to the specimen size becoming comparable to the penetration depth, values of (10.4+0.4) X10 
cm and (8.8+0.3) K 10‘ cm are obtained for A», the penetration depth at absolute zero. These two values for 
Xo are based on theoretical expressions presented by von Laue and Silin, respectively. 


INTRODUCTION 


HE authors have reported' that the magnetic 

threshold fields of superconducting cadmium 
spheres 44-62 microns in diameter, were considerably 
higher than that of the bulk material. This increase in 
the threshold fields was interpreted in the light of 
present theories and a value of ~10~ cm were estimated 
for Ao, the penetration depth at absolute zero, This 
figure, 100 times larger than the values quoted for 
indium, lead and tin,’ is based on data obtained using 
a lead (Pb) thermal switch in the production of tem 
peratures below 1°K. The relatively large value for 
Ao, the observed transition temperature of 0.64°K, 
which is high compared to previously reported values,’ 
the relatively fast warmup times (approximately 40 
minutes), and the fact that the spheres were embedded 
directly in the salt pill causes some reservations about 
the results as well as the interpretation. 

Because the concept of the penetration depth plays 
an important role in all theories of superconductivity, 
it was felt that a more detailed investigation of the 
magnetic threshold fields of small superconducting 
spheres of cadmium would be of interest. With this 
in mind the equipment was modified to eliminate most 
of the above objections and the experiments were 
repeated and extended to other specimens. 


SPECIMENS 


The cadmium used in this work was spectro- 
graphically pure Johnson-Matthey material. The 
spheres were formed by whipping the molten metal in 
a bath of hot silicone oil.‘ These spheres were then 
separated into size groups by means of a mechanical 
shaker and sieves. The four groups investigated 
contained spheres with diameters 44-62 microns, 88-105 
microns, 125-149 microns, and 600-1200 microns. A 
microscopic examination revealed that the particles 

+ Now at RCA Laboratories, Princeton, New Jersey. 

1M. C. Steele and R. A. Hein, Phys. Rev. 87, 908 (1952). 

2 J. M. Locke, Proc. Roy. Soc. (London) A208, 391 (1951). 

3B. B. Goodman and E. Mendoza, Phil. Mag. 42, 594 (1951). 

4M. C. Steele, Phys. Rev. 78, 791 (1950). 


were indeed spherical, with diameters in the ranges as 
indicated above. 


EXPERIMENTAL DETAILS 


In general the experimental arrangement was similar 
to that previously employed.® Temperatures below 1°K 
were produced by the magnetic cooling method using 
potassium chrome alum as the cooling agent. The large 
magnetizing fields were supplied by a_ Bitter-type 
solenoid, and the exchange gas technique was employed. 
the cadmium and_ the 
was achieved by the 
which in was 


Thermal contact between 


paramagnetic salt cementing 
specimens into a 
connected, via a screw fitting, to a copper fin around 


The 


copper sleeve turn 


which the paramagnetic salt was compressed 

















Fic. 1, Schematic diagram of the lower Dewar assembly, 


5M. C, Steele and R. A. Hein, Phys. Rev. 92, 243 (1953). 
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Taste I. Critical field data for all of the cadmium samples.* 


600-1200 microns 
T°K 


Bulk specimen 
Hi (gauss) T°K H (gauss) H (gauss) 
0.554 0 
0.441 12.3 
0.375 19.2 
0.322 25.4 
0.163 28.6 


0 0.554 0 
5.6 0.484 8.8 
10.8 043 15.0 
12.5 0.409 17.5 
16.5 0.349 25.0 
22.5 0.241 
0 0,549 
8.7 0,452 
14.9 0.371 
18.8 0.306 
16.4 0.355 
24.0 0.195 


* The earth's magnetic field was not compensated for in these experiments 


cadmium spheres were cemented into the copper sleeve, 
by first placing a small amount of G. E. Adhesive No. 
7031 and cadmium into it, and then stirring the mixture 
and allowing it to dry. This procedure was repeated 
until the sleeve was full. A carbon-composition resistor, 
calibrated for use as a thermometer, was incorporated 
into the setup to check on the quality of the thermal 
contact between the spheres and the salt pill (see 
Fig. 1). A ballistic mutual inductance technique was 
employed to detect the superconducting transitions as 
well as to obtain the magnetic temperature. It should 
be noted that in the present arrangement, the cadmium 
samples were separate from the salt pill, and by means 
of a three-coil secondary, the differential magnetic 
susceptibility of the salt or of the metal could be 
independently observed.® 

The superconducting transitions were obtained by 
first cooling the specimen to temperatures of the order 
of 0.1°K and then observing its magnetic behavior as it 
warmed back to the temperature of the liquid helium 
bath. The transition temperature is defined as that 
temperature at which the magnetic susceptibility of the 
specimen returns to its normal value. Temperatures 
were calculated from the susceptibility of the salt, 
which was also observed as the system warmed up. 
The temperatures so calculated are corrected to that 
of a spherical sample by applying the usual geometrical 


correction.’ The magnetic temperature (7°,*) was then 
temperature.* By 


converted to the thermodynamic 
observing a series of warmups in the presence of small 
applied magnetic fields, supplied by an auxiliary 
solenoid wound on the casing of the Bitter magnet, the 
transition temperatures were obtained as a function of 
the applied magnetic field. A plot of this dependence 
constitutes the magnetic threshold field curve for the 
particular specimen under investigation. 
*R. A. Hein, Phys. Rev. 102, 1511 (1956). 


’N. Kurti and F, Simon, Phil. Mag. 26, 849 (1938), 
* B. Bleaney, Proc. Roy. Soc. (London) 208, 216 (1950) 


125-149 microns 


Spheres 
44-62 microns 
H (gauss) T°K 


88-105 microns 
T°K H (gauss) T°K 
0.551 
0.539 
0.486 
0.429 
0.349 
0.303 
0.352 
0.563 
0.548 
0.528 
0.438 
0.391 
0.359 
0.190 


0.561 0 
0.475 0 
0.375 12.5 
0.304 19.3 
0.255 20.8 


0.564 0 
0.559 10 
0,494 22.5 
0.414 25.0 
0.389 33.8 
21.7 0.389 37.2 
25.5 0.358 33.8 

0 0,561 0 

8.0 0.518 0 
20.5 0.409 12.5 
26.8 0.324 


RESULTS 


The magnetic threshold fields obtained for the 
specimens are presented in Table I and plotted in Fig. 2. 
The zero-field transition temperature (7,) of all the 
samples was found to be 0.555+0.010°K, a value which 
is in accord with the findings of earlier workers.’ The 
critical field curve of the bulk material was parabolic 
and could be represented by 


H= 27.6[1—(7/0.555)?]. 


While the magnetic threshold fields of the 600-1200 
micron spheres were in accord with the bulk behavior, 
the data obtained for the three smallest specimens 
indicate a definite increase in their critical magnetic 
fields. The critical field curves of these specimens could 
not be represented by any parabolic relationship. The 
increase in the threshold fields is presented somewhat 
differently in Fig. 3, where the ratio of the critical 
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Fic. 2. The critical magnetic fields of all the specimens as a 
function of the absolute temperature. 





SIZE EFFECTS 
field (H.,) of the particles to that of bulk material 
(H.1) is plotted as a function of the reduced tempera- 
ture, ‘= 7'/T.. These ratios were obtained by comparing 
the measured critical fields of the spheres, with the 
appropriate field for the bulk material calculated from 
the above expression. These curves show that this ratio 
increases rapidly as the temperature approaches the 
transition temperature and tends to level off as the 
temperature approaches zero. 

Two runs were performed with spheres having 
diameters in the 20-30 micron range. The data obtained, 
(because of poor thermal contact between the spheres 
and the salt) were felt to be unreliable and therefore 
not included. Lack of intimate thermal contact was 
evidenced by the fact that the spheres did not go 
superconducting until thirty minutes after the magnet- 
izing field had been reduced to zero although the salt 
itself cooled to a temperature (7°,*) of 0.031°K. At 
thirty minutes after demagnetization the temperature 
of the salt was 0.177°K, indicating the presence of a 
relatively high thermal gradient between the spheres 
and the salt. Due to the small quantity of material 
available, no carbon resistor was incorporated in these 
experiments. These results suggest that the technique 
using to provide thermal contact is limited in its 
application. 


DISCUSSION OF RESULTS 


Present theories predict curves similar to those of 
Fig. 3 for superconductors whose dimensions are 
_ wwe + wae. hs cee Ue 
@ 44-62, SPHERES 
@ 66-108» SPHERES 
A (25-149 u SPHERES 








/1% 


Fic. 3. The reduced critical magnetic fields of the 44-62 micron, 
88-105 micron and 125-149 micron spheres as a function of the 
reduced temperature. 
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Fic, 4. The penetration depth calculated from the 44-62 micron 
sphere data as a function of the reduced temperature 


comparable to the penetration depth. Calculations by 
von Laue’ and de Launay,"’ based on the London theory, 


show that the ratio of H,, (critical field of small 


spheres) to H,, (critical field of large spheres) is 
given by 


H., sinh(R/X) 
sinh(R a) / (cosrir \) ), 
7 R/ 


I eL 


where R is the radius of the sphere and A is the pene 
tration depth. Since the ratio /,,/H-_ is temperature- 
dependent, a plot of this expression as a function of 
R/X, in conjunction with the curves of Fig. 3, allows one 
to determine A as a function of the temperature, 
provided R is known. An extrapolation of the 44-62 
micron sphere curve in Fig. 3, yields a value of 
1.85+0.05 for the ratio of 1/,,/H,, at absolute zero of 
temperature. Using the above expression, a value of 
(10.4+0.4) X 10~ cm is obtained for Ao, the penetration 
depth at absolute zero, This analysis assumes that the 
measured critical fields are characteristic of the smallest 
particles present to any appreciable extent; Le., 44 
micron diameter spheres in the present case. A similar 
calculation by Silin,"' based on the theory of Ginsberg 
and Landau, which takes into account surface energies, 
shows that the ratio of the critical fields is given by 


Hes/ Her (20/5) (A/R). 


This expression, and the curves in Fig. 3, also allow one 
to obtain A as a function of the temperature, and gives 
a value of 8.8% 10~* cm for do 

An independent check on the magnitude of Ao, can be 
obtained from the work of Pippard’ in which he 


9M, von Laue, Theory of Superconductivity (Academic Press, 
Inc., New York, 1952), p. 114 

” J. de Launay, Naval Research Laboratory Progress Report, 
Oct. 1947 (unpublished), p. 14 

"VY. P. Silin, J. Exptl. Theoret. Phys. 21, 1330 (1951) 

2 A. B. Pippard, Phil. Mag. 43, 273 (1952) 
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Fic. 5, The penetration depth calculated from the 44-62 micron 
sphere data as a function of [1—(7/7,)*}+. 


presents expressions for the reduced critical field curves 
of small superconducting spheres. The data obtained 
for the 44-62 micron spheres approximate his expres- 
sions for a sphere of radius 2A9. Hence, Ao is approxi- 
mately 11% 10 cm from this analysis. 

A plot of the penetration depth (A) as a function of 
temperature, obtained using the above expressions, see 
Fig. 4, displays the usual characteristics. That is, as 
the temperature approaches the transition temperature, 
A becomes quite large while as the temperature ap- 
proaches the absolute zero } tends to level off and 
become constant. There exists a theoretical expression, 
due to Daunt," for the temperature dependence of the 
penetration depth which can be written as 


N= 1—(7/T,)° FA. 


This relationship has been used to estimate values 
for Ao, from data obtained near 7’,."* Clearly, if one plots 
\ as a function of [1—(7/T,)* |", this expression yields 
a straight line with a slope and an intercept at 7=0 of 
Ay. A plot of the values of \ obtained from the 44-62 
micron sphere data is presented in Fig. 5. While the 
data are seen to display a linear behavior, the intercept 
and slope do not yield the same value for A». The 
intercepts of 10.810 cm and 9.0X10™ cm are in 
accord with the values obtained by extrapolating the 
curve in Fig. 3. The slopes of 19.5 10™ cm obtained by 
using von Laue’s analysis and 12.8% 10~ cm by using 
Silin’s, are too large for agreement with the values 
plotted in Fig. 4. Therefore, the curves in Fig. 4 show 
that the values of calculated on the basis of von Laue’s 
or Silin’s analysis are inconsistent with the 7“ behavior. 

In an attempt to ascertain if this discrepancy between 
slope and intercept is a consequence of the particular 
value assigned to the radii of the spheres used in the 
calculation of A, additional values of \ were determined 


J. G. Daunt ef al., Phys. Rev. 74, 842 (1948) 
“TD. Shoenberg, Superconductivity (Cambridge 
Press, New York, 1952), Chap. V. 
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with values of 25 and 30 microns for the radii of the 
spheres. The results, when plotted against (1—f)-4, 
where (= 7/T,, again displayed a linear behavior, but 
the slope and intercept were still in disagreement. The 
results are tabulated in Table II. 

There is another point of interest and that is that 
the data, again using either von Laue’s or Silin’s 
analysis, indicate a dependence of A on the specimen 
size. Although the data for the 88-105 micron and 
125-149 micron diameter spheres are somewhat 
meager, the calculated values for \ tend to increase 
with an increase in particle size. This dependence is 
depicted in Fig. 6. The curves here, obtained using von 
Laue’s expression, suggest that as the temperature 
approaches the transition temperature \ becomes 
independent of particle size, while at lower tempera- 
tures the smaller particles give the smaller penetration 
depth. 

Because of the relatively large values for Ao, these 
experiments should be carefully scrutinized. The carbon 
resistor indicated that the equilibrium times in the 
initial cooling down, after a demagnetization, were of 
the order of five minutes or less. Since the warmup 


Tas_e I. Intercepts and slopes obtained from \=AolL1—#}4 
for values of } calculated by using the indicated values for the 
radii of the spheres 


von Laue 
intercept (7 
X104 (om) 


Radii of 
spheres 
108 (om 


Slope 
«108 (em) 


Slope 
104 (cm) 


intercept (T =0) 
x 10* (em) 


19.5 9.0 
23.4 10.0 
26.2 11.6 


12.8 
14.5 
15.6 


10.8 
11.6 
13.8 


22.0 
25.0 
30.0 


times were usually longer than two hours, it is unlikely 
that the systematic spread in the threshold field curves 
was due to errors in the temperature resulting from 
poor thermal contact. To check on the possibility of 
errors in the calibration of the salt, which serves as 
the magnetic thermometer, or error due to the position 
of the specimen in the field of the auxiliary solenoid, a 
series of demagnetizations were conducted using a 
composite sample containing bulk cadmium as well as 
some 44-62 micron spheres. The bulk cadmium used 
here were irregular shaped pieces (dimensions of the 
order of mm) which were recovered from the same 
silicon oil bath as were the spheres. The reasoning 
behind this experiment may be readily seen with 
reference to Fig. 2. It should be noted there that if the 


composite is cooled to temperatures below 0.55°K, a 


subsequent warmup in zero field should yield a single 
transition in the neighborhood of 0.55°K. However, a 
warmup in the presence of an applied magnetic field, 
should, if the spread in threshold fields is real, yield a 
double transition—the first for the bulk material and 
the second at a higher temperature for the 44-62 
micron spheres. A double transition should also be 
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observed by making a magnetic field sweep, at tempera- 
tures below the transition temperatures. 

Figures 7 and 8 show the results obtained with the 
composite sample. The zero-field transition is similar to 
the zero-field transition obtained with the bulk material 
and indicates a single transition at 0.0558°K. The 
transition in a field of 10 gauss, see Fig. 8, is markedly 
different from the zero-field one in that two transitions 
are evident. The first transition (lower temperature) 
agrees well with the bulk critical field curve while the 
second transition (higher temperature) is in keeping 
with the 44-62 micron spheres critical field curve. The 
curves in Figs. 7 and 8 show definitely that the spread 
in threshold fields is real. A field sweep conducted at 
approximately 0.25°K also revealed a double transition. 


—, om 


© 44°624 
® 88-105, 
4 125°149 4% 








Fic. 6. The penetration depth calculated from all the data as a 
function of the reduced temperature 


To check further on the experimental technique, a 
composite tin sample, consisting of bulk material and 
44-62 micron spheres, was investigated in the liquid 
helium range. These spheres were made in the same 
manner as were the cadmium spheres and the experi 
mental arrangement was the same. Several field sweeps 
conducted at approximately 2.0°K indicated but a 
single superconducting transition. This result is in 
keeping with what one would expect, since Ao for tin’ 
is known to be about 5X 10~° cm so that the radii of the 
spheres were approximately 400 times Ao. Therefore, 
the absence of a double transition is consistent with 
the interpretation put on the cadmium data. 
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Fic. 7. The galvanometer deflection obtained in zero applied 


magnetic field for the composite cadmium sample as a functior 
of the time after demagnetization 


CONCLUSIONS 


From the results of the present investigation, it is 
concluded that the spread in the critical field for the 
small superconducting spheres of cadmium is real and a 
rhe 


‘em and (8.8+0.3) 10-4 em for Apo is in 


property of the spheres themselves values of 
(10.44) & 10 
qualitative agreement with the empirical observations? 
and theoretical predictions” that the penetration depth 
varies inversely with the transition temperature. These 
results andthe results of our earlier work strongly 
that A» for cadmium is a factor of 100 times 
than the 


conductors," 


suggest 


larger values reported for other super 


This large value for Ay suggests that a Casimir-type 


experiment,!® in which one measures the change in the 
volume susceptibility of a bulk superconductor as its 
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ric. 8. The galvanometer deflection obtained in an applied 
magnetic field of 10 gauss for the composite cadmium sample as a 
function of the time after demagnetization 


6M, ( Osborne, Phys. Rev. 91, 1281 
(1953) 


‘6H. B. G. Casimir, Physica 7, 887 (1940) 
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temperature is decreased, should be feasible for 
cadmium. The change in the susceptibility being due 
to the fact that A decreases rapidly with decreasing 
temperature in the region near 7. It would also appear 
that resistance measurements on thin cadmium wires 
might give additional information on the penetration 
depth. In light of the large A», wires with diameters in 
the 5 to 10 micron range should produce a readily 
measurable effect. 
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Optical Absorption by Silver Halides* 
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The absorption spectra of silver chloride, silver bromide, and silver iodide films evaporated on quartz 
plates have been measured at room temperature and liquid nitrogen temperature. It has been found that 
the “exciton peaks,” which have been believed to depend very little upon temperature, become sharper and 
shift toward the shorter wavelength side as the films are cooled down to liquid nitrogen temperature 
Attempts are made to combine the present data with some publishéd data to give absorption curves for 
silver chloride and silver bromide over a large range of absorption spectrum at room and low temperatures. 


N the course of our attempts to produce V centers in 
silver halides by simultaneous evaporation of the 

silver halide and a halogen gas, we found it necessary 
to investigate absorption coefficients of evaporated thin 
films of pure silver halides at room and liquid nitrogen 
temperatures, It has been generally believed that the 
absorption bands of the silver halides depend very little 
upon temperature.’ In particular, it has appeared that 
the absorption edge does not shift markedly upon cool- 
ing from room temperature, and that the small bumps 
on the absorption curves, frequently called the “exciton 
peaks,” do not sharpen or grow more pronounced upon 
cooling. These beliefs have been the basis for various 
ideas and speculations regarding the energy band 
structure and absorption mechanisms in the silver 
halides. The results of our measurements are somewhat 
at variance with the older data. 

Figure 1 shows the results for AgCl. Curve 1 gives the 
optical absorption coefficient versus wavelength for AgC! 
at room temperature. Curve 2 gives the optical absorp- 
tion at —184°C and shows that the “exciton” band 
sharpens and shifts toward the shorter wavelength side 
at low temperature. These measurements are taken on 
a thin (210-my) AgCl film evaporated onto a quartz 
plate held at room temperature. Milliman’? measured 
the optical absorption of AgCl at room temperature, 
using thin samples solidified from the melted materials ; 


* This research was supported by the U.S. Air Force through 
the Air Force Office of Scientific Research of the Air Research and 
Development Command. 

1H, Fesefeldt, Z. Physik 64, 741 (1930). 

*P, D. Milliman, Master's thesis, Cornell University, Ithaca, 
New York, 1954 (unpublished). 


Curve 3 shows his result. It is noticed that Curve 1 is 

in fair agreement with Milliman’s curve, Curve 3. Curve 
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Fic. 1. The absorption spectrum of AgCl at room temperature 
and liquid nitrogen temperature. Curve | is the absorption curve 
at 26°C, and Curve 2 is at —184°C. The measurements were 
taken on a thin (210-my) evaporated film. Curve 3 shows the 
absorption curve measured by Milliman at room temperature on 
fused films. Curves 4 and 5 are data measured by Kaiser on an 
evaporated film of 510-my thickness at 27°C and at —183°C, 
respectively. 
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4 and Curve 5 are those reported by Kaiser’ on some- 
what thicker (510-my) evaporated film, the former 
showing the optical absorption at room temperature 
and the latter that at liquid nitrogen temperature. 

Figure 2 shows the comparable results for AgBr. 
Curve 1 gives the optical absorption of AgBr at room 
temperature and Curve 2 gives the absorption at 
— 184°C. Again sharpening and shifting toward the 
shorter wavelength side of the “exciton band(s)”’ can 
be noticed. One should notice the appearance of a 
discrete band at 2610A in Curve 2. No absolute 
absorption data on AgBr have previously appeared, to 
our knowledge, in this spectral region, although 
Fesefeldt and Gyulai* measured optical density in thin 
films at room temperature. In their data (room tempera- 
ture) the structure at 3150 A and 2750 A is somewhat 
more prominent. 
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Fic. 2. The absorption spectrum of AgBr at room temperature 
and at liquid nitrogen temperature. Curve 1; at 23°C. Curve 2: at 
184°C. The measurements were taken on an evaporated film 


(250 my thick). 


Figure 3 shows the results for AgI. Curve 1 gives the 
optical absorption of AgI at room temperature. Curve 2 
gives the optical absorption at — 184°C. Curve 3 is the 
absorption curve at room temperature reported by 
Hilsch and Pohl? and is shown for reference. In AgI the 
first absorption peak at 4230 A shows very little tem- 
perature dependence and agrees with the assumption 
that this band is due to the forbidden transition 
(d'°— d*s) in the Ag ion which becomes allowed because 
of the tetrahedral symmetry of the Ag ion site.* The 
second peak which occurs at about 3310 A appears to 
become sharper as the film is cooled to liquid nitrogen 
temperature. 

4 W. Kaiser, Z. Physik 132, 497 (1952). 

“H. Fesefeldt and Z. Gyulai, Gétt. Nachr. 3, 226 (1929) 


®R. Hilsch and R. W. Pohl, Z. Physik 48, 384 (1928). 
* F. Seitz, Revs. Modern Phys. 23, 328 (1951). 
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Fic. 3. The absorption spectrum of AgI at room temperature 
and liquid nitrogen temperature, Curve 1; at 22°C, Curve 2: at 
°C, The measurements were taken on two evaporated films, 

the thickness of which were 500 mu and 215 my. Curve 3 is the 
absorption curve measured at room temperature by Hilsch and 


Pohl 


We also evaporated AgCl onto a quartz plate held at 
— 184°C and measured the optical absorption, immedi- 
ately after the evaporation, at —184°C. Curve 1 in 
Fig. 4 shows the result. Curve 2 in the same figure is 
the absorption curve obtained on the same film after it 
was warmed up to room temperature. The film was then 
again cooled down to liquid nitrogen temperature and 
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Fic. 4. Annealing effect on the absorption curve of AgCl film. 
Curve 1: a film of thickness 210 my was evaporated on a quartz 
plate held at — 184°C, and the optical absorption was measured at 

184°C immediately after the evaporation. Curve 2: the film was 
warmed up to 23°C, and the absorption was measured, Curve 3; the 
film was cooled back to — 184°C, and the absorption was remeas 
ured. Curves 1’, 2’, and 3’, reported by Kaiser on an evaporated 
film of 490 my, correspond to Curve 1, 2, and 3, respectively. 
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5. The absorption spectrum of AgCl at room temperature 


and at liquid nitrogen temperature 


the absorption was remeasured, The result is shown by 
Curve 3. Curve 3 shows an annealing effect as one might 


expect and the result is perfectly reproducible. This 


result is somewhat that reported by 
Kaiser,’ who reported an irreversible increase in the 


optical absorption in the tail by annealing the film after 


contrary to 


evaporating it at liquid nitrogen temperature. 

The thickness of the films in the above measurements 
are determined from the position of interference maxima 
in the transmission spectra. The data are corrected for 
the reflection loss which is calculated using the refrac 
tive indices for the sodium D line for silver halides and 
quartz. The calculated reflection loss is about 20% of 
the incident light or a density of 0.1 for all three silver 
halides. This value has been applied for the entire 
spectral region investigated, and may overestimate the 
absorption coefficient slightly in the region of high 
absorption. 

In Fig. 5, data from various sources, covering a wide 
range of fundamental absorption spectrum of AgCl at 
room and low temperatures, are summarized, Both 
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Fic. 6. The absorption spectrum of AgBr at room 
temperature and at low temperature. 


Milliman’s* and Slack and Sekula’s’ data were taken on 
fused films, whereas the curves of Moser and Urbach*® 
and of Gilleo* were measured on crystals. In Fig. 6, 
a similar attempt is made to give a composite picture 
of the absorption spectrum of AgBr at room and low 
temperatures, using data taken from various sources. 
The curve of Slade and Toy" was measured on fused 
films and those of Moser and Urbach*® were taken on 
crystals, 

The attempt to form V centers in silver halides has 
been unsuccessful. The simultaneous evaporation of a 
halogen gas with the silver halide has so far resulted 
only in an enhancement of the absorption tail; experi- 
ments are being continued. 

7Slack and Sekula’s curve was taken from J. A. Krumhansl, 
Proceedings of the Conference on Photoconductivity, Atlantic City, 
November 4-6, 1954 (John Wiley and Sons, Inc., New York, 
1956), p. 450. 

®F. Moser and F. Urbach, Phys. Rev. 102, 1519 (1956). 

9M. A. Gilleo, Phys. Rev. 91, 534 (1953) 

” R. E. Slade and F. C. Toy, Proc. Roy. Soc. (London) A97, 181 
(1920). No comment on the temperature, at which their data were 
taken, is given in their paper. We assume that their data were 
taken at room temperature. 
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Effect of Impurities on Free-Hole Infrared Absorption in p-Type Germanium 


R. NEWMAN AND W. W. TYLER 
General Electric Research Laboratory, Schnectady, New York 
(Received October 19, 1956) 


The free-hole absorption in p-type germanium (gallium-doped) is studied as a function of concentration 
over the range from 10 to 10” acceptors/cm*. The spectra are modified as the carrier and total impurity 
concentrations are increased. With increasing concentration the structure in the spectrum becomes less 
pronounced. The effects observed are consistent with changes in the Fermi level and with nonvertical transi 


tions induced by charged impurity centers 


INTRODUCTION 


HE room temperature infrared absorption due to 

free holes in p-type germanium is characterized 
by three absorption peaks located at 0.36, 0.26, and 
~0.1 ev.'* As the temperature is lowered, the bands 
sharpen and become displaced slightly from these 
positions. Studies of the absorption spectra of injected 
carriers have helped establish the conclusion that the 
spectra result from absorption by free holes and not 
from some unknown impurity effect.?*° 

Kahn® has shown how the features of the free hole 
absorption can be explained in terms of vertical 
transitions (Ak=Q) between the different branches of 
the valence band. From his interpretation of the data 
it is possible to obtain a value for the spin-orbit splitting 
in germanium at k=Q. This, together with the band 
parameters obtained from cyclotron resonance data 
permits a complete description of the valence band 
near k=0. 

This paper reports studies of the effects of free-hole 
concentration and total impurity concentration on the 
free-hole absorption. The impurity and carrier concen- 
tration effects which must be considered in analyzing 
the data are the following: (1) modification of the band 
structure due to impurities, (2) position of the Fermi 
level within the valence band, and (3) nonvertical 
transitions induced by charged impurity centers. 

In this work attention will be directed at the behavior 
of the absorption corresponding to the excitation of a 
hole from the heavy-mass band (V;) to the split-off 
band (V3). This is done to avoid the complication of 
overlapping transitions that occur in some other 
regions of the spectrum. In a subsequent publication, 
Kane will present an absolute theory of the absorption 
due to the various impurity and carrier concentration 
effects, noted above, which modify the spectrum.’ 

EXPERIMENTAL 

Single crystals of gallium-doped germanium were 

prepared by doping and _ pulling 


1H. B. Briggs and R. C. Fletcher, Phys. Rev. 87, 1130 (1952), 

2H. B. Briggs and R. C. Fletcher, Phys. Rev. 91, 1342 (1953), 

3 Kaiser, Collins, and Fan, Phys. Rev. 91, 1380 (1953) 

4R. Newman, Phys. Rev. 91, 1311 (1953); 96, 1188 (1954) 

6 A. F, Gibson, Proc. Phys. Soc. (London) B66, 588 (1953). 

* A. H. Kahn, Phys. Rev. 97, 1647 (1955). 

7E. O. Kane, Bull. Am. Phys. Soc. Ser. II, 1, 127 
details to be published. 


conventional 


(1956); 


techniques, Samples were cut transverse to the direction 
of crystal growth Hall 
coefficient measurements at 610° gauss were made 
on samples adjacent to the ones used for the optical 


to maximize homogeneity. 


measurement. The high field approximation was used 
to calculate carrier densities from the measured ‘Hall 
coefhcients.” At the higher impurity concentrations 
this procedure could be in error by as much as a factor 
of two since the magnetic field dependence of the Hall 
coefficient has not: been examined under conditions of 
impurity scattering. 

For the optical measurements the samples were cut 
with parallel faces and were ground to the desired 
thickness and then polished. The very thin samples 
(2-100 uw) were prepared in a manner already described,” 
except that the samples were mounted on synthetic 
sapphire disks. Low-temperature measurements were 
made with the sample mounted in a double Dewar 
cryostat. Transmission was measured by the ‘simple 
in, sample out”? method. A Perkin-Elmer 112 spec 
trometer with Cal, and NaCl optics was employed, 
Absorption coefficients were obtained in the usual way, 
correcting for reflection loss by assuming a constant 
reflectivity of 0.35. 


FREE HOLE ABSORPTION IN Ge AT 77% 
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Fic. 1. Absorption spectra at 77°K of p-type germanium for a 
range of carrier and total impurity concentrations, Numbers on 
each curve gives the hole concentration in carriers/cm* 


* Willardson, Harman, and Beer, Phys. Rev. 96, 1512 (1955) 
*W. C. Dash and R. Newman, Phys. Kev. 99, 1151 (1955) 
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Fic, 2, The 77°K absorption cross section of p-type germanium 
as a function of impurity concentration at 0.7 ev. Points at two 
lowest concentrations are extrapolated values. 


The samples used at the low-concentration limit are 
nonuniform because of the long optical path required. 
For the sample termed 10'*/cm# in Fig. 1 the variation 
in carrier density was approximately a factor of 3 from 
one end to the other with 10'*/cm* as a rough average. 
For the sample with a concentration of 1.5 10”/cm* 
the values of absorption constant shown in Fig. 1 may 
be low by a factor less than 2. This resulted from our 
inability to make a very precise determination of sample 
thickness in the 1 to 2 micron range. 


RESULTS AND DISCUSSION 


Figure 1 shows the hole absorption spectra from 0.1 
to 0.8 ev at 77°K for a series of samples whose impurity 
concentration ranged from ~10'* to 10” per cm’. For 
several of the more highly doped samples, room tem- 
perature data are also given as dotted curves. For the 
remainder of the samples the room temperature data 
were identical with those already reported.?* Since 
the effects under study were most pronounced at 77°K, 
the discussion will refer exclusively to data taken at 
this temperature. 

As indicated above the carrier concentration and 
impurity effects arise in three ways. Of these the Fermi 
level effect and the enhancement of indirect transitions 
by charged impurity centers are probably the most 
important.’ 

The effect of changes in Fermi level position within 
the valence band result in changes in the position of 
the absorption peak. For example, the peak of the 
VV; transition should shift to higher photon energy 
as the Fermi level goes deeper into the valence band. 
However, at points sufficiently removed to the high- 
energy side of the absorption peak, the direct transition 
process would require the same slope and the same 
temperature dependence for the absorption coefficient 
vs photon energy curves for all concentrations. This 
clearly is not the case. Not only are the slopes at high 
energies different, but for the higher carrier concen- 
tration values they are almost temperature independent. 
Consideration of these facts suggested the second 


”R. Newman and W. W. Tyler, Bull. Am. Phys. Soc. Ser. IT, 
1, 49 (1956), contains a preliminary account of this work. 


W. W. TYLER 


important mechanism, namely the enhancement of 
indirect transitions by charged impurity centers. The 
basic idea is that scattering of a carrier by a charged 
center produces a mixing of the k states which describe 
the motion of the carrier. This results in a relaxation 
of the selection rule Ak=0. The effect on the spectrum 
is to tend to “wash out” the structure. For example, 
the slope on the high-energy side of the absorption 
due to the V;->V; transition is almost an exponential 
in photon energy for the direct transition process, 
reflecting the hole distribution function. On the other 
hand, the absorption curve determined by the indirect 
process would principally reflect the matrix element for 
the indirect transition which is a less rapidly varying 
function of photon energy. 

As a specific test of the effect of charged impurities, 
the absorption spectra at 77°K was measured for two 
samples with almost the same carrier density but for 
which the total density of charged impurities was 
different. The results are indicated by the curves in 
Fig. 2 labeled 1.3X10'* carriers/em*’ and 6X10" 
carriers/cm*+ 5X 10'* compensated impurities/cm* (Ga 
and As). The high energy slope of the absorption 
region corresponding to the V;->V, transition is less 
for the sample having a higher charged impurity 
content than for the sample having the higher carrier 
concentration. Also the slopes are the same for the 
curves labeled 1X10" carriers/cm* and for that of the 
compensated sample which had almost the same total 
impurity content but a smaller carrier density. These 
observations are in accord with the indirect transition 
idea. The difference between these latter two curves 
(e.g., position of the absorption peak) then reflects 
the change in the position of the Fermi level." 

In Fig. 2 is shown a plot of absorption cross section 
as a function of impurity concentration for 0.7 ev. It 
is to be noted that for the compensated sample, the 
total impurity density rather than the carrier density 
seems the more appropriate choice of abscissa value in 
order to fit the point to the data for the other samples. 

SUMMARY 


In summary, the interpretation of the impurity 
effects on the free-hole absorption in germanium has 
shown the importance of two effects: the Fermi level 
effect and the impurity induced indirect transition 
effect. The accuracy of the theoretical calculation of 
these effects is sufficient to show that band structure 
modification does not contribute significantly to the 
observed results.’ 
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4 Kane’s theory of the indirect transitions predicts a slow 
variation in the absorption transition probability with free carrier 
concentration, due to a screening of the impurity centers by the 
carriers. For the purpose of this discussion the slow variation may 
be neglected. 
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Transport Properties of Dilute Binary Magnesium Alloys 


Epwarp I, SAtkovitz,* ALBERT I, ScHINDLER,* AND Erwin W. Kammert 
United States Naval Research Laboratory, Washington, D. C 
(Received October 17, 1956) 


Unusual lattice parameter behavior in dilute binary magnesium alloys has been observed by Raynor and 
others, and has been attributed to a Brillouin zone overlap phenomenon suggested by Jones. The primary 
purpose of this paper is to show that if the overlap model is even only qualitatively correct, measurements of 
electron transport properties should be sensitive to electron overlap, Such measurements have been made on 
the resistivity, temperature variation of resistivity, Hall coefficient, and thermoelectric power. Monovalent 
and divalent additions to magnesium are found to cause the Hall coefficient and thermoelectric power to 
vary monotonically with composition, but trivalent and quadrivalent additions cause these measurements 
to go through extrema associated with the zone overlap. It is proposed that both the Hall coefficient and 
the thermoelectric power may be expressed as the sum of two contributions. One contribution is directly 
related and therefore is linear to electron concentration. The other contribution arises essentially from 
everything else, particularly the perturbations upon the ion core potential when a foreign atom is introduced 
into the lattice. This latter contribution may be obtained directly from measurements on the magnesium 
cadmium system. A simple subtraction then provides the electronic contribution for the alloy under question 
A band picture is invoked to qualitatively justify this approach. Finally, this paper also demonstrates that 


Matthiessen’s rule and Linde’s rule are not valid for dilute magnesium alloys 


I. INTRODUCTION 


AYNOR, in a series of papers,' demonstrated that 
dilute monovalent additions to magnesium cause 
the crystallographic c/a ratio to decrease with in- 
creasing concentration, dilute trivalent or quadrivalent 
additions after some initial concentration cause it to 
increase, but dilute additions of divalent cadmium 
cause no change. Essentially the same results were 
later reported by Busk.? Raynor rationalized this 
behavior in terms of the Jones overlap theory.’ This 
latter theory states that when the Fermi surface 
overlaps a Brillouin zone face, an interaction occurs 
between the Fermi surface and the zone face. This 
interaction may be likened to a longitudinal stress 
which causes a contraction of the spacing between the 
zone faces that have been overlapped. In the real lattice, 
expansion must then occur in the corresponding 
crystallographic direction. Coupled with the additional 
effect of the relative ion size of the impurity atom, the 
Jones model could be used to qualitatively describe how 
the lattice parameters of magnesium should change 
with alloying. Recently Goodenough, McClure, Marcus, 
and Slater‘ indicated that the Jones treatment of the 
overlap problem is incomplete. For our purposes of 
discussion, however, it is adequate. 
Salkovitz and Schindler’ have proposed that if 


* Metallurgy Division. 

t Mechanics Division. 

1W. Hume-Rothery and G. V. Raynor, Proc. Roy. Soc. 
(London) A177, 27 (1940); G. V. Raynor, Proc. Roy. Soc. 
(London) 180, 107 (1942). 

2R. S. Busk, Trans. Am. Inst. Mining Met. Engrs. 188, 1460 
(1950). 

+H. Jones, Proc. Roy. Soc. (London) A147, 400 (1934) ; Physica 
15, 13 (1949); Phil. Mag. 41, 663 (1950), 

4 J. B. Goodenough, Phys. Rev. 89, 282 (1953); J. W. McClure, 
Phys. Rev. 98, 449 (1955); P. M. Marcus, Phys. Rev. 98, 1552 
(1955) and private communications; J. C. Slater, ASM Theory of 
Alloy Phases, p. 1 (1956) 

5 F. I. Salkovitz and A. I. Schindler, Phys. Rev. 91, 234 (1953). 


overlap occurs, then the behavior of the overlapping 
electrons should be mainifested in measurements of 
electron transport properties. Preliminary Hall measure- 
ments have already given credence to this proposal.® 
It is the main purpose of the current paper to evaluate 
in terms of the overlap model extensive measurements 
of the resistivity, the thermal variation of resistivity, 
Hall coefficient, and thermoelectric power for a series 
of dilute magnesium alloys. A secondary goal is to check 
the validity of Matthiessen’s rule and Linde’s rule 
for these alloys. 


Il. EXPERIMENTAL PROCEDURE 


The above measurements were made on pure mag- 
nesium and on a series of dilute single-phase binary 
magnesium alloys.’ The solutes were monovalent 
lithium and silver, divalent cadmium, trivalent alumi- 
num, indium and thallium, and quadrivalent tin and 
lead. The compositions studied are listed in Table I. 
Specimens were obtained in the form of annealed 
extruded polycrystalline strips. Each strip was cut 
into two specimens, one a Hall specimen, the other a 
resistivity specimen which was also used for the 
thermoelectric measurements. The Hall specimen was 
5cm X1 cm X0.1 cm, with the variation in width and 
thickness kept to +4%. The individual resistivity 
specimens varied in length from 9.54 cm to 29.30 em, 
in width from 0.412 cm to 0.640 cm, and in thickness 
from 0.212 cm to 0.240 cm. 

The resistivity data were obtained by using the 
Reeves modification of the Kelvin double bridge.* For 


*A. I. Schindler and E. I Rey 


(1953). 

7 Some of these samples were very kindly furnished by Professor 
J. Dorn, University of California; the rest were obtained directly 
from the Dow Chemical Company 

*F. A. Laws, Electrical Measurements (McGraw-Hill 
Company, Inc., New York, 1938), second edition 


Salkovitz, Phys 91, 1320 
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Tae [. Compilation of data as measured. 


Resistivity pro 
(10° cm) 


4.450 


ing Atomic 
agent percent 


Pure Mg 


4.586 
4.626 
4.711 
4.865 


0.11 
0,22 
0.33 
0.495 
0.528 
0,998 
1.953 


Ag 


0.49 
2.55 
442 
7.63 
10.4 
13.9 


0.55 
1.01 
1.92 
3.92 
&.64 
12.68 


9.604 


5.032 
5 583 
6.091 
6.218 
7.036 
7.6088 
8.081 
& 646 
9,064 
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0.80 
().88 
1,31 
1.64 
1.82 
2.18 
2.41 


5.198 
6.422 
7.617 
9.180 
10,287 
11.971 


0.446 
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1.46 
2.30 
3.01 
3.74 
6.76 
10.57 


1.32 
2.94 
4.84 


380 0.047 
5 0.10 
381 0.17 
6 0.19 
7 0.29 
0.54 
1.08 
2.04 


$82 
383 


$84 11.646 


5.782 
6.467 
11.276 


0.24 
0.37 
1,32 
2.01 


65 
00 
3R8 
389 


* The convention used abo 


plotting the various graphs, however, the data have been normalized to spec 


the measurements the specimens were placed in a 
hermetically sealed box and were heated by radiation 
from long heater strips placed within the box, below 
and parallel to the specimens, The temperature of the 
specimens could be raised slowly at a controlled rate 
from room temperature to 10° or 15°C above, permitting 


Hall coefficient 
amp-oe 


—8.42 


Thermoelectric power* 
S7s°k 


—0.142 


dp/dtio-*n 


em/°C) Sa00"k 


1.656 —0,223 
+0.434 
+0.781 
+-1.09 
+1.18 
4+-1.51 
+1.70 
+2.26 


+-0.015 
+-0.148 
+-0.268 
+-0.575 
+-0.795 


~8.01 
7.70 


7.34 


1.638 
1.674 
1.656 
1.652 
1.646 6.76 
6.06 
1.600 


1,613 3B: 39 +-0.376 
651 —1.7; ~1.8. +1.377 
1.674 +1.918 
+2.112 
+-2.900 


( 
) 


2 
8 
1 
7 
2 


+0.138 
+-0,.261 
+-0.335 


+0.550 


+0.660 
+-0.630 


0.397 
0.462 


+0.757 
+-0.950 
+-0.979 
+1.21 
+1.27 
+1.20 
+-0.566 
+0.290 


+-0,039 

+-0.062 

+-0.067 
0.057 
0.158 
0.421 
1.40 
2.78 


+-0.393 
+-0).647 
+0.739 


+-0.81 
+0.183 
+-0.240 
+-0.221 
+-0.429 
+0.446 
+0.511 
+0.555 


0.174 
0.370 
0.382 
0.499 
0.618 
0.909 
— 1.365 
— 1.625 


+-0,336 
+-0).444 
+-0.79 
+0.79 


—0.366 
0.502 
1.091 
1.377 


© was to consider the thermoelectric power positive relative to the magnesium circuit if the hot junction was negative. In 


imen No, 1, the pure magnesium sample (99.98% Mg). 


measurements of the temperature variation of 
resistivity. 

The thermoelectric power data were obtained in the 
following manner. Against each end of the specimen a 
pure magnesium wire was clamped, forming a thermo- 


couple, so that the thermoelectric emf for a given alloy 
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Fic. 1. Arrangement for thermoelectric power experiments 


was measured relative to the wire. The remaining ends 
of each of the magnesium wires were connected me- 
chanically to copper wires and thence to a po 
tentiometer. (See Fig. 1.) The junctions between copper 
and magnesium were kept at a constant temperature 
by a suitable cold bath. Incorporated into the clamps 
which forced the magnesium wire against the specimen 
at each end, were small controllable electric heater 
elements as temperature 
measuring junctions. The latter were superimposed on 
the contact points made by the magnesium wire with 
the specimen. A clamp at the center of the specimen 
conducted heat to a massive iron stand supporting the 
apparatus. This heat sink left one-half of the specimen 
length at room temperature, the temperature gradient 
existing only between the heated end and the clamped 


well as chromel-alumel 


center of the bar. 

Two sets of measurements were made in all instances. 
First the left end of the specimen was kept at room 
temperature, and the right end heated, then the left 
end was heated while the right end was kept at room 
temperature. The emf for each set of measurements was 
plotted against temperature, The thermoelectric power 
for the particular sample was taken to be the average 
of the slopes of the two plots. During the course of 
the work it was discovered that the magnesium wire 
used for comparison was less pure than the “pure 
magnesium” used as a specimen and as base metal for 
all the alloys. Consequently, a net thermoelectric 
power was found between the magnesium wire and the 
pure magnesium sample. This reading was subtracted 
from all subsequent readings so that in the graphs which 
follow it is the thermoelectric power relative to the pure 
magnesium sample which is plotted. 

To obtain the relative thermoelectric power of the 
various alloys with the cold junction at liquid nitrogen 
temperature, a modification of the room temperature 
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Fic. 2. Increase in resistivity of magnesium due to alloying 

technique was used, The same pure magnesium reference 
wires were clamped to each end of the specimen 
together chromel-alumel thermocouple for 
temperature measurement. This assembly was then 
suspended in liquid nitrogen, One end of the specimen 


with a 


projected a short distance from the bath allowing the 
junction temperature to rise above that of the liquid 
nitrogen. By changing this exposed length in small 
increments, a plot of emf versus junction temperature 
difference was obtained and the slope of this graph 
yielded the relative thermoelectric power with respect 
to the magnesium wire. Again, to evaluate any non 
uniformity of the specimens and reference wire in 
these tests, data were taken for each end of the specimen 
used alternately as the cold junction, and for inter 
changed positions of the reference wires 

Hall measurements were made only at room tempera 
ture by means of a technique already described else 
where. The reader is referred to the earlier paper® 
for more details. 

III. RESULTS 


(a) Resistivity of Alloys 


The room temperature resistivity measurements have 
already been reported’ so that only brief mention will 


be made here. Linde’s rule, which holds quite well for 


alloys of monovalent elements, states that 
Ap/A = ki +k2(AZ)’, (1) 


where Ap/A 
percent 


is the increase in resistivity per atomic 


solute, AZ is the 


the solute and 


addition of difference in 


valence between solvent atoms, and 
k, and k» are constants depending on the period (of the 
periodic table) to which the solute belongs 

lor the magnesium alloys indicated, Fig. 2 shows the 
incremental increase in resistivity, Ap, over that of 
pure magnesium, plotted against alloying content 


Except for the tin additions, the data fall on good 


* FE. I, Salkovitz and A, I. Schindler, Phys. Rev. 98, 543 (1955) 
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straight lines, suggesting a linear increase of Ap with 
composition. Further, the curves fall into groups. For 
the monovalent additions silver and lithium, the slope 
y=0.75; for the trivalent additions aluminum and 
indium, y= 2.0; and for the quadrivalent additions of 
lead and at least the initial additions of tin, y=5.2. 
It is evident then that although y and therefore Ap/A 
depend on the valence of the solute atom, these 
parameters do not depend on the period to which 
the solute atoms belong, nor upon AZ*. Consequently 
for these alloys Linde’s rule is not valid. 


(b) Matthiessen’s Rule 


Nordheim has shown that the resistivity p, for an 
alloy may be expressed thus, 


p=pr+p, (2) 


where pr is the thermal contribution to the resistivity 
due to lattice vibrations, i.e., phonon scattering, and is 
therefore temperature-dependent, and p, is the contri- 
bution due to impurities which is temperature- 
independent. Hence for dilute alloys of a given metal 
the temperature variation of the resistivity dp/dT 
must be a constant, independent of concentration of 
the solute. This is known as Matthiessen’s rule. 
Figure 3 is a typical plot of resistance against tem- 
perature for the specimens studied. In this case it is 
for sample 7 containing 0.29 atomic percent tin, From 


the slope of the curve, a value of 1.61X10~* ohm 
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Fic. 3. Resistance of a magnesium-tin alloy as a 
function of temperature. 
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cm/°C is obtained for dp/dT. Superimposed on this 
graph is a line with a slope corresponding to a dp/dT of 
1.49 10-* ohm cm/°C which would be that for sample 
384 containing 2.04 atomic percent tin. Clearly the small 
amount of scatter in the data cannot account for the 
two different slopes, and it may be concluded that 
dp/dT is not the same for these two materials. In fact, 
increasing the tin content by only 1.7% changes 
dp/dT by about 8%. 

A very sensitive test for the validity of Matthiessen’s 
rule is the plot, as in Fig. 4, of a dimensionless quantity, 
the ratio (dp/dT),/(dp/dT)m, versus a second dimen- 
sionless quantity, the ratio (e/a),4/(e/a)m,, where e/a 
represents the electron concentration obtained using 
the usual Hume-Rothery valences. The subscript A 
refers to the alloy investigated, while the subscript Mg 
refers to the pure magnesium sample. When some of 
these data were first reported, it appeared, on a 
compressed plot, that dp/dT had a relatively constant 
value before overlap and another after. This is not 
the case. Indeed the quantity dp/dT decreases rapidly 
with electron concentration, so that Matthiessen’s rule 
is not valid for these magnesium alloys at room 
temperature. 


(e761 /(62/41 ng 








wd aan | i 


L000 (050 
le/o)y /(¢/0) 4g 


Fic. 4. Ratio of dp/dT of magnesium alloys relative to dp/dT 
for pure magnesium versus ratio of electron concentration of 
magnesium alloys relative to electron concentration of pure 
magnesium, 
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Fic. 5. Thermoelectric power (Sjoo°«) at room temperature of 


various dilute magnesium alloys relative to pure magnesium 
versus composition, 


(c) Thermoelectric Power 


Figure 5 is a composite plot of Sjo0’«, the thermo- 
electric power at room temperature of the various 


alloys measured relative to pure magnesium, versus 
composition. The pertinent features to note are the 


following: (a) Ssoo’« increases monotonically with 
increasing composition for additions of monovalent 
silver and lithium, and divalent cadmium. (b) Although 
cadmium when added to magnesium does not change 
the electron concentration, it nevertheless produces a 
sizable change in the thermoelectric power. (c) Trivalent 
indium and aluminum generate a different type of 
relationship between S3o0°« and composition: in these 
two cases, the thermoelectric power goes through a 
maximum. For thallium however, only three points are 
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Fic. 6. Thermoelectric power at 78°K and 300°K for magnesium 
silver alloys as a function of alloying. 


BINARY 


Mg ALLOYS 


4.0 








ee fer 


5 6 7 8 9 
ATOMIC PERCENT CADMIUM 


Fic, 7, Thermoelectric power at 78°K and 300°K for magnesium 
cadmium alloys as a function of alloying 


available so that it cannot be established whether or 
not its curve would go through a maximum. (d) 
Quadrivalent tin shows a maximum at very low 
concentration. (Unfortunately magnesium-lead alloys 
of this concentration were not available.) 
Thermoelectric power data at 78°K and 300°K as a 
function of percent composition are plotted in Figs. 
6, 7, and 8 for silver, cadmium, and lead additions. 
For additions of silver and lead, the thermoelectric 
power relative to magnesium is higher at 78°K than 
at 300°K; this is also true for cadmium additions up to 
at least 4%. The reversal in sign between the 
magnesium-lead data at 300°K and 78°K should be 
noted, For comparative purposes at 78°K the effect of 
additions from the fifth period have been plotted in 
Fig. 9. Again, a valence effect is quite apparent. And 
again at 78°K, cadmium, although not changing the 
electron concentration of magnesium, nevertheless has 
a considerable influence on its thermoelectric power. 
Data for the magnesium-aluminum alloys at 78°K, 
195°K, and 300°K are represented in Fig. 10, The 
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Fic, 8, Thermoelectric power at 78°K and 300°K for magnesium- 
lead alloys as a function of alloying. 
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Fic. 9. Thermoelectric power at 78°K for magnesium alloyed 
with fifth period elements, silver, cadmium, indium, or tin, as a 
function of alloying. 


compositions at which the maxima occtir may be 
observed to increase with decreasing temperature. This 
is clearly illustrated in Fig. 11, where these maxima 
have been plotted against temperature for indium as 
well as aluminum additions. To a first approximation, 
a linear relation between maxima and temperature is 
obtained in this temperature range. 


(d) Hall Coefficient 


Figure 12(a) is a plot of the room temperature Hall 
coeflicient R versus alloying addition, while Fig. 12(b) 
is a magnified portion of the latter. The pertinent 
features, here, resemble those for the room temperature 
thermoelectric power curves, namely: (a) additions of 
silver, lithium, or cadmium cause the absolute value 
of the Hall coefficient to decrease regularly; (b) again, 
cadmium has a large effect; (c) the Hall coefficient goes 
through a minimum for additions of indium or alumi- 
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10. Thermoelectric power of magnesium aluminum alloys at 
78°K, 195°K, and 300°K as a function of alloying. 
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num; (d) with additions of tin, R goes through a 
maximum at the lowest concentration, and then 
through a minimum. For lead additions, since only four 
compositions were studied, it can only be stated that R 
appears to decrease rapidly initially and then level off. 


IV. DISCUSSION 


So far no consideration has been given to the relative 
sizes of the various solute atoms. In Fig. 13 is a portion 
of the periodic table listing the atomic sizes of these 
solutes relative to magnesium. The data are for the 
free ion, not for the ion in solid solution which, though 
more appropriate, are not available. 

In Fig. 2 the slopes, y, of the various curves represent 
the incremental increases in resistivity relative to pure 
magnesium per atomic percent addition of solute. It is 
apparent that yay is approximately equal to yri, yet 
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Fic, 11, Compositions at which maxima occur in the thermo 
electric power for magnesium-aluminum and magnesium-indium 
alloys as a function of temperature. 


the ion sizes of silver and lithium are quite different. 
The same comparison may be made for ya; and Yin. 
We must conclude that the predominant factor in 
determining y is the valence of the solute. (We cannot 
account for the value of yr.) By comparison, the 
relative ion size is not nearly as significant within the 
range of ion sizes considered. In turn, Fig. 4, which 
shows dp/dT varying rapidly with electron concen- 
tration, implies that the dominant factor in the tem- 
perature variation of these alloys at room temperature 
is again the electron concentration. We must conclude 
that the Nordheim separation itself, and therefore 
Matthiessen’s rule, is not valid at room temperature 
for these alloys. 

As indicated, the relative valence of solute atom to 
solvent atom has a predominant effect on the resistivity 
and the other transport properties; however, since 
cadmium is divalent just as magnesium, the large 
effects on these properties must be explained in terms 
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of some other parameters. One such parameter is the 
perturbation on the ion core potential due to alloying. 
We suggest that the nature of this perturbation may be 
deduced from the transport properties of magnesium- 
cadmium alloys. 

Consider the difference S—Sca=5S,, where S is the 
measured thermoelectric power for an alloy of given 
composition, and Seq is the value for a magnesium- 
cadmium alloy of the same composition. We suggest, 
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alloying. (b) Magnified portion of Fig. 12(a). 


then, that S, represents the electronic effect of alloying 
arising from a change in the filling of the energy bands 
as the electron concentration is varied, and that the 
subtraction of Sca has corrected approximately for 
other effects on the thermoelectric power (due to the 
impurity) such as the perturbations on the ion core 
potential. The plots of S, versus atomic percent addition 
(Fig. 14) are curves with initial slopes which are greater 
for quadrivalent additions (tin, lead), somewhat less 
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Fic. 13. Portion of periodic table showing atomic 
diameters relative to magnesium. 


for trivalent additions (aluminum, indium, thallium) 
and least for monovalent additions (lithium and silver). 
However, in all cases S, decreases linearly with increase 
of electron concentration. (Note that the electron 
concentration decreases for monovalent additions.) 
The described behavior would be consistent with a 
density of states curve, g(e), which decreases with 
energy ¢ at the Fermi level of pure magnesium and has 
a finite negative curvature there. (See the recent 
discussion by Jones" on the sign of the thermoelectric 
power.) An increase of electron concentration as 
produced by trivalent and 
would make the slope g’(€) more negative, and in first 


quadrivalent additions 
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approximation the changes in S, would be linear in 
energy, hence linear in electron concentration, precisely 
as indicated in Fig. 14." 

In the case of magnesium-tin and magnesium-lead, 
the curves for S, versus atomic percent addition show 
an abrupt algebraic increase in slope near 1 atomic 
percent, and for magnesium-aluminum and magnesium- 
indium lesser breaks between 2 and 3 atomic percent 
additions. These breaks could be associated with the 
appearance of a zone overlap in accordance with other 
evidence of breaks in physical properties near these 
concentrations. Thus the occurrence of overlap should 
suddenly increase g’(e), since additional states are 
being added beyond the overlap point, and the Jones 
formula” would then show an algebraic increase in S,. 

If we interpret the variation of S, as arising from 
electronic effects, namely changes in g(e) and g’(e), 
then the additional part of the change in S produced by 
alloying, which we have roughly considered equal to 
Sca, consists of a smoothly rising contribution (with 
atomic percent composition) .'* The combination of these 
two parts produces a maximum in S for the magnesium- 
indium and magnesium-aluminum cases as noted above. 
It is interesting that this maximum persists at lower 
temperatures but shifts to higher concentration and, 
in fact, the concentration of the maximum seems linear 
in temperature. 

The initial curvature of the plots of S, the measured 
thermoelectric power, versus composition have not been 
discussed. The method of analysis employed above 
(e.g., subtracting Scy from S to get S,) eliminates a 
major portion of the curvature, and yields approxi- 
mately straight lines for S,. However in a paper in 


" The positive intercept for the Mg—Ag curve may be due to a 
trace impurity present in this alloy series. 

Consistent with this picture, we find that the effect on the 
thermoelectric power due to cold work (a lattice effect) is in 
dependent of electron concentration. This work will be reported 
in detail in a later publication. 
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preparation, we treat the initial curvature of S in 
terms of the Friedel theory.” 

It is also possible to assume that the measured Hall 
coefficient, R, may be resolved into a portion R, arising 
from the conduction electrons, and a portion depending 
upon all the other effects. As before, this latter portion 
may be obtained from the Hall coefficient data for 
the magnesium-cadmium alloy. That is, R,=R—Rca. 
In Fig. 15, R, has been plotted against atomic percent 
composition for the various alloys. Again straight lines 
are obtained for magnesium-silver and magnesium- 
lithium and straight lines with abrupt breaks are 
obtained for magnesium-aluminum, magnesium-indium, 
and magnesium-lead. The compositions at which the 
breaks occur in the S, and R, plots, appear in Table IT. 
The small differences between the two types of measure- 
ments might be resolved if more sa.aples in the critical 
region of composition were available. The explanation 
of how the slope of the R, curves are related to the 
valence of the solute atom must be similar to the 
argument put forth in the case of S,. 

As for the thermoelectric power, the formulation of a 
two-band model for the Hall coefficient leaves much 
to be desired, for it leads to ambiguous predictions 
concerning the effect of alloying except for the interest- 
ing case of the magnesium-cadmium system indicated 
below. 

From band theory, an expression for the Hall 
coefficient is obtained as follows: 


alien )= iE 
oN. N, Ok k2 


where 


OE OK PE 


(3 
| grad FE! 


 @k, ak, ak dk, 


Ok dS 
v-2f (— ) (4) 
\grad | | 


and the integration is over the surface of the Fermi 
distribution. 

The sign and magnitude of dF /dk and 0°E/dk’, etc., 
are particularly sensitive to the conditions of overlap; 
therefore sensitivity of the Hall coefficient to éverlap 
should be expected. Details of this sensitivity, however, 
depend upon details of the slope and curvature of the 
Fermi surface. The necessary detailed calculations of 
the Fermi surface for pure magnesium have not been 
made, even in the recent work by Trlifaj.' 


TABLE II. Compositions at which breaks occur. 


Hall 
coefficient 
1.3 at.% 
1.8 at. % 
04 at. % 


Thermoelectric 
power Ssoo0°K 


Alloying 
agent 


Al 1.3 at.% 
In 2.3-3 at. % 
Pb 0.8 at. % 
Sn 0.8 at. % 


J. Friedel, J. phys. radium 14, 561 (1953). 
“M. Triifaj, Czech. J. Phys. 1, 110 (1952) 
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Equation (4) may be expressed in terms of the 
number of charge carriers, m, and their mobilities y, 
thus: 


(5) 


l Nyy — Nyy 


R= fe . 
ec! (Nyy t+-nope)* 


where the subscripts 1 refer to electrons, and the 
subscripts 2 refer to holes. It is well to recall that in the 
derivation of Eq. (4) the relaxation time is assumed to 
be constant over the Fermi surface, and that the 
temperature is above the Debye temperature which is 
about room temperature for magnesium. In going to 
Eq. (5), it is further assumed that the relaxation times 
for the two bands are independent and that the metal 
is isotropic. 

Recognizing that these assumptions have been made, 
one is nevertheless inclined to believe that Eq. (5) must 
approximate the correct expression for the Hall coeffi 
cient. As alloying takes place, the electron and hole 
mobilities will be altered; particularly so, in the 
neighborhood of overlap. But sufficient information 
is not available to predict how R should vary with 
alloying. In addition, when foreign atoms are introduced 
into the lattice, in this case the magnesium lattice, 
there should be expected a perturbation upon the 
density of states curve, upon the magnitude of the 
energy gaps, and upon the interaction between the 
Fermi surface and the Brillouin zone. It is for this 
reason that the electron transport measurements of the 
magnesium-cadmium alloys are important. Since the 
electron concentration of the magnesium cadmium 
alloys may be taken as constant independent of concen- 
tration, these measurements should be very sensitive 
to the above perturbations. By making the subtractions 
described earlier in this section, it is possible to see how 
the “electronic” or “impurity” contribution of R and 
S vary with composition for a given alloy system. It is 
this contribution which is found to be valence-;sensitive 

In pure magnesium the number of overlapped 
electrons is equal to the number of holes in the first 
zone. When dilute additions of cadmium are made, 
the equality between electrons and holes is not upset 
lherefore the mobilities of the electrons and holes 
must be affected. For the magnesium-cadmium alloy 
system, then, the Hall coefficient and the conductivity 
may be represented by 


1 [imme 
nect y+ pe 
nel ite (7) 
1 


Ro =~[pi- pe (8) 
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laking the data from Table I, a plot may be made 
of the difference in mobilities as a function of com 
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(4; me) for magnesium-cadmium alloys as a 
function of cadmium content 


position for the magnesium-cadmium series. This is 
shown in Fig. 16. Since the Hall coefficient of pure 
magnesium is negative, electron conduction pre 
dominates. As cadmium is added, the hole contribution 
begins to increase. In the neighborhood of 8°7, cadmium, 
the two contributions are equal and the Hall coefficient 
is zero, At higher compositions, hole conduction 
predominates; e.g., the magnitude of the hole mobilities 
becomes larger than that for electron mobilities, and 
the Hall coefficient becomes positive. It is interesting 
that 


never very large 


the difference in hole and electron mobilities is 


CONCLUSIONS 


that measurements of 


properties of dilute magnesium 


It has been demonstrated 
electron transport 
alloys are sensitive to the Brillouin zone overlap 
phenomena earlier deduced by x-ray techniques. By 
direct measurement Matthiessen’s rule and Linde’s rule 
found to be invalid. Thus, contrary to 


dp/dT 


composition. The resistivity itself varies linearly with 


have been 


Matthiessen’s rule, varies markedly with 
composition, except for the case of the magnesium-tin 
alloys at higher concentrations. The alloying effect 
upon the resistivity depends primarily upon the valence 
of the solute atom and not its size 

Both the thermoelectric power and Hall coethcient 
go through extrema at compositions approximating the 
overlap compositions indicated by the x-ray work. It 
has been demonstrated that the thermoelectric power 
as well as the Hall coefficient for a given dilute mag 
nesium alloy may be expressed as the sum of two 
contributions. One contribution, S,, arises from the 
direct effect of the electron concentration and is linear 


with electron concentration; the other contribution 
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arises from all other effects, notably the perturbations 
upon the ion core potential and may be obtained from 
the magnesium-cadmium data. The slopes of the 
curves of S, versus composition may be related to 
g(e) and g’(e). Discontinuities in the slopes of these 
curves are found in the neighborhood of the zone 


overlap compositions 
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Thermal Fluctuations in Conductors* 
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In this paper we investigate the behavior of a conductor in thermal equilibrium with the surrounding 
radiation field. We obtain an expression connecting the spectrum of the current fluctuations with the 
absorption. For small frequencies this reduces to Nyquist’s relation. For large frequencies, however, the 
relation is quite different; namely, the current fluctuations are proportional to the (skin) resistance and 


depend also on the shape of the conductor 


I 


HE usual derivations of the Nyquist formula, 

describing the thermal fluctuations of currents 
in a conductor, are of three kinds. The first kind uses 
as the model an electric network ; the second kind uses 
a detailed kinetic model for the conductor; the third 
kind uses no model at all.' 

If we use the network model we introduce a large 
number of tacit and explicit assumptions whose validity 
is difficult to assess. The complications inherent in any 
detailed kinetic calculation are only too well known; 
consequently one uses a simplified model, which enables 
one to show, at best, that this simplified model is 
compatible with the relations we expect. We side-step 
these difficulties if we use a general theory of fluctu 
ations; however, if we want to apply it to a special 
class of fluctuations, i.e., currents in a metal, we are 
faced again with the problem of evaluating the very 
general expressions in terms of the quantities which 
appear in our problem. 

For this reason, in this paper we make use of a fourth 
approach, We agree that Maxwell’s equations with the 
proper constitutive relations describe correctly the 
interaction of the electromagnetic field with matter, 
and worry about the kinetic problem only insofar as 
this is necessary to specify the constitutive equations 


* Supported in part by the U. S, Atomic Energy Commission. 

' Network model; H. Nyquist, Phys. Rev. 32, 110 (1928); 
M, C. Wang and G. E. Uhlenbeck, Revs. Modern Phys. 17, 323 
1945). Kinetic model: e.g., C, J. Bakker and G. Heller, Physica 
6, 262 (1939). General fluctuation theory: H. B. Callen and T 
\. Welton, Phys. Rev. 83, 34 (1951). For an excellent summary, 
see J. L. Lawson and G,. E, Uhlenbeck, Threshold Signals 
McGraw-Hill Book Company, Inc., New York, 1950), Massa 
chusetts Institute of Technology Radiation Laboratory Series 
Vol, 24, Chap. 4 


and evaluate the material constants. (This is the 
reason why we do not have to introduce quantum 
mechanics explicitly ; the quantum mechanics is shifted 
into the constitutive part.) 

In other words, we shall couple the conductor to the 
radiation field surrounding it, and not to a transmission 
line as in the usual derivation. In this way we can 
avoid the commonly made specifying assumptions 
which restrict the results to conductors with frequency- 
independent resistance, zero self-capacitance, and zero 
self-inductance. 

Our problem then is simply this: What conditions 
are imposed by Maxwell’s equations on the fluctuating 
currents in a piece of metal if the latter is in thermal 
equilibrium with the radiation field? 

In equilibrium the average flux absorbed by the 
metal must be equal to the average emitted flux. Since 
the emitted flux is created by the fluctuating currents 
in the metal, this gives a relation between the absorption 
and the fluctuating currents. Hence it seems that the 
absorption is the natural variable to use and we may 
expect that our result will be simpler if we express the 
fluctuations in terms of the absorption instead of in 
terms of the resistance. 

[The question was once raised,’ how far if at all, is 
the resistance the essential and physical cause of the 
fluctuation. We see now the answer. The resistance is 
the cause of the fluctuations as far as the absorption 
depends on the resistance. As we shall see the functional! 


dependence between absorption and resistance can 


vary with the physical conditions. | 
As our result we will obtain a fluctuation formula 


* E. B. Moullin, Spontaneous Fluctuations of Voltage (Clarendon 
Press, Oxford, 1938) 
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which is valid for all frequencies. From this result we 
may verify that in the high-frequency region the thermal 
noise spectrum depends both on the nature and shape 
of the conductor, as was conjectured before but not 
proven. (See Lawson and Uhlenbeck, reference 1, p. 78.) 


II 


Let us imagine a conductor in the form of a slab. 
We isolate mentally a volume element from it which 
has at least one common boundary surface with the 
slab (Fig. 1). The linear dimensions of the volume 
element are 6, A, and A. At a large distance, r, from 
the volume element we locate a small element of area 
dw’. We investigate the conditions the currents in the 
volume element have to satisfy in order that the 
radiation field in the neighborhood of dw’ should be in 
thermal equilibrium. We then generalize this result to 
describe the fluctuating currents in the whole conductor. 
From the outset a number of points are clear. Since r 
is large, the field emitted across 6A=dw reaching dw’ 
will be composed of plane waves. Thus, the emitted 
field will be created by the x and y components of the 
currents. Each current will contribute to the emitted 
field one state of polarization, and will be able to 
absorb a field of that state of polarization. Moreover, 
the average behavior of the x and y components of the 
currents are independent from each other in thermal 
equilibrium. If it were not so, the two different states 
of polarization of the thermal radiation in equilibrium 
could not be independent from each other. For this 
reason we can treat the « and y components of these 
currents in the volume element independently from 
each other. However, we must realize that each will 
maintain thermal equilibrium with that part of the 
radiation field which has the corresponding state of 
polarization. 

In the experimental measurements one usually ob- 
serves the total current in a given direction and investi- 
gates its properties. We take this to be the x direction 
and confine our interest to the x components of the 
current density and total current. 

In thermal equilibrium the flux of radiation with 
frequency f passing through dw and dw’ is 


(€,/9*) dadoy’ ; (1) 


er = (6/4) uy=2(f?/e)hf/(e*//*” —1) is the flux of the 
blackbody radiation field, uy being its energy density. 
Let the absorptive power of the volume element for 
frequencies f be Ay. Then Ay(e;/r*)dwdw’ units of 
energy carried in frequency f will be converted into 
heat in every second. Half of this amount will be 
absorbed by the x component of the current, half by 
the y component. 

In thermal equilibrium the same amount must then 
be emitted from the volume element, through dw into 
dw’. We can obtain the emitted field as a function of 
the currents from the retarded potential. The calcu 
lations are greatly simplified,if we observe that r is 


CTUATIONS IN 


CONDUCTORS 














\rrangement of conductor, volume element 
and element of area 


large (i.e., that we need the distant field only), and 
that the retardation can be neglected. The latter is 
obviously true if the linear dimensions across the slab 
(not only those of the volume element) are small 
compared with the wavelength of the emitted field 
If the opposite is the case, a skin effect will develop. 
Under these conditions the retardation can again be 
neglected, since the whole emitted field will be generated 
in a thin skin whose thickness, for good conductors, is 
much less than a wavelength. 

Taking this into account, we obtain the following 
expression for the distant field generated by the a 
component of the current density: 


Ba °E. ~ (1/0?) (6/r) (dJ/dt), (2) 


where J= /j,dr is the total current passing through 
the (y,z) face of the volume element, dr being an 
element of area on this face and the integration being 
extended over the whole face. The average flux across 
dw’ due to J is then 


(¢ ‘Aar) EH ) nds’ 
(1/4arc*) (82/177) (7 )?) nadew’ (3) 


S dus 


lourier-analyzing both sides, we obtain 


GS,) pds! = (1/4arc*) (67/9?) (29)? PG (f dw’, (4) 


¥ 


I?) wy J G(fjd} 


This average flux emitted by J must balance the average 
flux absorbed by J. That is, (S ) pds’ = 4A y(€;/9* )\dendos’ 
(The factor 4 takes into account that J absorbs only 
one state of polarization.) We insert the expression for 
ey, observe that dw= 6A, and cancel the differentials on 
both sides. The result is the following condition on G(f) 


( A hf 
G(f) 14,( )( )( . ) (5) 
ter 6 eh sk — | 


Ill 


If we want to apply Eq. (5) to the whole conductor 
we should distinguish between two cases. First, let us 
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suppose that the mean diameter of the conductor is 
much less than the wavelength corresponding to the 
frequencies under consideration. Then the current will 
be uniform within the conductor and the emitted field 
passing through dw’ will be due to the total current in 
the conductor, Then we choose as the volume element 
a thin slice across the conductor and apply to it Eq. (5). 
Repeating this process, we put together the whole 
conductor, 

Moreover, in this case 


(49/c)oQ= (49/c)(6/A)R™, 


Ay 


if RK is the resistance of the whole slab.’ Thus, for low 
frequencies, we obtain 


G(f)=4kT/R, (f small) (6) 


by expanding the exponential in the denominator of (5). 

This is just the well-known Nyquist formula, which 
holds then only for large wavelengths. For high fre- 
quencies the situation is different. In this case the 
field passing through dw’ is generated by the skin 
currents along the outer surface of the volume element. 
Consequently, if we want to apply Eq. (5) to the whole 
conductor and let G(/) refer to the total current flowing 
on the whole outer surface of the conductor, we have to 
apply Eq. (5) to each side of the conductor and add. 
Thus we build up the conductor from the small volume 
elements on its outer surface. If the conductor has a 
square cross section, this brings in a factor of four. 
This factor combined with the factor A gives 44 which 
is just the circumference. Written in terms of the 
circumference, we can apply it to arbitrary cross 
sections. 

For high frequencies, A,=2(f/o)'.4 It is instructive 
to rewrite this in terms of the skin resistance. Let us 
take a conductor with a uniform circumference. The 
skin of the conductor if rolled out will be a thin sheet 
of length /, the total length of the conductor; height C, 
the circumference of the conductor; and thickness d,, 
the skin depth. The resistance of this skin will be 
R'=1/od,C and A,s= (c/mr)(C/))R’. This gives for G(f): 
(/) 


G(f)=(C/LPR'hf/(e/*?—1),  (f large) 


It is interesting to notice that now the dimensions of 
the conductor have appeared explicitly; previously 
they were contained only implicitly in R. Professor J. 
KE. Mayer has pointed out that this is an inevitable 
consequence of the fact that the absorptive power is 
now directly proportional to the resistance. If the factor 
(C/1)* were not present, we would obtain inconsistent 


* This is the absorption of thin metallic films. We obtain it in 
this fashion. The absorption is 1— transmission — reflection. Since 
the thickness is small we expand this expression in powers of the 
thickness. For the transmission and reflection see J. A. Stratton, 
Electromagnetic Theory (McGraw-Hill Book Company, Inc., New 
York, 1941), p. 515. 

* See reference 3, p. 508 
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results by applying Eq. (11) to conductors which are 
joined together to form a larger system. For example, 
let us take two long conductors similar to the one in 
Fig. 1. For each we can apply Eq. (7). This gives a 
mean square current in the frequency region df. Now 
let us join the two pieces pressing them together 
lengthwise. The resulting mean square current in fre- 
quency region df, G(f), must be the sum of the mean 
square currents in each piece. As we shall see, we get 
the same answer from Eq. (7) if we apply it to the 
resulting system, owing to the appearance of the factor 
(C/l)*. Let us attach a tilde to the quantities which 
describe the resulting system. Then 


G=(C/C)G, 


Substituting these back in Eq. (7), we see that if this 
equation is satisfied by the quantities with tildes, it 
will also be satisfied by the ones without tildes and 
vice versa. This makes Eq. (7) consistent in the sense 
that it is a matter of indifference whether we apply 
Eq. (7) to parts of the system and fuse the parts later, 
or whether we apply it immediately to the system as a 
whole. [Jt is rather obvious that the same conclusion 
applies to Eq. (6). ] These considerations are important 
for the following reason. When we have constructed 
G(f) for the whole conductor we have added together 
the contributions due to different volume elements. 
For this to be. permissible it is necessary that our 
expressions should be of a form consistent with the 
procedure. We now have demonstrated this. 

Equation (7) has not yet been subjected to a direct 
experimental test. However, there is indirect evidence 
about its correctness, at least for wavelengths in the 
infrared. Hagen and Rubens® have measured the emis- 
sion and conductivity of metal plates. They have found 
that the emission and absorption are in the proper 
thermodynamical relationship (Kirchoff’s law) if we 
take A,;=2(f/o)'. Since the relation between the cur- 
rent and the emitted field as given by Eq. (2) is certainly 
correct, their results can immediately be used to show 
that for thick conductors the fluctuations will take 
place according to Eq. (7). (The question remains why 
they failed to get proper agreement for wavelengths 
shorter than infrared. The reason for this is simple: 
they used a value for the conductivity which is not 
valid for frequencies larger than infrared.) 

If we have the intention to test Eq. (6) and Eq. (7), 
we should be careful what values of the resistance (or 
conductivity) we use. If the temperatures are low the 
mean-free-path effects will become of importance. This, 
then, will entail that we have to use different values for 
the conductivity, depending on whether the mean free 
path of an electron is much smaller, or much larger 
than 4.® 


R’ = (C/C)R’. 


Hagen and H. Rubens, Ann. Physik 11, 873 (1903). 
H. Sondheimer, Advances in Phys. 1, 1 (1952) 
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IV 


In deriving Eq. (5) we have made no use of the 
constitutive relations. Consequently Eq. (5) will be 
valid as long as the relation between the currents and 
fields are given by the retarded potentials, and the 
constitutive relations will determine the relation be- 
tween A, and the material constants. In principle our 
treatment could be used with proper modifications for 
semiconductors and dielectrics. In the latter case the 
currents would be polarization currents. However, for 
these substances the effects of retardation have to be 
investigated anew. 

For the moment we shall use Eq. (5) to discuss the 
current fluctuations in a superconductor. In this case 
we must use London’s law instead of Ohm’s law to 
relate the currents to the field and material constants. 
Experimentally we know that (a) there are no fluctu- 
ations in a superconductor for moderate wavelengths ; 
(b) superconductors behave like ordinary metals for 
optical frequencies. Thus we will expect that (a) for 
small frequencies Eq. (5) will give practically zero 
fluctuations, and this will arise through a very small or 
zero value of A,; (b) for high frequencies we must get 
the same results as for ordinary metals, because A 
then has the same value as ordinary metals have. 
Without a detailed calculation we can convince our- 
selves that this is, indeed, the case. One knows that the 
supercurrent j, does not generate heat since in the 
energy balance equation it provides a reversible term; 
thus if the total current were composed entirely by the 
supercurrent and the normal current j, would vanish, 
Ay would be zero and G(f) as well. Since there is a 
normal current also present and with it some absorption, 
there will be a small fluctuation in the current due to 
jn For low frequencies j, is negligibly small compared 
with j,, and we shall observe no fluctuations. At low 
temperatures only the low-frequency part of G(f) can 
be observed, and this is then equal to zero, confirming 
point (a). If the frequencies are large, {>>10" sec”, 
the supercurrent is much smaller than the norma! 
current; hence in the optical region a superconductor 
will behave as an ordinary metal. Since at such high 
frequencies all samples will be thick compared with the 
skin depth, the fluctuations will be described by Eq. 
(7). Unfortunately at low temperatures the high 
frequency part of G(/) will be essentially unobservable. 

We obtain the same results if we go through a more 
detailed analysis, computing the absorption explicitly 
from London’s equations. 


V 


We can ask how an external magnetic field will 
influence the fluctuations. At first sight our method 
seems unable to cope with this problem. We have 
required the electromagnetic field thermal 
equilibrium, which would exclude the presence of a 


to be in 
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static magnetic field, since in equilibrium the field 
must be distributed according to Planck’s law. How 
ever, we can consider that although this state has not 
the lowest possible free energy, it is notwithstanding 
an equilibrium state, relative to the external con 
straints imposed. Then our analysis can again be 
applied, and the only change will be that now we 
have to compute an A ,(/7) which describes the absorp 
tion in the presence of the external magnetic field 


VI 


One can derive Nyquist’s formula with the aid of 
the theory of Brownian motion (see Wang and Uhlen 
beck, reference 1). In this deduction one of the basic 
assumptions is the constancy of the spectrum of the 
fluctuating electromotive force. We can see now that 
this is not the case for high frequencies, not even if we 
neglect the Planckian frequency dependence. To show 
this, we calculate the high-frequency part of this spec 
trum for a straight cylindrical wire. First we notice 
that the relation between the spectrum of the emf, 
Ge(f), and G(/) is given by Ge(f)= |Z\*G(f), where Z 
is the impedance of the conductor. For high frequencies 
Z’ is given by 4R(a/d,)* for a cylindrical wire of 
radius a, where Ry is the de conductivity and d, the 
skin depth.’ 

This gives for Ge(/): 


Sar’ l {\? hf 
Gelf) ( )( )( )( ) 
a a a ehsikT _ |} 


Thus Gg(f) will have the following frequency depend 
ence for a cylindrical wire, 

For low frequencies, /< 
f; here fo is defined by a~d,, i.e., fy~e’/a’a. For higher 
frequencies it will be proportional to /' [ Eq. (8), with 
fv f<RT/h |; for very high frequencies the frequency 
dependence will be /°?e~*//*", 

To sum up the behavior of the fluctuations as a 
function of the frequency, we can say the following 


fo, Ge(f) is independent of 


(1) If the absorption A, were independent of /, the 
frequency distribution would be Planckian. 

(2) In general the material constants appearing 
through A, have to be evaluated at the corresponding 
frequency f. 

(3) The high-frequency spectrum, and so the high 
frequency cutoff, will be determined by two factors. 
The Planck distribution provides a cutoff at f~kT/h 
~2X10"T sec”, This cutoff, of course, is the same for 
all metals. Ay, on the other hand, will depend on the 
high-frequency conductivity and the shape of the 
conductor. [Both (2) and (1) were already conjectured 
by Lawson and Uhlenbeck (reference 1, p. 78), but 
were not proved. | 


7 See reference 3, p. 537 
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Low-Field Electroluminescence in Insulating Crystals of Cadmium Sulfide 
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Green electroluminescence can be obtained from insulating crystals of CdS at low dec fields. The wavelength 
of the emitted light corresponds to the energy of the gap between the valence and conduction bands. The 
emission band and the optical absorption edge shift together with temperature. The emission of light is 
correlated with an abrupt increase in current through the crystal, and the intensity is proportional to it. The 
measured electric field in the region of the crystal where light is generated is ~1000 volts/cm. The pattern 
of the electroluminescence (beams) is deflected by an 8000-gauss magnetic field. The experiments can be 
explained by the hypothesis that conduction occurs because of injection of free carriers into the insulator 
by the electric field, electrons from the cathode and holes from the anode. The luminescence results from 
the recombination of the injected holes and electrons which have drifted into the bulk of the crystal 


I. INTRODUCTION 


HE conductivity of certain insulating CdS 

crystals can be profoundly increased by an 
electric field. At the same time, green (edge) electro- 
luminescence can be obtained. This emission comes 
from a large region in the erystal (~1 mm length) 
where the electric field is low.' This paper will show that 
conductivity is induced in the insulator by injecting 
electrons and holes from the electrodes and that the 
electroluminescence is produced by the subsequent 
radiative recombination of these carriers in the bulk of 
the crystal. We believe that our crystals are essentially 
uniform and that the only prominent barriers present 
are patches from which holes are injected at the anode. 
This hypothesis is in contrast with other published 
work*~* in which only one sign of carrier (electrons) 
is assumed to be involved and in which excitation is 
attributed to impact ionization in a localized break- 
down field 


II. CdS CRYSTALS 


rhe crystals examined were grown by the vapor 
phase technique by Thomsen, Stripp, Busanovich, and 
Bube.’ In most batches impurities were deliberately 
added at some stage of the preparation, although 
attempts were also made to obtain pure perfect crystals. 
The batches can be roughly divided into three classes: 
(1) pure insulating crystals with little photo- 
conductivity ; (2) relatively less insulating crystals with 
high photoconductivity (added impurities Cl, Cu), and 
(3) relatively conducting crystals with high photo- 
conductivity (highly doped). 

The available data indicates that the crystals are 
n-type. Only pure and nonphotosensitive samples 
display green electroluminescence. There are only a 


'R. W. Smith, Phys. Rev. 93, 347 (1954) ; 98, 1169 (1955). 

*D. Curie, J. phys. radium 13, 317 (1952); 14, 510 (1953). 

* Boer, Kummel, and Rampe, Z. physik. Chem. 200, 180 (1950). 

‘G. Diemer, Philips Research Repts. 9, 109 (1954). 

*W. W. Piper and F. E. Williams, Brit. J. Appl. Phys. Suppl. 4, 
$39 (1955). 

*D. R. Frankl, Phys. Rev. 100, 1105 (1955). 

7 R. H. Bube and S. M. Thomsen, J. Chem. Phys. 23, 15 (1955). 


few batches with these particular characteristics, and 
of these, one batch is appreciably better than the others. 
High photoconductivity in CdS is associated with a 
long electron lifetime and a short hole lifetime.’ The 
insensitive crystals which display electroluminescence 
have a relatively shorter electron lifetime and a longer 
hole lifetime.’ Table I indicates a probable range of the 
values of the electron and hole lifetimes for crystals of 
these two classes. 


Ill. EXPERIMENTS 
A. Current-Voltage Characteristic 


For measurement of the current-voltage relationship 
and production of electroluminescence, the crystal is 
placed in the circuit illustrated in Fig. 1. Gallium 
electrodes spaced about 1 mm apart are applied on one 
face of the crystal. The electroluminescence is viewed 
with a low-power microscope. A typical V—J charac- 
teristic is shown in Fig. 2. When over 1000 volts is 
applied to a fresh crystal, there is an abrupt increase 
in current and a drop in voltage across the crystal. 
Electroluminescence appears coincident with the in- 
crease in current, first as a few bright yellow (EL) spots 
at the anode, and then as beams of green light 
originating from the yellow patches and extending 
across the crystal. The number of yellow spots and 
associated green beams gradually increase during 
operation until the entire crystal is filled with green 
light, Fig. 3.° There are no spots in the body of the 
crystal and appearance and the movement of the green 


TABLE I. Probable values of electron and hole lifetimes in CdS 


Lifetime (sec) 


CdS crystal majority minority 
<10"" 
~10~° 


510% 
~10~° 


Photosensitive 
Electroluminescent 


5 A. Rose, Proc. Inst. Radio Engrs. 43, 1850 (1955). 
* Sommers, Berry, and Sochard, Phys. Rev. 101, 987 (1956). 


” The author is indebted to C. J. Busanovich for taking the 


original photographs 
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beams indicates that the bulk of the crystal is uniform. 
In addition to the prominent green there is faint red 
radiation, the characteristics of which have not been 
determined. 


B. Spectral Distribution 


The spectral distribution of the green light was 
measured by means of a Bausch and Lomb mono 
chromator and detected with a multiplier phototube 
having an S4 surface. Because of the dissipation of 
about 0.1 watt in the crystal by the current, the interna! 
temperature of the crystal is not that of the surrounding 
atmosphere. In order to compare the location of the 
emission band with the optical absorption edge, both 
the emission and transmission were measured under 
the same operating conditions. Figure 4 shows a series 
of curves giving the spectral distribution of the electro 
luminescence at several different ambient temperatures, 
and the corresponding transmission measurements. It is 
noted that the maximum electroluminescence and its 
shift with temperature correspond closely to the wave 
length of the optical absorption edge and to its tem 
perature dependence. This correspondence indicates 
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Fic. 1. Experimental arrangement used to study 
CdS electroluminescence 


that the green electroluminescence is intrinsic re 
combination radiation (edge emission). 

At liquid nitrogen temperature a double maximum 
is found in the electroluminescence. One peak corre 
sponds to the absorption edge, while the second one is 
at 5180A. The of short-wavelength 
maximum relative to the peak at the longer wavelength 
ind their relative amplitudes depend strongly on the 
current (temperature) being passed through the crystal 
\t temperatures below 90°K prominent photolumi 
nescence bands have been reported around 5180 A." 
\pparently the same transition giving rise to the 5180 A 
band is produced by both photons and by an electri: 
field 


location the 


C. Potential Distribution 


Phe potential distribution along the surface of the 
crystal was measured with a tine wire probe and a high 
impedance electrometer. Figure 5 is a plot of V(a 


along the top and bottom surface of the crystal under 


"FF, A. Kroger and H. J. G. Meyer, Physica 20, 1149 (1954); 
L. R. Furlong and C. F. Ravilious, Phys. Rev. 98, 954 (1955 
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conditions giving green electrolumimescence extending 
between the electrodes. The important features are 
the following: (1) The electric field at the cathode is 
low. (2) The field in the body of the crystal where the 
green electroluminescence relatively 
constant and low, being of the order of 1000 v/cm 
(3) There is an abrupt change in potential in the region 
of the yellow patches. Though it is not possible to 
obtain a measurement of the voltage close enough to 
these regions to study the local field, it appears that the 


emitted is 


1s 


local field is higher here than in any other part of the 
crystal 


Fic, 3. Photograph of electroluminescence from CdS. The 
overexposed region at the tip of the anode is an array of yellow 
(EL) spots. The spots at the tip of the cathode are not usually 
observed 





ROLAND 


300° 365°K 


ELECTROLUMINE SCENCE 77° 


Oe 
TRANSMISSION 











4 


~~ 23 +Eg (ev) 


26 : 25 


hic, 4. Spectral distribution of electroluminescence and corre 
ponding optical transmission of CdS at indicated ambient tem 
perature. The dotted curve shows the uv-excited photo 
luminescence at liquid air temperature 


D. Electroluminescence as a Function of Current 


Ihe intensity of the green radiation is proportional 
to the crystal current, The emitted power, as measured 
with a calibrated photomultiplier, is approximately 10-* 
of the input electrical power. The conversion efficiency 
was not measured at low temperatures. There 
however, no appreciable diminution in the intensity 
of the green light when the crystal is operated in liquid 
air. On removing the electric field, the electro 
luminescence decay time is less than 1 microsecond 


E. 
Phe ac performance of the crystals is shown in Fig. 6. 
Consider a crystal with electrodes to which de is first 


is, 


ac Behavior 


© a 10° VOLTS/ey4 
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applied until EL is obtained and then removed. 
If a 60-cps voltage is now applied, it is found that at a 
particular voltage there is an abrupt increase in current 
and light is emitted. The light and the current are in 
phase, and the wave forms are identical. Current flows 
only during that part of the half-cycle whose polarity 
corresponds to that of the dec initially applied. The 
crystal can be made to pass current in the opposite 
direction by reversing the de polarity and processing 
as before. Now current and light can be obtained during 
both half-cycles, although the wave forms are not 
necessarily the same for each half-cycle. In any case 
the yellow (EL) patches, described earlier, are always 
at the anode. 

Electroluminescence the 
absence of metallic electrodes by immersing the crystal 
in a dielectric medium between condenser plates. Here 
again, however, electroluminescence is found only if 
the crystal has previously been subjected to a high dc 
field. The process by which the electrical properties of a 
crystal are altered by first applying a high voltage is 
called “forming.” In this particular case the specific 
action of the high field is thought to be confined to 
the region of the yellow patches at the tip of the anode. 


can also be obtained in 


F. Influence of a Magnetic Field 


Haynes and Shockley describe an experiment in 
which the displacement of a beam of photoelectrons in 
an AgCl crystal was used to determine the mobility of 
the electrons in the crystal.” The displacement of the 
beam in traversing the crystal is given by the Hall 
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LOW-FIELD 
angle, = 10-*uH, where yu is the mobility of the carrier, 
and H is the magnetic field strength. In Cd§ it is 
frequently possible to obtain isolated beams of green 
electroluminescence, most of which pass directly from 
electrode to electrode. These beams are deflected in a 
properly oriented magnetic field. With 6000 oersteds 
applied, the angular displacement observed was 
~6X10~* radian. On the assumption that the electro- 
luminescence occurs in a stream of free carriers which 
pass through a uniform potential gradient, a mobility 
of the order of 100 cm?/volt-sec is indicated. 


IV. INTERPRETATION 


These experiments are interpreted in terms of two 
basic processes: (1) conductivity indueed in the 
insulator by the injection of electrons and holes into 
the crystal from the contacts, and (2) electrolumi- 
nescence produced by the radiative recombination of 
these carriers. The presence of both free electrons and 
free holes is inferred from the intrinsic recombination 
radiation. Since this edge emission, which is strongly 
absorbed, is seen throughout the volume of the crystal, 
it follows that there are free carriers recombining 
throughout and not in isolated regions from which the 
light can be scattered. The low field in the central part 
of the crystal precludes the internal generation of free 
carriers by impact ionization or similar mechanisms 


FG, 6. Ac operation of an electroluminescent crystal. (A) V is 
the 60-cps applied voltage; (B) the current / and corresponding 
electroluminescence EL obtained with “forming” in one direction ; 
(C) I and EL obtained with both electrodes ‘‘formed” 


There are beams which pass over the anode surface. A 
magnetic field produces very large deflections of these. However, 
since they appear in the region where the electric field is highly 
distorted, they are not considered in this argument 
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Fic. 7. Model for CdS electroluminescence 


then, are 
and drift 


requiring a very high field. The free 
injected into the insulator from the contacts 
through the crystal with the electric field 

It has been shown previously that 
readily injected into CdS from In or Ga 
The absence of a potential drop at the 
with this. Holes on the other 
“formed” 
at the tip of the anode. 
in Fig. 7. The observation of electron-hole 
tion radiation extending over 1 mm in 
corresponds to the range 
lifetimes ~10~* sec and mobilities ~100 cm* 
drifting in a 1000-volt/cm field, Independent measure 
ments’ on these crystals indicate a minority lifetime 
~10~° sec and a majority lifetime ~10 ° sec, assuming 
carrier mobilities of the order of 100 cm? 

The efficiency of converting electrical energy into 
edge radiation is low owing to the small probability of 
direct electron-hole 
free-hole capture cross section in CdS is not known. It 
can be estimated, however, by 
expression derived by Rose!®) 
material of known cross section, On 


carriers, 


electrons are 
contacts," 
cathode is 
consistent hand are 
injected from patches in a high-field region 
This is shown schematically 
recombina 
the crystal 
expected from carriers with 
volt-se . 


volt-sec 


recombination. The free-electron 


scaling (using an 
yermanium, a 
this basis and 


from 


assuming the same absorption constants and the van 
Roosbroeck and Shockley'® value of S=2.9K10~*! 
cm? for Ge, a cross section of 3X10” cm? is expected 
for CdS. This is to be compared with 310°" cm? 
computed from the measured efficiency of 5.6% 10~" 
In this calculation the density of free-electrons and 
holes is assumed to be approximately equal.’ The 


“ R. W. Smith and A. Rose, Phys. Rev. 97, 1531 (1955) 

‘6 A. Rose, Proc. Inst. Radio Engrs, 43, 1856 (1955) 

'©W. van Roosbroeck and W. Shockley, Phys. Rev. 94, 

1954) 

‘7 The direct recombination of free electrons and free holes is a 
bimolecular process and 80 the emission should be proportional 
to product of the electron (n) and hole (p) densities. We measure 
intensity proportional to the current. This implies that the 
current in the crystal is proportional to np 
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observed decay time of the radiation being less than 
1 ywsec is consistent with the recombination lifetime 
expected from the measured efficiency. 
Electroluminescence has been reported in CdS also 
by Boer and Kummel’ and by Diemer.‘ In both cases 
activated crystals (photosensitive) were used. Boer 
and Kummel operated their crystals at liquid air 
temperature and obtained green and red emission. 
Diemer observed yellow spots at the tip of the anode 
and orange-red flames in the crystal. These workers 
ascribe the electroluminescence they observe to the 
action of a high electric field on electrons and do not 
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consider hole injection. Although our crystals are 
considerably different from theirs, the J—V charac- 
teristics are nearly identical. We emphasize the abrupt 
increase in current coincident with the appearance of 
the yellow patches at the anode, at which point we 
believe holes are injected into the crystal. 
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A new type of magnetic anisotropy has been discovered which is best described as an exchange anisotropy. 
This anisotropy is the result of an interaction between an antiferromagnetic material and a ferromagnetic 
material, The material that exhibits this exchange anisotropy is a compact of fine particles of cobalt with a 
cobaltous oxide shell. The effect occurs only below the Néel temperature of the antiferromagnetic material, 
which is essentially room temperature for the cobaltous oxide. An exchange torque is inferred to exist 
between the metal and oxide which has a maximum value at 77°K of ~2 dyne-cm/cm? of interface. 


INTRODUCTION 


NEW discovery has been made in the field of 

magnetic materials that manifests itself in the 
form of a displaced hysteresis loop' as shown in Curve 1, 
Fig. 1. In addition, although from the same basi: 
phenomena, the magnetic material has only one stable 
orientation in a magnetic field. In particular, it can be 
turned through 180° and it will still return to its original 
orientation. 

The material that exhibits this property is a compact 
of fine particles of cobalt (100-1000 A) that have a 
cobaltous oxide coating. The compact exhibits the 
normal behavior of a symmetrical hystersis loop (Curve 
2, Fig. 1) when cooled to 77°K in the absence of a field, 
but when cooled to 77°K in a strong magnetic field it 
exhibits the displaced hysteresis loop (Curve 1, Fig. 1). 

Before this discovery, the known methods of increas- 
ing the coercive force of a material involved the strain, 
crystalline anisotropy, and shape anisotropy. We now 
have an additional mechanism involving an interaction 
between an antiferromagnetic material and a ferro- 
magnetic material. Since the origin of this effect is 
postulated as being an interaction between the spins of 
the cobalt atoms in the metal and the cobalt ions in the 
antiferromagnetic cobaltous oxide, it might properly be 
termed an exchange anisotropy. It is shown by experi- 


1 W. H. Meiklejohn and C. P. Bean, Phys. Rev. 102, 5, 1413 
(1956). 


ment that this coupling results, for a specific case, in an 
exchange anisotropy constant of the same order of 
magnitude as the crystalline anisotropy of cobalt 
(5X 10° ergs/cc). 


TORQUE AND ENERGY FUNCTION 


The new properties of this material are best described 
by comparison with well-known materials. Let us con- 
sider a small spherical single-domain particle of cobalt 
without an oxide coating as our classical material. 

If the particle of pure cobalt is cooled to liquid 
nitrogen temperature in a strong magnetic field, say 
20 000 oersteds, it will exhibit a normal symmetrical 
hysteresis loop of the type shown in Fig. 2(a). A torque 
curve taken on this material would be a sin 26 function 
as shown in Fig. 2(b). Hence, 


T= —0E/00= — K, sin20, 


p= [K, sin20d0= K, sin*0+ Ko. 


Therefore the energy function would be as shown in 
Fig. 2(c), where it is apparent that energy minima occur 
at 6=0 and 6= 180°. That is, both directions along the 
c axis of the cobalt particle would be in stable equilib- 
rium in an infinite field at 6=0 and 6= 180°. 

Now let us consider the oxide-coated particle of 
cobalt that has a displaced loop of the type shown in 
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Fig. 3(a). The torque curve obtained in a random 

compact of such particles is shown in Fig. 3(b), i.e., 
T= —0E/00= — K, sind; 

hence, 


p= [x sinddé= — K,, cos0+Ko. 


Therefore the energy function is as shown in Fig. 3(c) 
where it is apparent that an energy minimum occurs 
only at 6=0. This oxide-coated particle is in stable 
equilibrium in the field only at 6=0. The particle will 
always return to its original position no matter how far 
it is displaced. The sole limitation in the field is that it 
be less than the threshold fields in the antiferromagnet.’ 
A compact of the oxide-coated material was exposed to 
a field of 70 000 oersteds and still exhibited a displaced 
hysteresis loop. 

Let us now consider the hysteresis loop that would be 
obtained if the energy function were exactly given by 


E=-—K cos 


and the hysteresis loss in the material is extremely 
small, that is, a soft magnetic material. In a later 
section it is shown that the hysteresis loop would be as 
shown in Fig. 4. We now have a magnet that cannot be 
demagnetized by any magnetic field, since it would end 
up, with the field removed, at point a or 6 on the load 
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Fic. 1. Hysteresis loops at 77°K of oxide-coated cobalt particles. 
Solid line curve results from cooling the material in a 10000 
oersted field. The dashed line curve shows the loop when cooled in 
zero field. 


"9. Néel, Le Dixiéme Conseil de Physique Solvay (R. Stoops, 
Brussels, 1955), p. 251. 
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Fic. 2. Hysteresis loop (a), torque curve (b), and energy curve (c), 
for conventional cobalt particles. (No oxide coating.) 


line that is characteristic of the dimensions of the 
magnet. 

Of course loop displacement of a “hard” magnetic 
material is also very beneficial. Displacement of the 
loop increases the energy product and therefore makes a 
better permanent magnet material. Oxide-coated cobalt 
particles have been compacted to give an energy 
product of 4X 10° gauss-oersteds at B= 2000 gauss and 
H = 2000 oe, in a material containing only 25% cobalt 


by weight. 
MANUFACTURE 


The material is made by the electrodeposition of 
cobalt into a mercury cathode. The 600-ml beaker 
contains 80 cc of mercury and 40 grams of cobaltous 
ammonium sulfate dissolved in 400 ml of distilled water 
(0.35 Molar). The bath is heated to a temperature of 
40-50°C. Plating is carried out for 1 hour at 3 amp 
(5.6 amp/cm*), 

The mercury containing the cobalt is then removed 
and heat treated in an air oven at 140°C for 10 minutes. 
The material is placed in a “Mercury Oxifier’”’ for about 
8 hours and the oxide-coated cobalt particles float to 
the surface of the mercury. These particles are removed 
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Fic. 3, Hysteresis loop (a), torque curve (b), and energy curve 


(c), for oxide-coated cobalt particles below Néel temperature of 
oxide, 


by using a magnet. The mercury carried over in the 
process can be removed by vacuum distillation. 


THEORY OF THE DISPLACED HYSTERESIS LOOP 


If we consider a spherical single-domain particle with 
uniaxial anisotropy of K, sin’, where @ is the angle 
between the easy direction of magnetization and the 
direction of magnetization, and further assume that the 
easy direction is the field direction, then the free energy, 
at absolute zero, of the particle in a field H oppositely 
directed to that of magnetization, is written 

FP Hl, cosé-+ K, sin’é. 
Taking the derivative of this free energy with respect 
to 6 and examining the nature of the maximum and 


the familiar result that the 
hysteresis loop is square and the intrinsic coercive force 


minima, one obtains 


has a value 


HM, =2K,/I,. 


If one introduces ad hoc a unidirectional anisotropy 
of the form 
— K,, cos, 
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the expression for the free energy becomes modified 
to read 


F= HI, cosd— K,, cos6+ K, sin’6; 


thus the solution is identical with the previous case with 
the substitution of an effective field 


H'=H—K,/1,, 


which gives the hysteresis loop displaced on the H scale 
by Ku/J,. 

The explanation of the loop displacement is seen 
to be equivalent to explanation of the unidirectional 
anisotropy. 


NECESSARY CONDITIONS FOR LOOP DISPLACEMENT 


The occurrence of the displaced hysteresis loop is 
definitely brought about by the existence of an oxide 
film on the particles of cobalt. This has been established 
by two experiments. 

The particles of cobalt, prepared by the electro- 
deposition of cobalt into a mercury cathode, are free 
of any appreciable oxide and are wet by the mercury. 
The properties of the cobalt particles were measured 
while in the mercury and they showed a normal hys- 
teresis loop. When the mercury containing the particles 
was placed in a mercury oxifier and an oxide coating was 
formed on the particles, the magnetic measurements 
showed a displaced hysteresis loop. 

The second experiment that established the oxide 
coating as a necessary condition involved the removal 


~ a 














Fic. 4. Possible hysteresis loop for a normally soft magnetic 
material with exchange anisotropy. Points a and b are the inter- 
sections of the hysteresis loop with a load line. 
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TABLE I. Effect of hydrogen reduction and re-oxidation 
of the oxide-coated cobalt. 





A B D EZ 
H-¢ for Os for Os; for On for 
Starting 2 hr at 1 hr at 4 hr at 14 hr at 
material 200°C 20° 20° 100°C 


rH, (oe) 750 825 1325 1450 750 

pH. (oe) -1725 850 ~1350 1450 ~1725 

,B, (arbitrary —2.6 —9.8 -9.0 —9.3 -5.0 
units) 

/B, (arbitrary 8.7 10.2 9.7 , 8.1 
units) 

B, (arbitrary 10 20 18 11 
units) 











of the oxide coating by hydrogen reduction. The 
magnetic hysteresis loop again became normal. Upon 
subsequent oxidation the hysteresis loop became 
displaced. 

The starting material had the properties shown in 
Table I, Column A, where sH, and ,H, represent the 
intrinsic coercive forces in the forward and _ reverse 
directions, ,B, and ,B, represent air-gap remanence in 
the forward and reverse directions in arbitrary units, as 
shown in Fig. 5, and B, the saturation flux density. 
Annealing this material in dry hydrogen for two hours 
at 200°C gave the results shown in Column B, Passing 
oxygen at room temperature over the sample for one 
hour gave the results shown in Column C. Three more 
hours of oxidation gave the results shown in Column D. 
Passing dry oxygen for 14 hours at 100°C gave the 
results shown in Column F£. 















































Fic. 6. Schematic hysteresis loops proposed to show how a 
(BH) MAX ae : material may show asymmetry in B, but not in 17. (a) Nonshifted 
material. (b) Shifted loop material. (c) Mixture of (a) and (b) 
material 


Several things may be noted from the data in Table I. 
From the reduction in B, in Columns A and £ it is 
apparent that approximately half of the cobalt in the 
initial and final states is nonmagnetic and presumably 
in the form of cobalt oxide, While the coercive force can 





be made quite symmetric by hydrogen reduction, the 
remanent magnetizations do not become so and thus 
constitute a more sensitive test for asymmetry than the 


coercive force measurements. An idealized explanation 





of this is shown in Fig. 6. A large amount of material 
which has a symmetric loop, assumed straight-sided, is 





represented by A and a smaller amount of material B 
with an asymmetric loop, also assumed straight-sided, 


_ is represented by curve B. If these hysteresis loops are 





added, assuming no interactions, curve C results. Curve 





C exhibits an asymmetric remanence while the coercive 
force is symmetric, 
Fic. 5. Schematic hysteresis loop of the new material to illus 


trate the definitions of the forward and reverse remanences and ay , 
coercive forces. by electron diffraction measurements to be CoO. The 


The oxide coating on the cobalt has been established 
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FERROMAGNETIC ANTIFERROMAGNETIC 


Fic. 7. A schematic picture of the ferromagnet-antiferromagnet 
interface with a small applied field. 


electron diffraction data taken by Walter’ are shown in 
Table II. This result is in agreement with cobalt and 
oxygen phase diagram of Seybolt and Mathewson,‘ 
shows that CoO is in equilibrium with Co at room 
temperature. 

Experiments designed to evaluate the influence of 
the thickness of the oxide film on the displacement of the 
hysteresis loop have yielded ambiguous information, 
probably due to a variation in particle size that results in 
complete oxidation of some very small particles and makes 
measurements of the degree of oxidation by saturation 
measurements unreliable. In addition the particle size 
of the unoxidized cobalt is important. This has been 
partly established by oxidizing particles grown to 
1000 A particle size. These particles show the ioop 
displacement but to a much lesser degree. 

There is some indication that a certain oxide thickness 
is necessary to produce the shift in the hysteresis loop. 
Oxide-coated cobalt has been made that initially did not 
show a shifted loop, but at a much later date (1 month) 
did show a loop shift. This may have been due to con- 
tinual oxidation of the powder, resulting in a sufficient 
oxide thickness to produce a loop shift. However, 
another interpretation would be that the particles were 
not completely covered with oxide (some mercury 
still wetting patches of the particle) and subsequent 
oxidation of these patches produced the effect. 


Tasie IT, Comparison of tabulated x-ray spacings for CoO and 
those observed on oxidized cobalt particles. 


0.95 
0.95 


0.87 
0,87 


CoO A 2 0,82 
2 


12 1.50 1.28 1.06 0,98 
Observed A 13 


45 2 1,23 
4 2 1.50 1.29 1,24 1.07 0.98 


3N. M. Walter (private communication). 
4A. U. Seybolt and C. H. Mathewson, Trans. Am. Inst. Mining 
Met. Engrs. 3 (1934). 
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MICROSCOPIC MECHANISM OF LOOP 
DISPLACEMENT 


Since the usual sources of anisotropy—crystal, shape, 
and magnetostriction—are symmetric with respect to 
inversion of the magnetization, it is clear, from experi- 
ments reported later in the paper, that the antiferro- 
magnetic nature of the cobaltous oxide surface layer is 
responsible for this effect. Below the Néel temperature, 
the spins of the cobalt ions in the cobaltous oxide will 
tend to align themselves in antiferromagnetic align- 
ment. The neutron diffraction studies of Shull, Strauser, 
and Wollan® show that the spins lie along [100] 
directions and like spins are on (111) planes. Recent 
work by Roth® of this Laboratory confirms the latter 
observation but places the spin directions in the (111) 
planes. 

Paine’ suggested the kernel of the following explana- 
tion. If we consider a condition of oxidation in which a 
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Fic. 8. Schematic diagram of the torque tester. Its main compo- 
nent is a spring (a) which measures the torque on a sample (b) in 
the field of an electromagnet (c). 


surface of the cobalt metal is coherent with (111) plane 
of the cobaltous oxide (Fig. 7), then if there is exchange 
coupling across this interface there will be, at the time 
of cooling through the Néel temperature, a selection 
among the various equivalent spin directions in the 
oxide due to this interaction. If the sample is now cooled 
to a low temperature at which the anisotropy of the 
cobaltous oxide is large, then, by the same interaction, 
the moments of the cobalt will tend to stay aligned in 
one direction along the axis of spin alignment in the 
oxide. If the volume and anisotropy constant of the 
oxide are large in comparison to the torque exerted 
across the interface, this restoring force will exist for 
all fields. A unidirectional anisotropy will result in the 


* Shull, Strauser, and Wollan, Phys. Rev. 83, 333 (1951). 
*W. L. Roth (private communication). 
™T. O. Paine (private communication). 
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compact for material cooled through the Néel tempera- 
ture in the presence of an orienting field. If the material 
is cooled in the absence of a field, the unidirectional 
exchange anisotropy exists within each particle but it is 
unobservable in the compact because of the random 
directions of anisotropy axes. Appendix I contains a 
more detailed account of a theory of this effect. 


TORQUE MEASUREMENTS 


The most useful data for explaining the nature of the 
loop displacement have been obtained from torque 
measurements. These data yield information about the 
anisotropy constant and the form of the energy function. 

A torque magnetometer was designed to measure the 
anisotropy in the material induced by cooling in a 
magnetic field. Figure 8 shows the method of measure- 
ment, When the sample, in the form of a disk, is placed 
in the field, with the field making an angle @ with the 


410% 


c 
ce 


F FERROMAGNETIC 


A 
xe 


1 ! 
240 260 


sem 


OYNE-CM™ 


TORQUE 





Fic. 9. Torque curves on oxide-coated cobalt particles cooled in 
a field to 77°K, where @ is the angle between the cooling-field axis 
and the direction of the measuring field as shown in Fig. 8. Curves 
(a) and (b) are for rotations of decreasing and increasing @, 
respectively. 


direction of original field present during cooling, it 
experiences a torque tending to return it to the original 
field direction. This torque is balanced by a torque from 
a phosphor bronze spring attached between the sample 
axis and turning handle. The deflection of a scale 
attached to this spring is then a measure of the torque. 

By appropriate choice of springs, torque sensitivities 
from 178 dyne-cm per degree deflection to 1790 dyne-cm 
per degree are obtained. 

A compact of cobalt particles with cobaltous oxide 
coatings gave no measurable change of torque with 
angle on being cooled in a demagnetized state, showing 
the absence of any crystal orientation in the compact. 
In contrast, a typical curve of torque versus angle for 
material cooled in a field is shown in Fig. 9. This disk, 
} in. in diameter by } in. high containing 38 mg of 
ferromagnetic cobalt, was cooled to liquid nitrogen 
temperature in a field of 20 000 oe and the torque was 
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Fic. 10. Torque curves on oxide-coated cobalt particles. (a) 
Difference in torque curves of Fig. 9 for both directions of rotation 
of the sample in the magnetic field; (b) the average torque curve 
of Fig. 9 for both directions of rotation 


measured at this temperature in a field of 7500 oe, The 
measurements are made after cycling both clockwise 
and counterclockwise directions. In addition to showing 
the uniaxial characteristic of the anisotropy, the curves 
indicate a considerable rotational hysteresis. In Fig. 10, 
(curve b), the average of the torque values for both 
directions of rotation is plotted as a function of angle, 
representing the “true” torque curve. In addition, the 
difference in torque values (curve a) represents the 
rotation hysteresis. The empirical equations for the 
curves plotted in Fig. 10 are: average torque T= 3.26 
10° siné+-0.1 10° sin26 dyne-cm per cc of ferromag- 
netic cobalt, and rotational torque R=0.8X10°+2.4 
X 10° sin*(0/2). The rotational hysteresis is given by 


1 2m 
Woot f Rd = 5.7 10° (ergs/cycle) per cc of ferro- 
9 


4 0 


magnetic cobalt. 


To deal with the rotational hysteresis, the values are 
plotted in Fig. 11 as a function of inverse field strength. 
In contrast with normal ferromagnetic materials in 
which this quantity approaches zero as the field be- 
comes infinite or saturation becomes complete, the 
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Fic. 11. Values of the rotational hysteresis extrapolated 
to infinite measuring field 
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Fic. 12, Maximum torque values for oxide-coated particles 
extrapolated to infinite measuring fields. (a) Maximum torque 
values for sind component; (b) maximum torque values for sin 26 
component. 


rotational hysteresis varies only by 12% with an almost 
threefold variation in field. This singular behavior can 
be qualitatively understood from the model proposed 
for this interaction. 

In the case of thin oxide-coated cobalt particles, there 
is discontinuous reorientation of the spins in the oxide 
layer, that occurs because of its interaction with the 
magnetization of the cobalt. Hysteresis results from 
discontinuous change of magnetization. In the case of 
normal ferromagnetic materials exposed to magnetic 
fields above the anisotropy field, the magnetization has 
no discontinuities in its motion about the field axis and 
consequently the rotational hysteresis is zero. The 
antiferromagnetic cobalt oxide feels only the interaction 
with the magnetization of the cobalt and not the ex- 
ternal field directly so that when sufficient field to 
substantially rotate the magnetization of the cobalt has 
been applied and if the oxide layer is thin enough, there 
will be a discontinuous reorientation of the spins in the 
oxide layer. This behavior can be used as an evidence 
for the existence of the interaction. 

The values of the torque maxima are plotted in Fig. 
12 (curve a) as a function of 1/H, with the magnitude of 
the sin2@ component of the anisotropy (curve b). 
Table ILI contains the analysis of the average torque 
curves, All terms beyond sin2@ in the Fourier expansion 
do not have statistically significant amplitudes. 


Tas_e ITT. Analysis of torque curves of particles cooled 
in 20 000 oersted field to 77°K. 


H Ki Ks 
ergs/cm' of Co 
0.16 10° 
0.32 10° 
0.52 x 10° 
0.56 10° 


ergs/cm!' of Co 


3.16 10° 
3.33 10° 
3.60 10° 
3.74X 10° 


oersteda 


7500 
10 000 
17 000 
20 000 
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UNIAXIAL ANISOTROPY AND LOOP SHIFT VS 1//I, 


The postulated mechanism suggests that the uniaxial 
anisotropy and loop shift would rise more rapidly than 
the relative magnetization at the time of quenching, 
since the last few degrees of rotation of the magnetiza- 
tion would favor no anisotropy axis in the cobaltous 
oxide that were not favored at the lower magnetization. 

Data at 77°K on uniaxial anisotropy as a function of 
degree of saturation of magnetization while cooling 
through the Néel temperature are shown in Fig. 13, 
while the data on the loop shift as a function of the 
degree of saturation are shown in Fig. 14. The shape of 
the curves for the experimental data taken at — 196°C 
(curve a) and —68°C (curve b) show that the loop shift 
does increase rapidly at low fields and saturate at high 
fields as expected. 


or 
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Fic. 13. Dependence of the reduced sin @ anisotropy on the 


reduced magnetization. The magnetization is that caused by the 
magnetic field in which the particles are cooled to 77°K. 


LOOP SHIFT VS TEMPERATURE 


The results of two experiments designed to determine 
the correlation of the loop shift with the Néel tempera- 
ture of CoO are shown in Figs. 15 and 16. According to 
measurements by Fine,’ and by Street and Lewis,* CoO 
is paramagnetic above approximately 300°K. If anti- 
ferromagnetic cobaltous oxide causes the loop shift, we 
should find that above 300°K the material acts like a 
normal magnetic material and exhibits no loop shift, 
while below 300°K the loop shift should exist and in- 
crease in magnitude as the temperature is lowered. 

The experimental results shown in Fig. 15 were 
obtained by cooling the material in a 10 000-cersted 
field from room temperature to the temperature given 
by the abscissa and by then removing the field and 


*M. E. Fine, Revs. Modern Phys. 25, 158 (1953). 
*R. Street and B, Lewis, Nature 168, 1036 (1951), 
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cooling the material to liquid nitrogen temperature in 
order to have a constant reference temperature (liquid 
nitrogen temperature) in each case. The loop shift is 
greatest when the sample is cooled to a low temperature 
in the magnetic field and drops to zero near the Néel 
temperature (270°K) of CoO. 

Since the residual field of the specimen was present 
after removal of the external magnetic field, the 
material was not cooled from the temperature of the 
abscissa, in Fig. 15, to liquid nitrogen temperature in a 
zero field as was desired. To eliminate this difficulty the 
following experiment was performed in collaboration 
with I. S. Jacobs. These data are shown in Fig. 16. A 
sample of this type of material was demagnetized and 
cooled in the absence of an external field to a tempera- 
ture 7» then placed in a field of 10000 oersteds and 
cooled to — 196°C where ;H, (curve d) and ,#7, (curve 
a) were measured. From these data we obtained the 
shift in the hysteresis loop (curve b) and the half-width 
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Fic. 14. Loop shift as a function of reduced magnetization. 
(a) Data at 77°K; (b) data at 205°K. The magnetization is caused 
by the magnetic field in which the particles are cooled through the 
Néel temperature. 


of the loop (curve c) defined by (syH.—,H,)/2. The 
effect begins between 0°C and — 20°C showing a rough 
equivalence to the Néel temperature of cobaltous oxide 
(—2°C). That the initiation of this effect should occur 
somewhat below the Néel temperature is not unexpected 
since the critical factor is the anisotropy energy of the 
spin system in the cobaltous oxide. This energy would 
be expected to rise monotonically with decreasing 
temperature and to exceed the critical value for a given 
particle, above which the direction of magnetization of 
the cobalt ions in the cobaltous oxide will be held in a 
direction close to the field cooling direction, only some 
what below the Néel temperature. Of interest, also, is 
the fact that the half-width of the hysteresis loop 
increases when the uniaxial character appears. This may 
be explained by the concomitant appearance of a sin’@ 
term in the anisotropy which, as in the well-known 
theory of the coercive force of single-domain particles, 
will lead to an increased coercive force. This term can 
come from thin cobaltous oxide shells in which the spin 
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Fic. 15. Loop shift as a function of temperature to which the 
specimen is cooled in a 10 000-oersted field, 


system in the cobaltous oxide will rotate with that of the 
cobalt, as discussed in Appendix I. 

Both sets of data yield the result that above the Néel 
temperature, where the CoO is paramagnetic, the 
material behaves in a normal manner, while below the 
Néel temperature, where the CoO is antiferromagnetic, 
a loop shift occurs. 


INFLUENCE OF PACKING 


There is no influence due to density of packing on the 
coercive force of particles that derive their coercive 
force from exchange anisotropy. This behavior is to be 
contrasted with that for particles that derive their 
coercive force from shape anisotropy,'®-" where theory 
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Fic. 16, Data showing correlation of loop shift with Néel tem 
perature of cobaltous oxide. 7 is the temperature to which the 
material was cooled in a demagnetized state prior to further 
cooling in a 10 000 oersted field at 77°K. Curves (a), (b), (ce), and 
(d) show -H,, ((H.+H.)/2, GHe~H.)/2, and ;H_., respectively, 


as functions of 7». All measurements are made at 77°K 
“ L,. Néel, Compt. rend. 224, 1550 (1947) 


" E. Kondorskii, Compt. rend. $0, 197 (1951) 
2. P. Wohlfarth, Proc. Roy. Soc. (London) A232, 208 (1955) 
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and experiment show that the coercive force is given 
approximately by 


A(f)=(1-—f)A., 


where {=the volume fraction of ferromagnetic material, 
,= intrinsic coercive force at infinite dilution, and 
i ,(f)= intrinsic coercive force for packing fraction f. 
Particles with exchange anisotropy were tested with 
packing factors that varied from 0.01 to 0.25 and there 
was no influence on the measured coercive force. 
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APPENDIX I 


The simplest model of this phenomenon is to consider 
a hypothetical system consisting of a ferromagnetic 
particle with uniaxial anisotropy possessing a coherent 
layer of an antiferromagnetic substance, again with a 
uniaxial anisotropy axis coincident with that of the 
ferromagnetic material. It must be assumed that some 
interfaces have unequal numbers of antiparallel mo- 
ments in the plane of the antiferromagnetic lattice 
adjacent to the interface or more particularly the inter- 
facial plane could be a plane of parallel moments in the 
antiferromagnet. This proviso is essential to develop 
the torque between the two lattices which is essential 
to the effect. A further simplifying assumption is that 
the exchange torque is much weaker across the interface 
than in either the ferromagnetic particle or the anti- 
ferromagnetic shell, and further that both the particle 
and the shell are so small that they can be treated as 
single-domain particles with all their interaction ab- 
sorbed across the interface. Designating the angles of 
the magnetization in the ferromagnet and antiferro- 
magnet by @ and 6, respectively, we denote the respec 
tive anisotropies by K, sin’@ and Ko sin’#,. The exchange 
interaction across the interface shall be a restoring of 
the form — E sin(@—6,), where E has the units of dyne 
cm/cm? of interface. In addition we shall require the 
angle, @, which the external field, 7, makes with the 
anisotropy axis and further shall designate the radius 
of the metallic cobalt particle by r, and the radius of the 
entire particle including the oxide shell by ro. We may 
identify five torques in this system, and in each case we 
shall refer the torques to a unit volume of cobalt since 
this is the easiest experimental measurement. The five 
torques are: 

T;, the torque exerted by the external field on the 
magnetization of the cobalt, 


T,=HI, sin(¢—8); 


T,, the ferromagnetic anisotropy torque exerted by 
the lattice upon the magnetization of the cobalt, 


T,= — K, sin26; 
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T;, the exchange torque exerted by the cobaltous 
oxide on the magnetization of the cobalt, 


T;= —E sin(@—6,) multiplied by the interfacial area 
divided by the volume of cobalt 
= — (3E/r) sin(0@—6,); 


T,, the antiferromagnetic anisotropy torque exerted 
by the cobaltous oxide lattice on the spins of the cobal- 
tous oxide, 

T,= — Ko sin26, multiplied by the volume of cobaltous 
oxide divided by the volume of cobalt 
= — Ky sin26,(r¢°/r’—1); 

Ts, the torque exerted by the particles on the torque 
magnetometer. 

Since in equilibrium the torque on the magnetization 
of the cobalt must be zero, 

Ti+T2+Ts=0. (1’) 
Equally, the torque on the spins of the antiferromagnet 
must be zero, giving 
—T3+T,=0. (2’) 
The torque on the torque magnetometer, 7's, is the sum 
of the torques on the lattices 
T5= on I3— T4, 


which in combination with the earlier equations yields 
for the external torque, 


T;= iv (3’) 


Equations (1’) and (2’) must be solved for @ and 6, 
and the results compared by Eq. (3’) to the experi- 
mental data to infer the unknown constants E and Ko. 
The simplest case is to assume the anisotropy is very 
large for an infinitesimal 6, i.e., #:=0. In this case, 
Eq. (1’) gives 


T= K, sin20+-(3E/r) sind, 


and for very high fields @ is almost precisely equal to @ 
and so the measured torque becomes independent of 


field and 
T1=K, sin2+ (3E/r) sing. (4) 


In the sample we measured, the anisotropy axes of 
the various cobalt particles were at random with respect 
to any direction in the compact so that the first term 
averages to zero while the coefficient of the second 
would be modified by a factor of 0.5 to 1.0 depending on 
the number of easy directions in the oxide. Thus, 
Eq. (4’) when averaged gives the torque curve experi- 
mentally observed. The observed torque constant is 
4X 10° dyne-cm/cm! of cobalt for particles of approxi- 
mately 100 A radius. If all particles had the unidirec- 
tional torque, the value of E would be 1 dyne-cm/cm’. 
Although, as shown below, this is not strictly true, the 
essential point is that the equivalent exchange torque 
within the cobalt metal is on the order of kT,/4a’, 
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where 7’, is the Curie temperature and a the interatomic 
spacing. This estimate gives about 300 dyne-cm/cm? 
and justifies the assumption that the exchange torque 
at the interface is less than the torque in the ferro- 
magnetic material. A similar inequality holds for the 
torque in the antiferromagnetic material. 

If we relax the condition that the anisotropy torque 
in the antiferromagnet be infinite, there is a critical 
region where the moments in the antiferromagnet 
undergo discontinuous motions as the moment of the 
cobalt metal is rotated about by an external field. In 
this circumstance the uniaxial character is lost and the 
torque in infinite field has only terms in sin26 and higher. 
In addition, there is a rotational hystersis in saturating 
fields due to the discontinuous reorientation of the 
moments of the cobaltous oxide. The theory of the 
rotational hysteresis in single-domain particles” shows 
that for ferromagnetic particles there is rotational hys- 
teresis only if the field is in the range 


2K>H1,> K, 


and this range the rotational hystersis varies from 
1.8K to zero. Applying this information to rotational 
hysteresis in the oxide, we replace the anisotropy of the 
ferromagnetic material with the anisotropy of the 
antiferromagnet and for the external field we substitute 
the exchange interaction across the interface. This 
yields rotational hystersis in high fields if 


3E 
2K of (12/4?) — 1 ]>—> Ko (ro*/r*) —1], 
r 


with an average value of 
~ Kof (ro°/r*) —1 |. 


Since for our particles half the cobalt is in the oxide 


(Table I), 
[ (ro8/r*) — 1 ]~2., 


The rotational hysteresis will therefore be 2K for those 
particles that reverse. 

Assuming that a volume fraction f of the particles are 
uniaxial while (1—/) exhibit the rotational hysteresis 
postulated above, then neglecting the factors of aver- 
aging which should strictly be introduced, we have 
three equations from which we may deduce f, E, and 


4 C, P. Bean and W. H. Meiklejohn, Bull. Am. Phys. Soc. Ser. 
IT, 1, 148 (1956); also paper in preparation. 
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Ko. From the uniaxial torque 


3E 
- Ja 4X 10°. 


From the rotational hysteresis, 
2Ko(1—f)=5X 108; 
and from the fact that rotational hysteresis occurs, 
2Ko*3E/r. 

The solution of these equations gives 

f¥05, 

E*2 dyne-cm/cm? of interface at 77°K, 

Ko=5X 10° ergs/cm' of CoO at 77°K. 


While these figures are very approximate several 
observations may be made. The first is that the ex- 
change torque across the interface, 3Z/r, is 510° 
dyne-cm’ of cobalt which is of the same order of mag- 
nitude as the anisotropy torque in the cobalt.“ This 
means that if the anisotropy axes of the cobaltous 
oxide and cobalt are not coincident, the moment of the 
cobalt at low temperatures will be deviated substantially 
from its normal equilibrium position along the ¢ axis as 
suggested by Roth.'® An experimental indication of this 
effect is seen in the data presented in Table I wherein 
the ratio of remanent magnetization to saturation 
magnetization with the oxide film is seen to be between 
0.80 and 0.90 while if the easy directions were un- 
deviated from the ¢ axis, this ratio would be 0.5 as in 
the reduced material of column B,, Table I, Secondly, 
the large anisotropy in the cobaltous oxide can be 
compared to the calculations of Kaplan.'® Using the 
model of the simple oxides deduced from neutron dif- 
fraction observations,’ Kaplan calculated the dipole- 
dipole magnetostatic anisotropy to be expected, He 
found the moments to lie in the (111) sheets of common 
spin direction while the energy to rotate the magnetiza- 
tion to be perpendicular to the sheet is, for cobaltous 
oxide, 710° ergs/cm*. The anisotropy inferred from 
the measurements is not to be identified with Kaplan’s 
anisotropy, since his anistropy with its isotropy within 
the (111) plane could not give rise to a unidirectional 
effect. Rather we must invoke the usual spin-orbit- 
lattice coupling which is thought to be the root of 
anisotropy in ferromagnetics, 

4 W. Sucksmith and J. E. Thompson, Proc. Roy. Soc. (London) 
A225, 362 (1954). 


16 W.L. Roth (private communication). 


6 J. I. Kaplan, J. Chem. Phys. 22, 1709 (1954), 
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The number of magnetic centers in alkali halides additively colored in the alkali vapor has been deter- 
mined by measuring the static magnetic susceptibility. Curie’s law is followed, and the measurements have 
been extended to liquid helium temperatures to increase the sensitivity. The number of centers is compared 
with the optical absorption of the F band, Under the assumptions that the F-center electron wave function 
depends parametrically upon the coordinates of the surrounding nuclei, the electric dipole matrix element 
is independent of the nuclear coordinates, and the electric field at the electron is the Lorentz local field, 
the optical oscillator strengths for a Lorentz, Gaussian, and observed line shape are determined. The average 
for a series of experiments yield /, = 0.66 for KCI, f, =0.71 for KBr, and f,=0.46 for KI. Values for CsBr 


and NaC! are discussed. 


INTRODUCTION 


HE correlation of the magnetic and optical proper- 
ties of F centers form the basis of this research. 
Excellent review articles concerning much of the experi- 
mental and theoretical work on color centers are given 
by Pohl' and more recently by Seitz? The primary 
absorption in an alkali-halide crystal additively colored 
with the alkali vapor is the F band, and, following the 
model of deBoer,’ may be regarded as an electron 
trapped at a halide vacancy. The characteristic optical 
absorption band is associated with the electronic transi- 
tion of the F-center electron from its ground state to 
the first excited state, and the temperature dependent 
paramagnetism is due to the magnetic moment of the 
F-center electron. The doubly degenerate state of the 
F-center electron cannot be lifted by the crystalline 
field alone, and thus the magnetic susceptibility follows 
the Curie-law temperature dependence until either in- 
teraction between F centers or hyperfine coupling 
with the surrounding ions becomes important. Since 
these effects are important only at very low tempera- 
tures for available concentrations, one has an accurate 
measurement of the number of F centers. As will be 
discussed later, simple models of the F-band absorption 
indicate that the number of F centers and the amount 
of optical absorption are highly dependent on the 
electronic transition probability and also on the local 
field. A systematic study of this correlation when com- 
bined with the absorption energy, g value, and electron- 
spin—nuclear-spin coupling should assist in the analysis 
of the F-center wave functions. 

Kleinschrod‘ initiated studies of this nature by de- 
termining the number of absorption centers from the 

* This research was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and 
Development Command. 

t Based in part on a dissertation presented by C.J.R. in partial 
fulfillment of the requirements for the degree Doctor of 
Philosophy. 

t Now at the Sperry Gyroscope Company, Great Neck, New 
; x W. Pohl, Proc. Phys. Soc. (London) 49, 3 (1939) 

*F, Seitz, Revs. Modern Phys. 26, 7 (1954). 

+ J. H. deBoer, Rec. trav. chim. 56, 301 (1937). 

«¥F. G. Kleinschrod, Ann. Physik 27, 97 (1936). 


optical absorption data and the Smakula dispersion 
formula, and then correlated the above with the 
chemical determination of the number of excess 
potassium atoms in the additively colored crystal. 
Jensen’ correlated the change in magnetic susceptibility 
with the optical absorption of ultraviolet irradiated 
KBr. Scott et al.* indicated that the magnetic suscepti- 
bility at room temperature depended both on the con- 
centration of F centers and other centers on the long- 
wavelength side of the F band. Hutchinson’ in his 
paramagnetic resonance absorption experiments found 
a g value of approximately the free-electron value for 
the F center. Heer and Rauch® extended the static 


magnetic susceptibility measurements to helium tem- 
perature range and found that the F-center paramag- 
netic susceptibility followed Curie’s law down to 1°K. 


THEORETICAL ASPECTS 


The absorption spectrum of the F-center electron, as 
observed, consists of a strong main band, the F band, 
which is attributed to an electronic transition from the 
ground state “a” to the excited state “b.” The absorp- 
tion cross section of the F center, under the assump- 
tions that the wave function of the F-center electron 
depends parametrically upon the coordinates of the 
surrounding nuclei, i.e., the Born-Oppenheimer approxi- 
mation, and the “Condon” approximation that the 
electric dipole matrix element is independent of the 
nuclear coordinates, can be written using the notation 


of Lax® as 

82 y n E, s 

()=—|"(=) |iMasle@) (1) 
3chleXE 


where v is the frequency of the incident radiation, n the 
index of refraction for frequency v, e the dielectric 
constant, E, the effective field seen by the electron, E 
the microscopic field, Ms the electric dipole matrix 
element. For sufficiently narrow lines g(v) is the experi- 

*P. Jensen, Ann. Physik 34, 161 (1939). 

* Scott, Hrostowski, and Bupp, Phys. Rev. 79, 344 (1950). 

7C. A. Hutchinson, Phys. Rev. 75, 1769 (1949). 


* C, Heer and C. Rauch, Phys. Rev. 90, 530 (1953). 
* M. Lax, J. Chem, Phys. 20, 1752 (1952). 
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Fic. 1. Cross section of 
chamber for additive coloration 
of alkali-halide crystals 
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mental line shape. The absorption coefficient a(v) is 
usually defined as Vo(v), where N is the number of 
absorbers per cm’, Since under the above assumptions 
JS g(v)dv=1, and in general 


area under the 
. | fecorar " Not, 
absorption curve 


the area under the absorption curve is intimately 
related to the matrix element of the electric dipole 
transition and the effective field seen by the electron. 
Lax’ has shown that the area under the absorption 
curve is related to the matrix element of the electric 
dipole transition under even less restrictive conditions, 
and has applied these calculations to more complex 
models. The oscillator strength” fq, is defined as 

far= (89?m/3he?) var| Mas!?. (2) 
If one further assumes that the field seen by the elec- 
tron is the Lorentz local field, then (n/e)(E,./E) 
=(n?+2)?/9n and the absorption coefficient to the 
approximation given in Eq. (1) can be written as 
[ (we®/mc) (n?+-2)?/9n |e(v)N f, (3) 


a(v) 
or 
| area under the 
N f=[9n/(n? +2)? |(mc/re*) 


| absorption curve 


. (4a) 


N f=0.821 10"[n/(n?+-2)?] 


area under absorption 
* cm’, (4b) 


curve in cm! Xev 


The “area under the absorption curve” = (4/2 )aimaxAvy 
for a Lorentz line shape; and (1/4 1n2)4aiaxAvy for a 
Gaussian line shape, where a@max is the maximum ab- 
sorption coefficient of the F band in cm™ and Ay, the 
band width at half-maximum in electron volts. It may 
be noted that the Lorentz line shape yields the same 
oscillator strengths as the Smakula dispersion formula." 

There are two magnetic sublevels of the F-center 
electron due to its spin. The paramagnetic resonance 
experiments” have shown a hyperfine interaction with 
the surrounding ions which causes a small splitting of 


See, for example, E. U. Condon and G. H. Shortley, Theory 
of Atomic Spectra (Cambridge University Press, Cambridge, 
1935). 

4 A, Smakula, Z. Physik 59, 603 (1930) 

8 Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 
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these levels. Korringa and Daunt" have computed the 
magnetic properties of F centers based on the molecular 
orbital model used so successfully by Kip and co-workers 
in explaining the microwave resonance experiments. 
Since these interactions are small, one obtains the usual 
Curie-law temperature dependence above 1°K, and 
the number of centers is related to the susceptibility by 


x= (Ng'8?/4kT) [1 — 4 (g8H/2kT P+ «J (5) 
where g represents the g value, 8 the Bohr magneton, 
k the Boltzman constant, and // the external magnetic 
field. The correction to the g value due to spin-orbit 
coupling is quite small and will be neglected in our 
calculations. Saturation effects due to the second term 
in 5 may be kept small by using small values of 17/7, 
and corrections only become important below 1.5°K 
for fields of less than 10000 gauss. Deviations from 
Curie’s law can occur due to the overlap of the wave 
functions of two adjacent F centers, the interaction 
giving rise to an anti-parallel state of lower energy 
Estimates based upon hydrogen-like wave functions 
indicate that the overlap will not be important for 
concentrations of less than 10” F centers per cm* at 
temperatures above 1°K. 


EXPERIMENTAL TECHNIQUES 
Preparation of the Additively Colored Crystals 


Alkali halides colored by the addition of a stoichio 
metric excess of alkali metal possess a relatively stable 
coloration, and if the quench from high temperatures 
is sufficiently rapid the coloration will be primarily 
that due to the F center. Aggregate centers such as the 
R center, M center, and colloid center begin to develop 
during the quench, and will be frozen in if the quenching 
process is too slow. Since the models for the R and M 
centers suggested by Seitz’ indicate that they may also 
be paramagnetic, and since the colloid band contributes 
to optical absorption in the same region as the F band, 
it is highly desirable that their concentration be mini- 
mized. Since other interests in the low-temperature 
properties required large samples, we developed the 
following techniques for the coloration of large samples. 

A bomb which is suitable for independent control 
of the temperature of the vapor and of the crystal, 
and also suitable for rapid quench of the crystal, is 
shown in Fig. 1. The shell of the bomb is made from 


4 J. Korringa and J. G. Daunt, Phys. Rev. 102, 92 (1956), 
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Fic. 2. (A) Schematic diagram of Gouy balance, and (B) 
schematic diagram of torsion balance for the measurement of 
magnetic susceptibility. 


Inconel. An Inconel metal boat contains the alkali 
metal and is so adjusted in the bomb that its tempera- 
ture is controlled by one furnace. The second metal 
boat contains the alkali-halide crystals, and their tem- 
perature is controlled by a second furnace, The end is 
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Fic. 3. The change in weight in milligrams of a pure KC! crystal 
upon application of a magnetic field as a function of 1/7(°K)™ 
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sealed with a thin copper disk in a manner such that 
the seal can be broken by a quick tug on the pull-out 
plug, and the sample immediately dropped into the 
quench solution, Acetic acid was found to provide 
the most rapid quench. Alkali-halide crystals in the 
form of rods 1.2 cm in diameter and 2.5 cm in length 
were colored by this method. All crystals with a side- 
band absorption larger than 10% of the F-band peak 
and an inhomogeneity of coloration greater than 25% 
were regarded as unsuitable for our experimental work. 


MAGNETIC MEASUREMENTS 


The force’ on a small element of volume of a weakly 
magnetic substance due to a magnetic field H may be 
written as 


force= M- gradHdv= 4x gradH*do. (6) 


M is the magnetic moment, and M= xH for a non- 
ferromagnetic substance. For a given experimental 
arrangement, the magnetic field distribution of the 
magnet remains constant, and the magnetic suscepti- 
bility is directly proportional to the force. The magnetic 
susceptibility of the colored alkali halides consists of the 
usual temperature independent diamagnetic suscepti- 
bility of the alkali halide, and a temperature dependent 
paramagnetic susceptibility due to the coloration. In 
the temperature region in which Curie’s law is valid, i.e., 
the value of //T is sufficiently small that the effects of 
saturation represented by the second term in Eq. (5) 
may be neglected, the magnetic susceptibility is given by 


x= C/T + xdiamagneti . (7) 


Thus a knowledge of the high temperature diamagnetic 
susceptibility and the slope of the force vs temperature 
curve for a given magnetic field distribution yields a 
value for the Curie constant C. This may be combined 
with Eq. (5) for the number of magnetic spin systems. 
Using the free electron or observed g value, the number 
of centers/cm* is given by 


N=1,62X 10*“C center/cm*. (8) 


Since in a strong magnetic field the magnetization M 
becomes constant, the sample may be examined for the 
presence of ferromagnetic impurities by measuring the 
Curie constant at a number of field strengths. If these 
values are consistent, then the effect of such impurities 
is small. 

The force exerted on the sample by the applied 
magnetic field was measured by one of the two methods 
shown in Fig. 2. In each method the sample was 
surrounded by a small amount of helium gas for heat 
transfer to the liquid helium in the surrounding cryo- 
stat. The Gouy balance was used to measure the force 


4 See, for example, L. F. Bates, Modern Magnetism (Cambridge 
University Press, Cambridge, 1953), third edition, for a dis- 
cussion of the various techniques for measuring the magnetic 
susceptibility. 
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on the large specimens, and consisted of an Ainsworth 
Type BB chainweight balance modified for operation 
in a vacuum. The chain for restoring the balance is 
operated through vacuum seals. The magnetic field 
was produced by a conventional electromagnet and 
was controlled by the current to the field windings. 
Some results for the change in weight of a crystal of 
KCl received from Harshaw Chemical Company is 
shown in Fig. 3. The field at the magnet center is shown 
on each curve. The curves have negligible slope and 
indicate an impurity of less than 2 10'* magnetic ions 
per cm*. Figure 4 shows the change in weight as a 
function of the reciprocal of the temperature for the 
additively colored sample of KCl labeled crystal No. 3 
in Table I. This sample contains 7.5 X 10"" color centers 
per cm*. Some of our experiments were repeated on 
small (0.05 0.50.5 cm) samples by the measurement 
of the torque on the sample in an inhomogeneous 
magnetic field. The restoring current through the 
galvanometer is a measure of the torque on the sample 
This latter method is more sensitive and has the 


TABLE I, Potassium chloride. N» is the number of centers/cm* 
measured magnetically; amex is the maximum absorption coeffi- 
cient of F band; Ay is the F-band width at half-maximum 
absorption; fx, fy, and fares are the oscillator strengths determined 
for Lorentz, Gaussian, and observed line shapes. 


Nu Q@max a 

cm cm™ ev fi fe 

0.35 0.67 0.45 

0.35 0.64 0.43 

0.35 0.66 0.45 

0.35 0.66 0.45 
0.66 0.45 


Crystal Seren 


1 9.510!" 169 

2 9.0 10!" 152 

3 7.5% 10}? 131 

4* 5.6 10"7 97 
Average 


* Measured by the torsion method 


additional avantage in that it may be combined with 
optical measurements. 


OPTICAL MEASUREMENTS 


After the magnetic susceptibility of the large samples 
was measured by the Gouy method, the specimen 
was cleaved into ten sections along the length of the 
crystal. Small crystals thin enough for optical absorp- 
tion measurements were cleaved from each section. 
The optical absorption was measured with a Beckman 
Model DU spectrophotometer. If the optical absorption 
coefficient a varied by more than 25% throughout the 
length of the sample, the sample was rejected. The 
effective absorption coefficient for comparison with the 
magnetic measurements was taken as the average of 
the absorption coefficient for the individual sections. 
If the absorption coefficient is proportional to the 
number of absorbing centers, then this method of 
averaging is appropriate. Absorption curves are shown 
for each sample in the following discussion. Since 
optical imperfections were introduced in our cleaving 
process, the crystals were compared with uncolored 
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Fic. 4, Change in weight in milligrams of an additively colored 
KCI crystal upon application of a magnetic field as a function of 
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1/T (°K) 


cleaved crystals. This background was subtracted 
from the total absorption. 

The averaging technique used for the large samples 
was not necessary for the small samples measured with 
the torsion balance. In this case the same cleaved 
chip could be used for both optical and magnetic 
measurements. 


EXPERIMENTAL RESULTS AND DISCUSSION 


All of the alkali-halide crystals examined in the 
following experiments were obtained from the Harshaw 
Chemical Company. The technique for quenching was 
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1G. 6. Optical absorption curve for additively colored KBr 


described in a previous section; the earlier samples 
were quenched in carbon tetrachloride and the more 
recent samples in acetic acid. A control crystal was 
quenched in each case and experiments were made on 
only those crystals which showed favorable absorption 
spectra. The crystal, the number of centers measured 
magnetically, the optical absorption coefficient at room 
temperature, the band width at half-maximum, and the 
optical oscillator strengths determined for a Lorentz 
line shape, a Gaussian line shape, and from the area 
under the absorption curve are shown in the following 
tables for the various alkali-halide crystals. The absorp 
tion spectra of some of the selected crystals is shown 
in each case. 
Potassium Chloride 

Experimental results for KCl are tabulated in 

Table I. The number of magnetic centers for the 


TABLE II. Potassium bromide 


Nn Any 
cm'* e 

1 21.5 «10" 0.37 
2 4.9710" 0.38 
3 6.7310" 0.38 
4 10.5 K10" 0.38 


Crystal 


Average 


1% The maximum absorption amax is lower than indicated in 
the report by C. V. Heer and C. J. Rauch, Conference on Low 
Temperature Physics, Paris, 1955 (Centrenational de la Recherche 
Scientifique and UNESCO, Paris, 1956), p. 218, due to a numerical 
error, and due to a lack of correction for apparent absorption by 
surface imperfections. These corrections were made by measuring 
the absorption of uncolored cleaved crystals. This latter correction 
made the width at half-maximum more nearly the same. 


anD ©. ¥. 


HEER 


first three large samples was determined by the Gouy 
method, and the fourth sample was measured with the 
torsion balance. It may be noted that the optical 
oscillator strength for the Lorentz line shape as deter- 
mined from the absorption coefficient, and the band 
width at half-maximum are in substantial agreement 
for the large and small samples, and over a concentration 
range of the order of two. An optical absorption curve 
is shown in Fig. 5. Circles indicating the shape of the 
absorption curve for the Lorentz and Gaussian line 
shapes are included for comparison purposes. As has 
been suggested previously,'® the Lorentz line shape is 
more appropriate for a short region on the short-wave- 
length side, and the Gaussian line shape on the low- 
frequency side of the F band. A comparison with the 
area under the curve is included for samples 3 and 4. 

The f{,=0.66 is considerably below Kleinschrod’s* 
value of fp=0.81 determined from a comparison of the 
excess potassium, and the more recent results of 
Silsbee’? using microwave absorption techniques yielding 
f,=0.85. Our value is more nearly in agreement with 
the work of Witt'* on the change of density upon 
coloration by electrolysis. The work of Lin" on the 
expansion of x-irradiated KC] supports the results of 
Kleinschrod if the /-center coloration is a good measure 
of the number of vacancy pairs formed and the ele- 
mentary assumption that the change in linear dimension 
is simply related to the number of pairs is valid. 

The more obvious criticisms which may be applied 
to our static magnetic measurements regard the mag- 
netic purity of our sample, avd the contribution of 
color centers other than the F center to the suscepti- 
bility. The purity of an uncolored sample is shown in 
Fig. 2, the magnetic impurity being less than 2 10'® 
impurity atoms per cm*. The susceptibility of samples 
which were subjected to the same coloration procedure 
as the samples reported above, but quenched too slowly 
for the formation of an appreciable number of F centers 
were measured. The magnetic susceptibility was com- 
parable to the untreated sample and showed negligible 
temperature-dependent susceptibility. The samples 
usually showed a contribution due to the M center on 


TABLE III. Potassium iodide. 


Nu amas an 
ev 


Crystal cm~ cm™ 


1 10.5 10"" 117 

2 7.210" 102 

3* 5.0 10" 66 
Average 


0.39 
0.38 
0.37 


* Measured by the torsion method 


16 See discussions by C. C. Klick, Phys. Rev. 85, 154 (1952); 
reference 9; R. V. Hesketh and E. E. Schneider, Phys. Rev. 95, 
837 (1954) and G. A. Russell and C. C. Klick, Phys. Rev. 101, 
1473 (1956); D. L. Dexter, Phys. Rev. 101, 48 (1956). 

17 R. H. Silsbee, Bull. Am. Phys. Soc. Ser. II, 1, 213 (1956). 

1®H. Witt, Nachr. Akad. Wiss. Gottingen Ha, 17 (1952). 

“1. Lin, Phys. Rev. 102, 968 (1956). 
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the long-wavelength side, the area under the absorption 
curve being of the order of 6% for the large crystal 
shown in Fig. 3, and 3% for the small crystal number 4. 
If the local field and the matrix element of the electronic 
transition is similar for the M and F centers, this would 
suggest an upward revision of the data by 3 to 6%. A 
very low value of the oscillator strength f,=0.2 would 
be required for the M center to bring our value for the 
oscillator strength up to that of Kleinschrod. Experi- 
ments to more carefully assess the importance of the 
M center are in progress. 


Potassium Bromide 


Results for KBr are shown in Table II, and the 
absorption curve is shown in Fig. 6. The large absorp- 
tion coefficient for crystal number 1 was estimated 
from the absorption at half-maximum. In contrast to 
KCl, the absorption curve is much more nearly Gaussian 
and possesses a very small amount of M-band colora- 
tion. The optical oscillator strengths are reasonably 
consistent over a wide range of concentration, and 
yield an average value of f,=0.71. A value calculated 
from the area under the curve is shown for sample 
number 4. Since all samples have similar absorption 
curves, their fare, are consistent with this value. 


Potassium Iodide 


Potassium iodide was difficult to color with a great 
degree of homogeneity for large samples, and small 
samples deteriorated rapidly after coloration. The 


TABLE IV. Cesium bromide. 


Nu mas An 
cem™ em ev 


4.310 55 


ft /, 


¢ 
0.32 0.38 0.26 


data for 3 crystals are shown in Table III and an 
absorption spectra in Fig. 7. The accuracy of the 
oscillator strength measurement is not great, and a 
value of {, ~0.46 is suggested. The line shape is again 
more nearly Gaussian, but the area under the absorp- 
tion curve is difficult to measure owing to the absorption 
of other types of coloration, such as the R, M, and 
colloid band on the long-wavelength side. 

During the examination of KI, it was found that the 
coloration disappeared from the edge inward. Upon 


disappearance of the coloration the paper containers 
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would become stained suggesting a chemical reaction 
with the paper. We examined the large samples for the 
change of susceptibility with time. No change was 
observed in a period of 40 hours. Part of the sample was 
cleaved and the optical absorption was measured. 
The remainder was stored for a period of one week, 
cleaved at the end of this time, and then measured 
optically. The optical measurements for these two 
specimens indicated no significant change. A small 
cleaved crystal would indicate a change in optical 
absorption coefficient of 30% in a period of twenty- 
four hours. The side band and colloid bands grew 
during this period. 


Cesium Bromide 


Cesium bromide was additively colored with potas- 
sium vapor. As in the KI crystals, the coloration de- 
teriorated rapidly and measurements were completed 
in a period of twelve hours after quenching. CsBr 
crystals remain soft even at nitrogen temperatures and 
the large colored crystals could not be cleaved. The 
crystals were sawed, rather than cleaved into small 
chips, and a large correction for background due to 
poor surfaces was required for the optical measurements. 
The data for one of the most homogeneously colored 
crystals are shown in Table IV. The magnetic data are 
corrected for the nuclear spin contribution. An oscillator 
strength of f;,~0.38 is indicated. The absorption curve 
is shown in Fig. 8. In conjunction with these measure- 
ments, the diamagnetic susceptibility of pure CsBr 
was found to be x= —1.35X10~* emu per cm’. 


HEER 


Tasie V. Sodium chloride. 








Nea Omar Aa 
cm? em~! ev St Io 


0.58 0.7 


Crystal 
1 0.96 107 12 


0.47 





Sodium Chloride 


Sodium chloride was additively colored with sodium 
vapor. These crystals were very difficult to prepare, 
and the absorption of the most homogeneously colored 
specimen is shown in Fig. 9. The M band as well as 
other absorption is large, the number of color centers 
and absorption other than the F band is larger than 
desirable, and the number of centers sufficiently small 
to make magnetic measurements difficult. The results 
for one crystal are shown in Table V. A value of f,—~0.7 
is obtained which is in agreement with the value of 
Pick” determined from experiments on the quantum 
yield for the photochemical reaction of converting 
F centers to F’ centers, but considerably below the 
value of Silsbee of {,=0.87 determined from micro- 
wave resonance experiments. The magnetic measure- 
ments on sodium chloride may be used as an example 
of the small amount of paramagnetic impurity intro- 
duced into the samples by the previously described 
coloring technique. 


CONCLUSIONS AND ACKNOWLEDGMENTS 


From the experimental observations and the calcu- 
lations it appears that one may with some confidence 
correlate the number of centers measured magnetically 
with the optical absorption of the F band in additively 
colored alkali-halide crystals. In all samples the oscil- 
lator strengths determined from the area under the 
curve compared more favorably with the Gaussian 
line shape than with the Lorentz line shape. The simple 
model used for these calculations yields an integrated 
absorption which is dependent on the choice of the 
local field and the matrix element of the transition or 
the f value. The f values determined from our work 
on KI and CsBr, although of a preliminary nature, 
indicate values considerably smaller than those for 
KCl and KBr. Since the Lorentz local field is somewhat 
larger for KI than KCl, the index of refractions are 1.49 
for KCl and 1.66 for KI, a considerably smaller matrix 
element for KI is suggested. 

The large difference between the f values for KC] 
determined by the above techniques {,=0.66, and 
those determined by Kleinschrod, f,=0.81, cannot 
be explained satisfactorily at this time. Further work 
on the M band and crystals irradiated with x-rays is 
being continued. 

The authors wish to thank Dr. J. G. Daunt and Dr. 
Jan Korringa for valuable discussions, and Mr. J. 
Gerstner for his assistance in the research work. 


~ ®H. Pick, Ann, Physik 31, 365 (1938). 
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Electroluminescence of Semiconducting Diamonds 


R. WoLre Anp J. Woops 
Research Laboratories, The General Electric Company, Limited, Wembley, Middlesex, England 


(Received October 30, 1956) 


Electroluminescence has been observed in Type IIb diamonds. With both alternating and direct current, 
the light is emitted in the vicinity of a point contact electrode when this electrode is negative. The spectrum 
consists of a single broad band centered at 4400 A. The variation of the electroluminescent intensity with 
current voltage and frequency is reported. This behavior is typical of carrier-injection electroluminescence 


W* wish to report the observation of electro- 
luminescence in several Type IIb diamonds. 
These diamonds are p-type semiconductors!:* which act 
as rectifiers when a potential is applied between a large 
area contact and a point probe. When a potential of 
200 or 300 volts was applied between such contacts in 
the direction of easy current flow (probe negative), a 
purple-blue light was visible in a normally lighted room 
at the point where the probe touched the diamond. The 
same characteristic color was observed with all the 
probe materials which were used (aluminum, copper, 
nickel, platinum, tungsten, several thermocouple alloys, 
and graphite); with ac as well as dc; in air, in several 
transparent liquids, and in high vacuum. In one 
diamond the light appeared to come from several points 
within the crystal as well as the point contact. 

More detailed experiments were carried out on one 
diamond.’ This was a rectangular cut diamond (dimen- 
sions about 1X18 mm) with a room temperature 
resistivity of 6000 ohm cm. A graphite block was pressed 
on to the diamond and a Chromel wire (0.002 in. 
diameter) was wedged under the diamond. When a 
potential was applied between these contacts, the light 
appeared at one or more points along the fine wire. To 
avoid air discharges which often accompanied the electro 
luminescence, the diamond was immersed in silicone 
fluid MS 200. 

The spectrum of the emitted light was photographed 
with a quartz prism spectrometer while the diamond 
was excited with ac (400 volts peak at 100 cps). The 
spectrum consisted of a single broad band in the blue 
and violet region. The intensity reached a maximum at 
a wavelength of about 4400 A (2.8 ev) and fell to yy of 
this maximum value at about 3900 A and 4850 A. This 
spectrum is different from that of the blue fluorescence 
which has been observed in Type I diamonds.‘ The 
phosphorescence which has been observed in other Type 
IIb diamonds! extends much further into the green and 
has a more complicated structure. 


1J. F. H. Custers, Physica 18, 489 (1952); Nature 176, 173 
(1955). 

21. G. Austin and R. Wolfe, Pro« 
(1956). 

* We are grateful to Dr. R 
tory, Oxford, and to Industrial Distributors (1946), 
lending us this diamond. 

*P. G. N. Nayor, Proc. Indian Acad. Sci. 13, 483, 534 (1941); 
14, 1 (1941). 


Phys. Soc. (London) B69, 329 


Berman of the Clarendon Labora 
Ltd., for 


The brightness waves were detected with a photo- 
multiplier and displayed on an oscilloscope. In Fig. 1 
the upper trace is the applied voltage (200 volts peak at 
100 cps) and the lower trace is the brightness. The single 
brightness peak in each cycle occurs when the point 
contact is negative. The peak remained in phase with 
the applied voltage at all frequencies up to 20 000 cps. 
The time of buildup or decay of the light output was 
therefore much less than 50 usec. 

The current and the light intensity varied with the 
position of the fine contact on the surface of the diamond 
and were usually very noisy. Rough measurements of 
the average intensity were made at various voltages and 
frequencies. Within the limits of error, the intensity 
increased linearly with increasing voltage or current 
beyond an apparent threshold: 


B=a(V—b)), (1) 


B=a(I—B), (2) 


where B is the brightness, V is the applied voltage, and 
/ is the current in the forward direction. The voltage 
threshold 6 varied between 50 and 100 volts and 6 
varied between 50 and 100 wa. With currents up to 
300 va in the reverse direction, no light was detected. 
The variation of intensity with frequency at fixed 
voltage was not reproducible. 


Fic. 1. Applied voltage (200 volts peak at 100 cps) and bright 
ness of electroluminescence. The light is emitted when the®point 
contact is negative. 
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The behavior of these diamonds is typical of carrier- 
injection electroluminescence.’ It is probable that elec- 
trons are injected into the conduction band at the point 
contact, the injection efficiency varying with position 
and frequency. These electrons then combine with holes 
in the valence band. The recombination must involve 
energy levels near the middle of the forbidden gap 


°G, Destriau and H. F. Ivey, Proc. Inst. Radio Engrs. 43, 1911 
(1955) 
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because the wavelengths corresponding to direct transi- 
tions would be shorter than 2500 A. The emission from 
interior points in one diamond probably indicated the 
presence of internal potential barriers. 

It seems possible that the electroluminescence de- 
scribed is another characteristic of Type IIb diamonds 
in addition to the semiconducting properties, the 
phosphorescence, and the extra infrared absorption 
peaks.’ 
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Elastic Scattering of Low-Energy Electrons by Atomic Nitrogen and Atomic Oxygen 


LAWRENCE BAyLor ROBINSON 
The Ramo-W ooldridge Cor poration, Los Angeles, California 
(Received September 20, 1956) 


The phase shifts and elastic scattering cross sections of atomic nitrogen and oxygen for low-energy elec- 
trons have been calculated with central field potentials. Most emphasis has been placed on the Hartree-Fock 
potentials, In the low-energy range, the WBKJ approximation gives an indefinitely increasing cross section, 
whereas the integration of the differential equation yields finite cross sections in the limit of zero energy, 
for both nitrogen and oxygen. The Hartree potential does not allow for the existence of a bound state (nega- 
tive ion) in either case. The Thomas-Fermi potential, although not reliable for low atomic numbers, does 
allow for the existence of a bound state (of approximately zero energy) in the case of oxygen. 


I. INTRODUCTION 


N understanding of the various processes occurring 
in the upper atmosphere involves the scattering 
of low-energy electrons by atomic nitrogen and atomic 
oxygen, Experiments are difficult in the low-energy 


Oo GI O2 O83 OF 


a2 o4 06 0.8 2 
VEREROY (kao) 


Fic. 1, Previously reported cross section for low-energy 
electrons and atomic oxygen. 


range because of the recombination of the atoms to 
form molecules. Two calculations of the low-energy 
elastic scattering cross section of atomic oxygen re- 
ported in the literature differ markedly.' They are 
shown in Fig. 1. The cross section given by Mitra, Ray, 
and Ghosh seems to increase without limit as the elec- 
tron energy goes to zero (cross sections are given up to 
1000 atomic units) whereas the largest value given by 
Yamanouchi for the limiting case of zero (incident 
electron) energy is only about 85 atomic units. One of 
the purposes of this article is to give some insight regard- 
ing the cause of this discrepancy. 

It is well known that the method of Faxen and Holtz- 
mark can give satisfactory results for elastic scattering 
from central field potentials. However, one does not 
know just how to modify the unperturbed a/omic poten- 
tials in order to take into account exchange and polar- 
ization effects resulting from incoming electrons. More 
experimental information is needed to provide a basis 
for the selection of one out of several alternate methods 
of accounting for these perturbations. Maintaining a 
central field approximation has obvious advantages. 
Holtzmark? was able to obtain agreement between 
theory and experiment for argon and krypton by using 
a Hartree field modified by another simple central field 
to account for exchange and polarization effects. Ex- 
periments with rare gas atoms can be carried out more 


! Mitra, Ray, and Ghosh, Nature 145, 1017 (1940); T. Yama- 
nouchi, Progr. Theoret. re 2, 23 (1947). 
* J. Holtzmark, Z. Physik 55, 437 (1929) ; 66, 49 (1930). 
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easily than with nitrogen and oxygen atoms because 
the rare gas atoms do not combine to form molecules. 

The calculations reported in this article were made 
first with the unmodified Hartree-Fock fields. The sen- 
sitivity of the zero-energy cross sections to the form of 
the potential was demonstrated by the use of the 
Thomas-Fermi potential. Even though this potential is 
not reliable for atoms of low atomic number (Z), a 
significant phenomenon results from its use. These 
calculations were made by the Computer Systems 
Division (Ramo-Wooldridge) with the ERA Model 
1103 Univac Scientific Digital Computer. Apart from 
these results, an additional program is under way to give 


2n 7" 
Ou= J 
k? Jy 


Land) 


dr @ 
=(y—Q'= ; [>> (21+1) sin’,— 
2 


L==() 


One may write Qo= >> 1.0%o, where 
o1= 49 (21+1) sin’d,/k?. 


The phase shifts, 5,, are obtained from the solution of 
the differential equation which governs the radial part 
of the Schrédinger wave function, 


d*y, | 


2m il+1) | 
+{LE + 
dr’ 


V(r) | (" 


h? r? 


The principal potential used in these calculations may 
be written as 


é z 
V (x)= — |z-f TgnP at (ld 
0 


ox 


yan dt 
—X f > gnP nt? (L) | 
z l 


=—Z(x)e/agx. (x=41/ao). (3) 
In Eq. (3), the q’s refer to the number of electrons 


having a given wave function and the P’s are the P,,, 
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Fic. 2. Hartree electron densities. 
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more insight into the quantitative effect of various 
parts of the potential on scattering in general. 

Some of the mathematical aspects will be discussed 
in detail so that the reader will be able to evaluate the 
range of validity and extent of applicability of the 
results. Mitra, Ray, and Ghosh do not indicate how 
their calculations were made. Yamanouchi integrated 
(numerically) the scattering differential equation. 


Il, MATHEMATICAL FORMULATION 


Transport properties of electrons involve the momen 
tum transfer (also called diffusion) cross section’: 


| >> (2l+-1)e*: sind, P:(cosd) |?(1— cos) sindd@ 


wo 


(1) 


P.,, and P,, Hartree-Fock one-electron wave functions 
for thie 1s, 2s, and 2 electrons in nitrogen‘ and oxygen® 
atoms. The electron densities are shown in Fig. 2, The 
functions corresponding only to the ground states, 4S 
and *P, respectively, are considered at this time. 
Approximate phase shifts can be obtained by the 
WBKJ solutions of Eq. (2). The phase shifts are given, 


in this approximation, by® 


“ 2mV (x)ay> (1+4)*}! 
6; f c& - h: ” ; | ax 
' 


Zt % x 


' (+4)? 7) 
f | (kay)? | dx. (4) 
Ps x” 


This approximation is assumed valid for the cases in 
which the potential does not change much over one 
wavelength of the incoming electron. 

More exact phase shifts are obtained by the numerical 
integration of Eq. (2). An abbreviated version of the 
manner in which the Computer System Division car 
ried through the numerical integrations in order to 
obtain the phase shifts follows. 

Equation (2) may be written more compactly as 


l(l+-1) 
y'+| O+AVG)) - (5) 


x 


7H. S. W. Massey and E. H. S. Burhop, Electronic and lonic 
Impact Phenomena (Oxford University Press, New York, 1952), 
p. 15. Dr. H. Einbinder suggested the final form of Eq. (1) 

4D. R. Hartree and W. H. Hartree, Proc, Roy. Soc. (London) 
A193, 299 (1948). 

* Hartree, Hartree, and Swirles, Trans 
(1939). 

*E.g., P. M. Morse and H 
Physics (McGraw-Hill Book Company, Inc., 
Part II, pp. 1101-1103. 


Roy. Soc, A238, 229 
Feshbac h, M ethods of Theoretical 


New York, 1953), 
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Tasi_e I, WKBJ phase shifts and cross sections (in units of ag) 
for electron-nitrogen scattering. 


“1 Oo 
cy (ae) (ae*) 


5.01 185 185 
4.73 50.2 
0,025 tee 


4.46 
1.48 


4.23 
1.67 
0.036 


3.84 
1.72 
0,188 
0.033 


21.0 
66.5 


9.75 
37.2 
0.078 


2.34 
16.4 
0.974 


where \= (kao)? and A = 2ma,*/h’. A solution [y(0) =0] 
is obtained within the region where V(x)#0. This 
solution is connected with the asymptotic solution 
which is obtained beginning with the point where 
V(x)=0. A comparison of this solution with the one 
obtained for V(x)=0 everywhere, provides the phase 
shifts from which the cross sections are calculated. 

The potential has the following approximate form, 
near the origin: 


V (x) = (bo/x)+-bi+- box. (6) 
Equation (5) then becomes 
ay!’ +-[a?+- A (bert byx? + byx*) —1(14+1) Jy=0. (7) 


A form of solution by the method of Frobenius, 
y=a* > Cax*, Co=1 (8) 
nmd) 


when substituted in (8) yields the following indicial 
equation : 


a(a—1)Co—L(l+1)Co=0, a=l+1, a=—/, (9) 


Since y(0)=0, only a=/-+-1 is acceptable. The recursion 
formula for the coefficients is 


—[AbC rat (A+Ab) Cr+ ASL ys] 
(a+n)[a+(n—1)]—U+1) 


(10) 


Both the function y and the derivative y’ were deter- 
mined at x=0.1 and then a modified Runge-Kutte 
technique was used to continue the solution out to the 
point where the potential vanishes. 

If the point at which the potential vanishes is called 
#, then for «>, Eq. (5) becomes 


Ph be rn te 0 (11) 
y | x! b- ’ . 
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TABLE II. WKBJ phase shifts and cross sections (in units of ag) 
for electron-oxygen scattering. 


o1 0 
b (ao?) 
5.14 167 167 
4.89 58.6 
0.014 tee 


4.64 
1.45 


4.42 
1.72 
0.022 


4.05 
1,82 
0,130 
0.021 


48.6 


22.3 
66.0 


11.6 
36.8 


88.3 


3.48 
15.8 
0.47 


and the following form is taken for the solution: 


a, a 
ymemtiowyi(14 Ps te), (12) 
e # 


When this is substituted in Eq. (11), the recursion 
formula 


_ dna n(n—1)—H(L+1) ] 
2ninr! 





(13) 


an 


is obtained, The general solution of the equation is 


yi= D, Re(y)+Dz Im(y), (14) 
where 

1(l+-1)(2—P—1) 
Re(y) = cos (Al) 1 + — ee | 


4? 


f Ul+1) 
+sin[ (Ax) 1 - its | 


2r\tx 
(15) 


Ul+1)(2—P—D) 
Lm(3)= sin) 1+ eres —+--| 


Ax? 


1(l+-1) 
tos u's) - + 
2A*x 


The coefficients D; and D, in Eq. (14) will determine the 
phase shifts in the fashion shown immediately below. 
If one writes the numerical solutions up to the point @ 
as Y,(x), then at Zz 


Y,(Z@)=D, ReLy(4)J+Dz2 Im[y(4)], 


16 
‘1 (£) = Dy Re'[y(2) ]+Dz Im'[y(2)]. ” 


These two equations in two unknowns provide D; and 
D,. The asymptotic solution (i.e., for large x) is 
yi= D, cos(A'x)+ Dz sin[ (Atx) ] 


= (D’+D/?)' sin[ (A'x)+¢], (i) 
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tan@= D,/ Do, 


(18) 
b=O+- 4m. 


The phase shifts were determined by both Eqs. (4) 
and (18). 

The limiting cross section for zero electron energy is 
obtained as given below.’ As the energy approaches 
zero, only the /=0 phase shift is different from zero. 
From Eq. (1), 

Om= (49/k?*) sin*5o. (19) 


Equation (5) becomes 
y"+AV (x)y=0. (20) 
Outside Z, the solution starts out like a straight line 


y=Cx+B, (21) 


where C is the slope and £ is the intercept on the y axis. 
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The asymptotic form, Eq. (17), can be approximated by 
Eq. (21) if one writes y~B(A!x+6o). Hence 60, the 
y intercept, is given by 69=—A‘xo. When this is sub- 
stituted in Eq. (19) with the approximation that 


sin*é9™6o", then 


oo= 41x", (22) 


where xo= —8/C [from Eq. (21) ]. The Thomas-Fermi 
potential was also used in Eq. (22). 

The signs of the slope, x intercept and y intercept 
give information regarding the possibility of the exist- 
ence of a bound state (i.e., negative ion) with about 
zero binding energy. The extrapolated wave function 
must have a negative slope and must cross the x axis 
at some positive x» for such a state to exist. On the 
other hand, a positive slope and positive x intercept 
mean that such a bound state cannot exist. The other 
possibilities imply that a bound state can “almost” 
exist. The situation is summarized in the following 


equation, 


B<0, C>0, xo>0: no bound state can exist; 
B>0, C>0, 0>x>—%: a bound state “almost” exists (especially if C~0) ; (23) 


B>0, C<0, xo>0: a bound state can exist with about zero binding energy. 


III. RESULTS 


The phase shifts and cross sections as calculated in 
the WBJK approximation are given in Tables I and II, 


TABLE III. Differential equation phase shifts and cross sections 
for electron-nitrogen scattering. 


Vo 
kao b ( (ao*) 


0.0032 6.27 145 
0.0710 6.04 140 
0.100 5.95 136 
0.141 5.81 127 


5.64 
0.200 0.0151 113 


5.41 
0.284 0.044 


5.05 
0.197 


4.62 
0.878 


4.28 
1.00 1 151 


0.448 


0.710 


3.92 
1.41 1.68 
y 6.46 


3.39 
1.61 
6.73 
641 ree 99 9.6 


7E.g., Fermi, Orear, Rosenfeld, and Schluter, Nuclear Physics 
(University of Chicago Press, Chicago, 1950), revised edition, 
p. 119; J. Schwinger, Nuclear Physics (Reproduced at Boston 
University, Boston, 1955), Part II, pp. 54-56. 


respectively, for nitrogen and oxygen. lor lower energies 
(kay™0.13) multiple zeros appear, and even though 
procedures for selecting the proper zero have been dis- 


cussed, interpretations are not unambiguous.* The cross 


TABLE IV. Differential equation phase shifts and cross sections 
for electron-oxygen scattering. 


hao 
0.0032 
0.0710 
0.100 
0.141 


0.200 


0.284 


0.448 


0.710 


1.00 


1.41 


bt 
6.27 
6,10 
6.02 
5.92 


5.78 


0.0124 


5.59 


0.0364 


5.26 


0.164 


4.75 
0.81 


4.50 
1.57 


4.14 
1.79 
6Al 


3.61 
1.72 
6.37 
6.30 


*'N. F. Mott and H 


Collisions (Oxford University Press, London, 1949), second edi- 


tion, pp. 127-128. 
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S. W. Massey, The Theory of Atomic 
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Fic, 3, Elastic scattering cross sections for electrons and 
atomic oxygen and atomic nitrogen. 


sections seem to increase indefinitely, The shape of the 
curve reported by Mitra, Ray, and Ghosh for atomic 
oxygen is reproduced in the WBKJ approximation. 
Evidently this is the manner in which they calculated 
the oxygen cross section. In the present calculation, 
only the unmodified Hartree potential was used. 
Tables III and IV show the phase shifts and cross 
sections which were obtained from the integration of 
the differential equations with the Hartree potential. 
These cross sections go to a finite number in the limit 
of zero energy. The limit for oxygen is the same as that 
given by Yamanouchi, and the calculation reproduces 
his curve. The S-phase shifts approach the number 2x 
as the electron energy goes to zero. In the energy range 
less than about 0.5 ev, the scattering and momentum 
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Fic, 4. Experimental and theoretical cross sections for 
scattering of electrons with air. 
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transfer cross sections are identical. For higher energies, 
it can be a poor approximation to assume that the cross 
sections are identical because of the strong angular 
dependence. 

Figure 3 shows the information contained in Tables 
III and IV in graphical form. Beyond 9 ev the cross 
sections are practically indistinguishable and only one 
line has been drawn to represent both oxygen and 
nitrogen. These electrons have sufficient energy to 
penetrate to such a depth that scattering occurs essen- 
tially by the 1s? electrons. As can be seen from Fig. 2, 
the density distributions are not too different. The 
outer electronic distribution extends farther for nitrogen 
and is somewhat larger than for oxygen. The low- 
energy electrons are scattered essentially by these 
electrons; evidently this accounts for a larger nitrogen 
cross section than for oxygen. 

Table V gives the parameters (Eqs. 21 and 22) for 
the limiting case of zero energy. A reference to Eq. (23) 
will show that the Hartree potential does not allow for 
a bound state of either nitrogen or oxygen. 

Evidence from mass spectrograph studies’ shows the 
existence of a stable negative ion of oxygen (O~) and 
the nonexistence of N~. Bates!’ studied the following 
two configurations for O~, 15°2s?2p°, and 15°2s?2p'3s and 
concluded that the 2p*3s should be about 2 ev higher 
than the 2p°. Since the electron affinity of oxygen is 
about 1.5~-2 ev, the excited state (3s) of O~ should be 
able to exist with about zero binding energy. The 
scattering potential which the electron sees should 
reflect this. Since the Hartree potential does not allow 
for the bound state, the Thomas-Fermi potential was 
examined. The results (Table V) show that this poten- 
tial is able almost to induce a bound state in the nitrogen 
atom and is able to bind an electron with about zero 
energy in the oxygen atom. This potential also gives a 
larger cross section for oxygen then for nitrogen. 
Evidently a more reasonable scattering potential lies 
somewhere between the Hartree and Thomas-Fermi 
potentials. Accurate experimental information is needed 
to decide how to modify the potentials with the proper 
polarization correction. 


TABLE V. Parameters for cross section at zero energy 
[Eqs. (21) and (22) J. 


Atom 8 


Hartree-Fock field 


0.0604 —0.205 
0.0710 — 0.185 


Nitrogen 
Oxygen 
Thomas-Fermi field 


0.824 
0.987 


—23.2 
80.9 


6700 
82 000 


0.0165 
—0,00533 


Nitrogen 
Oxygen 


*R. H. Sloane and H. M. Love, Nature 159, 302 (1947). 
“TD. R. Bates, Proc. Roy. Irish Acad. A51, 151 (1947). 





ELASTIC SCATTERING OF 

The cross sections given in Fig. 3 were used in con- 
junction with cross sections calculated for the molecular 
species (by Fisk") as a basis for some comparison with 
experiment. Maecker'® examined some experiments on 
free-burning arcs and, assuming equilibrium prevailing 
at atmospheric pressure, obtained the “effective” 
(wirkungs) cross section of air for electron collisions as 
a function of temperature. Figure 4 shows this mean 
(gemittelle) curve compared with results obtained as ex- 
plained immediately above. The shape of the Maecker’s 
curve is partially reproduced. One of his curves fits 
this calculation better, but there was no basis for select- 
ing anything other than his mean curve. Beyond 6000°K, 
the calculated cross section does not decrease as the 
experimental curve indicates. The cross sections for the 
atomic species cannot be compared with the experiment 
in this case in the very low-energy range. This is be- 
cause of the small amounts of dissociation at low tem- 
peratures. Perhaps the theoretical wave should be 
averaged over some velocity distribution of neutral 
particles. 

The composition of air was obtained from a Lock- 
heed Aircraft Corporation report.” Table VI gives the 
values taken from Fisk’s graphs; Table VII gives the 
composition of air as a function of temperature at 


TaBLe VI. Fisk’s cross sections for (molecular) 
nitrogen and oxygen. 


Cross section (ao) 


VV 
has T (1000°K) (electron volts)4 Nitrogen Oxygen 
0.098 1.0 
0.14 2.0 
0.17 3.0 
0.20 4.0 
0.22 5.0 
0.24 6.0 


0.26 7.0 


0.36 16 12 
0.51 16 12 
0.62 18 Il 
0.72 20 1 

0.80 21 L 
0.87 23 1. 
0.95 24 1: 


J. B. Fisk, Phys. Rev. 49, 167 (1936). 

2H. Maecker, Z. Physik 128, 289 (1950). 

4 J. W. Bond and J. N. Dyer, Lockheed Aircraft Corporation 
Report No. MSD 1487, December 30, 1955 (unpublished). 
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TABLE VII. Composition of air as a function of temperature at 
atmospheric pressure, and the contribution of each species to the 
cross section 


\T (1000° K ) 1 2 ] 
log (p/pe) 0.562 0.865 1.039 
Con 
stituent 


4 5 6 
1,170 1.260 1.340 


Mole fractions of various constituents 


0.780 0.777 0.743 0.663 

0.209 0.205 0.162 0.0417 

vee vee . 0.00150 
0.0427 0,249 


0.621 
0.00338 
0.0279 
0.318 


0.509 


0.163 
0.308 


Cross section Qo (in units of a¢*) 


Ne 13 12 13 13 13 
0.5 


Or; 2 2 2 0.04 
N et P 3 
oO vee vee 18 21 


Total Qo (a) 15 14 ; 47 


Total Qo 4.2 3.9 5. 13 


(10~'* cm?) 


atmospheric pressure, as well as the contribution of 
each species to the cross section. 

Evidently the cause of the discrepancy in the work 
of Yamanouchi and that of Mitra ef al. has been found. 
Yamanouchi’s calculations for atomic oxygen are in 
good agreement with those reported here. 

The next part of this study will involve the effects of 
polarization potentials on the cross section. In addition, 
for oxygen, a potential will be used in which the electron 
density is determined from Slater wave functions which 
give a more realistic value of the electron affinity than 
that given by the Hartree-Fock functions, 

The writer has profited from stimulating discussions 
with Dr. S. Altshuler, Dr. H. Einbinder, and Dr, H. E. 
Wohlwill during the preparation of this article. Ap 
preciation is expressed to the Ramo-Wooldridge Com 
puter Systems Division ; personal contact has been made 
with Dr. David Young, Jr., Mr. Werner Frank, Mr. 
Horace Flatt, Mr. T. L. Emrick, and especially Mr. 
Frank Meek, 
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Direct l-Type Doubling Transitions in CICNt 


LEONARD YARMUS 
Physics Department, College of Engineering, New York University, University Heights, New York, New York 
(Received October 19, 1956) 


Direct l-type doubling transitions have been observed in C“C¥%N™ for J=17, 18, 19, and 23. A formula 
has been constructed for the l-type doubling constant: ¢= 7.467467 — 1.327 10~-*J (J +1). The absolute 
value of the asymmetry parameter 4 was determined to be 0.0101+0,0004. 


ITH AJ=0 (J#0), transitions are possible 

between the upper and lower /-type doublet 
levels that belong to the first excited vibrational 
bending mode of a linear molecule. The frequency of 
such a transition is given by the formula v= qJ(J+1),' 
where gq is very nearly constant. Such transitions have 
been previously observed for only HCN and DCN 
simply because their /-type doubling constants are of 
the order of 200 Mc/sec, whereas most other linear 
molecules! have q’s smaller by a factor of 50. This paper 
reports on such transitions for Cl*C"N™. The J values 
observed are 17, 18, 19, and 23. 

The signal sources for these lines were harmonics of 
the output of the lighthouse tube oscillator T-85/APT-S. 
A description of the Stark-modulated spectrometer 
used is found elsewhere.’ 

Each of the observed lines was split (see Fig. 1). This 
splitting is of the AF =0 transitions and is the result 
of an asymmetry of the electric field gradient at the 
chlorine nucleus. A further splitting due to the presence 
of N™ occurs but is too small to have been observed 
with the present resolution. Removal of the degeneracy 
of the AF =O transitions theoretically produces four 
lines when, as in chlorine, the spin is 3. Only two were 
observed because in both the high-frequency pair and 
the low-frequency pair the separation was approxi- 
mately 20 kc/sec and not resolvable with this 
spectrometer. 


For large J the intensities of these four split lines 
are equal to within a few percent. This makes it im- 
possible to distinguish between the two unresolved 
lines. As a result only the absolute value of the asym- 
metry parameter n could be determined. 

Table I lists the frequencies of the lines observed, the 
calculated center frequencies, the /-type doubling 
constant, the separation between the split lines, and 
the absolute value of » calculated from this difference. 
Included in the table are values for the absorption 
coefficient calculated in the usual way.’ From the table 
the average value of || is 0.0101+0.0004. This value 
falls in line with those for HCN (—0.081),5 DCN 
(—0.080),? BrCN (+-0.0095),4 and ICN (+0,.0087).4 
The value of the /-type doubling constant compares 
favorably with the early measurement of Townes 
et al.,° g= 7.50, and with the recent Burrus and Gordy® 
value of g=7.46. 

As in HCN,’ gq, the /-type doubling constant, has a 
slight dependence on J. Measurements made by Townes 
et al.* and Burrus and Gordy® were not accurate enough 
to determine such a dependence because both groups 
measured AJ=1 transitions where g=v/2(J+1). 
Transitions herein observed were for AJ=0 with 
q=vo/J(J+1). This, plus the high J values used 
accounts for the improved value of g obtained. From 
the data in Table I the following formula was 
constructed: —qgcion = 7.467467 — 1.327 10-5 (J+1). 


Tasie I, ClC"N™ data and evaluated constants. 


Meas ‘ 


red frequency Center frequency 


Me ‘sec vo Mc/sec 
2283.698 40,010 2283,802 
2283.9064-0.010 
2552.2244-0.010 
2552.4484-0.010 
2835.6224-0.010 
2835.8294-0.010 
4117.8694-0.020 
4118.067 4-0.020 


2552.336 
2835.726 


4117.968 


7.463405 
7.462971 
7.462436 


7.460087 


Absolute value 
of asymmetry 
parameter 


Separation 
between split 
lines ke /sec 


Absorption 
coefficient 
cm" 


vo ) 
T(J +1) 


Mc 


SEC 


44x«10~° 


208 0.00998 


0.0107 5.1K 10 
0.00993 5.910 


0.00950 9.310% 


t Supported by the U. S. Air Force, through the Office of Scientific Research of the Air Research and Development Command. 


Townes and A, L 


1C, H 


Schawlow, Microwave Spectroscopy (McGraw-Hill Book Company, Inc., New York, 1955). 


? Weisbaum, Beers, and Herrmann, J. Chem. Phys. 23, 1601 (1955), 
*R. L. White, J. Chem. Phys. 23, 249 (1955). L. Yarmus, Phys. Rev. 104, 365 (1956). 


“A, Javan, Phys. Rev. 99, 1302 (1955) 

* Townes, Holden, and Merritt, Phys. Rev. 74, 1113 (1948). 
*C. A. Burrus and W. Gordy, Phys. Rev. 101, 599 (1956). 

1 J. F. Westerkamp, Phys. Rev. 93, 716 (1954). 





DIRECT I-TYPE 


Taste II. /-type doubling constant for CICN. 





q=v0/(J (J +1)] 
experimental 


7.463405 
7.462971 
7.462436 
7.460087 


q from 
formula* Difference 
+ 110~° 
—42X 10° 
—12X10~* 


7.460142 +5510" 





* goon = 7.467467 —1.327 X10°8J (J +1). 
> All values in Mc/sec. 


The values obtained from this formula are com- 
pared with the experimentally determined values, 
q=vo/[J(J+1)], in Table II. Nielsen,* using a 
fourth order perturbation calculation, estimates the 
correction term to have a value slightly larger 
than 2B,(B,/w,)*(V.+1)J(J+1), where B, is the 
rotational constant and w, the vibrational frequency 
of the degenerate bending mode. This expression 
(using B,=5970.821 Mc/sec, w,=119110' Mc/sec, 
and V,=1) yields a value of 0.3 X 10~° as compared with 
the 1.327 10~* determined above. For HCN the above 


~ *H. H. Nielsen, Phys. Rev. 78, 296 (1950). 
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Fic. 1. Recorder trace of the J = 18, AF =0 transition in C#*C"N"™ 


expression equals 16 10 and the experimental value 
26X10.’ Thus in both cases the theoretical estimate 
is the right order of magnitude. 

The author is grateful to Professor Yardley Beers 
for suggesting the problem, to Florence Yarmus for a 
very helpful suggestion in regard to the problem, and 
to Dr. Theodore Vial and Dr. George Sutherland of 
the American Cyanimid Company for so generously 
furnishing the cyanogen chloride. 
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Collection of Ions Produced by Alpha Particles in Air* 


CATHARINE WINGATE, W. Gross, AND G. FAILLA 
Radiological Research Laboratory, Columbia University, New York, New York 
(Received October 30, 1956) 


An investigation of the effects of pressure and collector potential on ion collection in air indicates that 
recombination of ions may occur even when the ionization current is independent of the collecting field 
A Po*™ source of reduced-range alpha particles was used as the central electrode in a cylindrical ionization 
chamber of sufficiently large dimensions that the residual energy of the particles was absorbed by the gas 
at pressures greater than 4.5 cm of mercury. Apparently complete ion collection was achieved by reducing 
the pressure until at 10 cm of mercury a maximum ionization current was obtained which was independent 
of the collecting field and of further reduction in pressure, The ionization current at atmospheric pressure, 
though independent of the collecting potential over a large range of voltages, was 3.3% lower. Since field 
independence has been the usual criterion of saturation, undetected recombination is suggested as a possible 
cause for the apparent increase of average energy expended per ion pair formed in air (W) by alpha particles 
of decreasing energy as well as the reported difference between W values for alpha and beta particles 


INTRODUCTION 


IMURA et al.! have shown that for ionization 

measurements in air using alpha particles, very 
large collecting fields are necessary to prevent recombi- 
nation of ions, especially at low alpha energies where 
the ion density is greatest. Lack of saturation due to 
insufficient potential is suggested as one possible cause 
of the anomalous air ionization-energy curve for alpha 
particles of low energy reported by Jesse,? who has 
stated that his experimental conditions did not exclude 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

! Kimura, Ishiwari, Yusa, Yamashita, Miyake, and Kimura, 
J. Phys. Soc. Japan 7, 111 (1952). 
4 Jesse, Forstat, and Sadauskis, Phys. Rev. 77, 782 (1950). 


this possibility, We would like to report another 
difficulty in achieving saturation, that is, collection of 
all the ions produced in the chamber, which may exist 
even when an ionization plateau is observed over a 
large potential range, and to suggest that an additional 
condition must be satisfied to insure saturation, 


EXPERIMENTAL 


When the entire energy of the ionizing particles is 
expended inside the chamber and when ion collection 
is complete, further increase of the collector potential 
or the gas pressure should not alter the ionization 
current. We have investigated the effects of both 
pressure and voltage on the ion collection in air using 
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Fic, 1. lonization current as a function of collector potential 
at two different pressures. Positive potentials are indicated by @, 
negative by *. 


a polonium-210 alpha source (supplied by U. S. Radium 
Corporation) placed at the center of a large cylindrical 
ionization chamber (43-cm diameter 46-cm height). 
The active material was deposited on a 5-cm section, 
1 cm from the rounded end, of a rod (0,.8-cm diameter) 
which was suspended along the central axis of the 
chamber. Since this rod also served as collecting 
electrode, the field intensity was a maximum in the 
region of highest ion density. In order to obtain a still 
higher ion density and to increase the span of pressures 
for which all the energy available for ionization is 
delivered to the gas in the chamber, the alpha particles 
were restricted to the last 1.2 cm of their range by 
covering the source with a plastic absorber thinly 
coated with colloidal graphite for electrical conduction. 

Complete voltage-current curves extending to the 
beginning of gas multiplication were obtained for vari- 
ous pressures between 0.9 and 75.7 cm of mercury. At 
all these pressures a current plateau was observed. 
Typical current-voltage curves are shown in Fig. 1 
for two pressures, 4.8 and 75.7 cm of mercury. Each 
curve contains a plateau of considerable length and 
excellent flatness (slope <0.01% per 1000 volts), yet 
the plateau currents are significantly different. Figure 
2 shows more completely the effect of pressure on the 
plateau current. The initial rise is due to inclusion of a 
larger fraction of the energy of the alpha particles 
within the chamber as the gas density increases until 
at a pressure of 4.5 cm of mercury the entire residual 
range of the particles is contained. For pressures 
between 4.5 and 10 cm of mercury the plateau current 
is maximum and constant within experimental error ; 
hence, for this region we assume that true saturation 
has been attained. As the pressure is increased further 
the plateau current decreases until at atmospheric 
pressure it is 3.3% below the maximum value, whereas 
experimental error could account for 0.2% at most. 
Thus we are forced to assume that for the higher 
pressures ion collection is not complete, and it appears 
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Fic, 2, Plateau current as a function of pressure. 


that the fraction of ions which can in practice be 
collected depends on the ion spacing and mobility. 


DISCUSSION 


It has previously been assumed that if a significant 
amount of recombination occurred, there would be no 
plateau in the current-voltage curve and the satu- 
ration current might be determined by the extra- 
polation method of Jaffé.* When a plateau is obtained 
such as the one shown in Fig. 1 for 75.7 cm of mercury, 
extrapolation is meaningless, and in the absence of 
additional information recombination would not be 
suspected. 

In recent years the accepted value of W (the average 
energy expended in producing an ion pair) for beta 
particles in air has risen from 32.5 to 34 ev/ion pair,*~® 
while for alpha particles the present value is approxi- 
mately 35 ev/ion pair." It is possible that field- 
independent recombination, as described herein (in 
addition to Kimura’s suggestion), may account for 
this apparently higher efficiency of ionization by beta 
particles as well as the increasing W value for alpha 
particles in air with decreasing alpha energy.’ For 
heavier, more densely ionizing particles, such as Ct® 
and fission products, one would expect still greater 
difficulties in achieving saturation. With such extremely 
dense ionization complete ion collection may be un- 
attainable in practice. Reducing the pressure also 
reduces the voltage gradient at which gas multipli- 
cation occurs. If this phenomenon begins at a lower 
field strength than that needed to separate all the ions, 
the saturation current will be undeterminable. 


3G. Jafié, Ann. Physik 42, 303 (1913). 

*W. P. Jesse and J. Sadauskis, Phys. Rev. 97, 1668 (1955). 

5 J. Weiss and W. Bernstein, Phys. Rev. 98, 1828 (1955). 

6 Gross, Wingate, and Failla, Radiology 66, 101A (1956). 

7 Bay, Mann, Seliger, and Wyckoff, Rad. Res. 5, 469(A) (1956). 
* J. M. Valentine, Proc. Roy. Soc. (London) A211, 75 (1952). 
*W. P. Jesse and J. Sadauskis, Phys. Rev. 90, 1120 (1953). 

” J. Sharpe, Proc. Phys. Soc. (London) A65, 859 (1952). 

J, M. Valentine and S. C. Curran, Phil. Mag. 43, 964 (1952). 
aT, E. Bortner and G. S. Hurst, Phys. Rev. 93, 1236 (1954). 
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K Fluorescence Yield of Several Metals 


CHARLES E. Roos* 
The Johns Hopkins University, Baltimore, Maryland, and The University of California, Riverside, California 
(Received October 5, 1956) 


The K fluorescence yield (wx) of iron, nickel, copper, and zinc has been measured by the solid angle 
method. By varying the solid angle subtended by a sample foil at a NaI(Tl) crystal one can distinguish 
between the collimated primary beam and the isotropically emitted fluorescent x-rays. The following new 
values were obtained: iron —0.308+0.015, nickel —0.3664-0.011, copper —0,410+0,012, and zinc —0.446 
+0.012. In addition, the values for the K fluorescence yield of zirconium, niobium, molybdenum, rhodium, 
palladium, silver, cadmium, and tin reported earlier, have been redetermined. With the single exception of 
the value for zirconium, these new values agree quite closely with the earlier values. The average change is 
approximately 1% or about one third of the previously estimated error. The redetermined values of wx are 
as follows: Zr —0.70+-0.02, Nb —0.73+40.02, Mo —0.73+0.02, Rh —0.786+0.015, Pd —0.790+0.015, 
Ag —0.821+40.019, Cd —0.827+0.015, Sn —0.846+0.012. A phosphorescence of the NaI(T1) crystals with 
a decay time of 8+2 milliseconds was found, while no sign of a reported 0.2-millisecond decay was observed 


INTRODUCTION 


HE K fluorescence yield (wx), or ratio of K x-rays 

to K-shell vacancies, is a measure of the Auger! 
effect and is of interest not only for detailed interpre- 
tations of x-ray spectra but also for many investigations 
with radioactivity. The value of wx can be used to 
measure the relative transition probability for AK cap- 
ture and positron emission from the same energy states. 
This ratio permits a check on features of 6-decay theory 
since it is independent of the nuclear matrix elements. 
The K fluorescence yield can also be used in certain 
cases to prove the existence of AK capture and is quite 
useful in studies of internal conversion. It provides a 
method for the determination of the A/L ratios for 
low-energy K conversion lines and can be used to 
determine the K conversion coefficients. The appli- 
cations to low-energy B-ray spectroscopy and nuclear 
physics have been discussed by Bergstrém and 
Radvanyi.” 

More than 50 different investigators have measured 
the K fluorescence yield. They each examined 1 to 13 
separate elements and most of these values are listed 
in one or more of the recent summaries of Burhop,’ 
Broyles ef al.,4 and Gray.® Unfortunately, many of these 
determinations are inconsistent and the different 
measured values of several elements differ by more 
than 20%. The last six years have seen the development 


of several precision methods. The magnetic spec- 


trometer can measure directly the Auger electrons and 
has thus determined w x for the elements of high atomic 
number (>46) with precisions of 1 to 8%. The pro- 


portional counter has also been extensively used to 

* Present address: The University of California, Riverside, 
California. 

1 P, Auger, Compt. rend. 180, 65 (1925). 

27, Bergstrém, in Beta- and Gamma-Ray Spectroscopy edited by 
K. Siegbahn (North-Holland Publishing Company, Amsterdam, 
1955), p. 624; P. Radvanyi, Ann. Physik 10, 584 (1955). 

+E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, Cambridge, 1952), p. 45 

4 Broyles, Thomas, and Haynes, Phys. Rev. 89, 715 (1953) 

5 P. R. Gray, Phys. Rev. 101, 1306 (1956). 


measure wx for the noble gases. The third precision 
method was made possible by the development of the 
Nal(TI) scintillation counter. 

The solid-angle difference method, first described in 
an earlier paper,’ measures the fluorescent radiation 
from a sample foil pressed in contact with an Nal(TI) 
scintillation crystal. It differs in several important 
aspects from the older direct x-ray methods, which 
have been used by a number of observers?’ to measure 
some earlier values of the K fluorescence yields. They 
measured the secondary or fluorescent radiation from 
a thick target. The detector, usually an ionization 
chamber, was placed at 90° to the main beam where it 
intercepted approximately 0.1% of the fluorescent 
x-rays. The absorption coefficients for the primary and 
secondary beams had to be obtained from measurements 
on different samples or from x-ray absorption tables 
Even slight contamination of the absorption samples 
with high-Z elements, small variations in foil thickness, 
or a slightly chromatic beam would result in substantial 
changes in the measured absorption coefficients, One 
major advantage of the solid-angle difference method 
is the possibility of using the same part of the same foil 
for both the absorption and fluorescence measurements. 
The new method also detects 20 to 30% of the total 
secondary radiation and thus enjoys a very high signal 
to-noise ratio. 


EXPERIMENTAL PROCEDURE 


The use of a solid detector such as the NalI(T) 
crystal of a scintillation counter enables one to vary 


*C. E. Roos, Phys. Rev, 93, 401 (1954) 

™W. Kossel, Z. Physik 19, 333 (1923) 

*M. Balderson, Phys. Rev. 27, 676 (1926) 

*W. Bethe, Z. Physik 37, 547 (1926) 

T. M. Harms, Ann. Physik 82, 87 (1927) 
uL, H, Martin, Pro« Roy Soc. (London) All5, 420 (1927) 
2 A. H. Compton, Phil. Mag. 8, 961 (1929) 
481). K. Berkey, Phys. Rev. 45, 437 (1934) 
4H. Lay, Z. Physik 91, 533 (1934) 

6. Arends, Ann. Physik 22, 281 (1935) 

‘67, Backhurst, Phil. Mag. 22, 734 (1936) 

‘TR, J, Stephenson, Phys. Rev, 51, 637 (1937). 
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Fic. 1, Crystal mounting and sample holder. In position No. 1 
the scintillation counter detects very few of the fluorescent x-rays, 
while in position No, 2 it subtends an effective solid angle of 2x 
steradians, When the sample is moved out of the beam in position 
No. 3 the direct beam is measured. 


the solid angle subtended by the counter from almost 
2m to effectively zero. Since the primary x-rays which 
eject the K electrons from the sample foil were well 
collimated and the fluorescent radiation was emitted 
isotropically, this large change in solid angle enabled 
one to distinguish between the primary and fluorescent 
radiation, From the ratio of the fluorescent to the direct 
primary beam (no sample) the K fluorescence yield can 
be obtained.* 

The combination sample holder and scintillation 
crystal mounting used for the new measurements 
presented in this paper is shown in Fig. 1. This mounting 
enabled one to make a series of measurements without 
disturbing the position or settings of the scintillation 
counter. With the foil holder in position No. 1 only the 
primary x-rays which are not absorbed by the sample 
foil are observed. In position No. 2 both the non- 
absorbed primaries and the fluorescent x-rays are 
observed. When the holder is in position No. 3, it is 
out of the path of the beam and the direct monochro- 
matic primary x-rays are measured. The foil holder 
was aligned so that the x-rays struck the same region 
of the sample foil in both positions No. 1 and No. 2. 
The crystal mounting was designed to absorb less than 
2% of the 6-kev x-rays, while giving high resolution. 
Two sheets of 0.25-mil Mylar film with an evaporated 
aluminum coating were stretched over the NalI(TI) 
crystal, where they served both as a reflector and as a 
vapor barrier to protect the crystal from moisture. 


CRYSTAL PHOSPHORESCENCE AND NOISE 


The tail of the pulse-height spectra of 15-kev x-rays, 
shown in Fig. 2, was investigated with a mechanical 
chopper and found to be an unreported phosphorescence 
of the NalI(TI) crystal, amounting to 2.4% of the total 
integrated light detected by the phototube. The pulse- 
height spectrum of a chopped 15-kev x-ray beam was 
normalized to the same photopeak as the direct beam. 
The difference between these spectra is seen to be zero 
except for the phosphorescence to the left of the solid 
line. The scaling circuits accepted pulses from the 
phosphorescence during the 8 milliseconds that the 
chopper was open. The difference curve is, therefore, 
not quite as large as the phosphorescent portion of the 
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direct spectrum. A variety of different chopping speeds 
were used, and from the different heights of the differ- 
ence curves the decay time for this phosphorescence was 
found to be 8+2 milliseconds. This result is contrary 
to a phosphorescence reported by Harrison’* in a 
different set of crystals. These had a decay time of 200 
microseconds, and an intensity of 8% of the total light. 
An electronic gating circuit showed an absence of any 
200 microsecond decay in our crystals. This seems to 
indicate that slight differences in thallium content or 
some trace impurity can shift the decay time by a factor 
of forty times. This phosphorescence occurs in the 
region where one might hope to detect low-energy 
x-rays (1-2 kev), and it may well set the lower limit 
for x-ray detection by the NaI(T]) scintillation counter. 
Since the decay time is long these pulses should cor- 
respond to single photons emitted by the crystal. 

The noise from the photomultiplier in the absence of 
the scintillation crystal apparently arose from the 
thermal emission of electrons from the photocathode 
and was approximately 4 of the phosphorescence. While 
cooling would reduce this noise, it was found to increase 
the response time of the NaI(T1) crystal if the latter 
was in close contact with the photomultiplier. This is 
in agreement with the results of Bonanomi and Rossel!® 
who reported that the response time can be increased 
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Fic. 2, The rapid rise in counting rate for low pulse heights is 
found to be predominantly due to a phosphorescence which has a 
decay time of 8+2 milliseconds. The difference between the 
normalized chopped and the direct beams shows a portion of the 
pulse height spectrum of the phosphorescence. The scale has been 
expanded to the ieft of the solid line. 


18 F, B. Harrison, Nucleonics 12, 24 (1954). 
J, Bonanomi and J. Rossel, Helv. Phys. Acta 24, 310 (1951). 
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a hundredfold from 10~® second at 20°C to 10~ at 
— 50°C. 


EXPERIMENTAL CORRECTIONS AND ERRORS 


A series of at least five sets of measurements was 
made in each of the three positions of the sample holder. 
Since each set was quite reproducible it was not neces- 
sary to monitor the x-ray beam. Some possible cor- 
rections to these experimental ratios were: scattering 
effects, the fluorescent radiation detected with the 
0.02 solid angle in position No. 1, the differences in 
absorption by the crystal mounting of the primary and 
secondary radiation, and the differences in the detection 
efficiency of the scintillation counter. 

The effect of scattering was measured by repeating 
the above procedure using wavelengths longer than 
the K edge of the sample foil. It was found to be neg- 
ligible or less than 0.02%. The 0.02m solid angle, in 
position No. 1, was chosen to permit the counter to 
receive most of the x-rays scattered through small 
angles. This relatively large solid angle required a 2 to 
4% correction since the counter also detected some 
fluorescent radiation. The exact correction was calcu- 
lated; it depends on the angular distribution of the 
fluorescent radiation leaving each sample. The differ- 
ential absorption of the 0.5-mil aluminized Mylar film 
and the 1-mil layer of oil between the Mylar and the 
Nal(T1) crystal introduces a correction of 1.4 to 2%, 
The primary x-rays have both a shorter wavelength 
and a shorter average path than the fluorescent x-rays. 

The most important correction to the experimental 
ratios [(2—1)/3] for iron, nickel, copper, and zinc was 
the allowance for the variation in the detection effi- 
ciency of the scintillation counter. The iron Ka x-ray 
is only 6 kev and it is quite difficult to completely resolve 
these x-rays from the crystal phosphorescence and 
photomultiplier noise. The detection efficiency varied 
from 75% for 6-kev x-rays to 99% for 15 kev when only 
those pulses greater than the peak for 4-kev x-rays 
were utilized. 

For a 6-kev x-ray the number of photocathode 
electrons appears to vary between zero and ten. The 
extrapolation, shown in Fig. 3, was based on the 
assumption that the photocathode electrons follow a 
Poisson distribution. The shape of the distribution 
curves indicate that on the average 1.2 kev of incident 
x-ray energy is required to produce one photocathode 
electron. This figure is in agreement with the work of 
West, Meyerhof, and Hofstadter” who measured 1 to 
1.5 kev/electron. 

The correction for the difference in detection effi- 
ciency of the primary and secondary x-rays was approxi- 
mately 10% for copper, nickel, and zinc, while it was 
23% for iron. Unless the pulse-height spectra are 
radically different from Poisson distributions this 
correction is correct to 20%. The total estimated error 


” West, Meyerhof, and Hofstadter, Phys. Rev. 81, 141 (1951). 
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Fic. 3. Pulse height spectrum for 6-kev x-rays. In the low pulse 
height region the phosphorescence obscures the measurement of 
the 6-kev line. The extrapolated curve was drawn by fitting a 
Poisson distribution to the rest of the experimental curve. 


in the experimental ratios including statistics is 4% 
for iron and less than 3%, for copper, nickel, and zinc. 


CALCULATIONS OF K FLUORESCENCE YIELD 


The relationship between the experimental ratios of 
the fluorescence x-rays to the primary beam, or (V/No), 
and the K fluorescence yield (wx) was derived in the 
earlier paper® and will only be outlined here. The 
number of K excited atoms is proportional to (r—1)/r 
e-”* where r is the K jump ratio. A certain fraction 
(wx) of the K excited atoms will emit K x-rays. The 
number of these K x-rays escaping from the foil will 
depend on their direction of travel (0), the point where 
they were produced in the foil (x), and their absorption 
coefficient, uj. The relationship between the fluorescence 
yield and the experimental ratio V/No is given by the 
expression : 


Npyw,(r—1) - $ W/2 P 
- > C; € nef e hilt 2) 0 sinfdbdx, 
No 2r 1 “0 0 


where y; is the absorption coefficient for the primary 
x-rays, and / is the thickness of the sample foil. C; is the 
intensity of each line relative to the total intensity of 
the K series. 

The above expression does not depend on the separate 
values of ¢, uw, and y;, but depends only on pt and 
uit which are obtained directly. It is also quite insensi- 
tive to the values of yf encountered in this experiment. 
Absorption measurements were made on the same 
region of the sample foils at the time the fluorescent 
measurements were obtained. The wavelengths cor- 
responding to the principal K lines of each element 
were isolated from the general spectrum of tungsten 
by a calibrated 1.5-meter Bragg single-crystal spec- 
trometer. 
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TasiLe I. Summary of the more recent experimental deter- 
minations of the K fluorescence yield of the medium weight 
elements. 


Solid angle diff, 


(This paper) Other methods 


0.10 +0.02* 
0.262 4-0.002' 
0.34 +0.03° 
0.40 +0.034 
045 +0.05° 
0.50 +0.05¢ 
0.68 +0.02 
0.69 +0.03) 


0.3084-0.015 
0.3664-0.011 
0.410+0.012 
0.4464-0.012 


0.39+0,.02' 


0.6240.03! 
0.70 +0.02 
0.73 40.02 
0.73 +0.02 0.76 
0.70 
0.79 
0.84 
0.83 
0.82 
0.82 
0.83 


+0.05* 
+0,03! 
+0,03™ 
+0,03" 
+0.06° 
+0,03" 
+0,02! 
+0.034 
0.85 +0.04" 
0.89 40.08" 
0.866+4-0.005" 
0.94 +0.02' 
0.88 +0.05" 


0.7864-0.015 
0.7904-0.014 
0.8214-0.015 
0.827+0.014 


0,8340.03" 
0.8340.03" 
In 0.87 +0.03! 
Sn 
Xe 
Cs 
Ba 
La 
Pr 


0.8464-0.012 


56 
57 
59 


0.90+-0.05" 


* (Proportional counter) references 25 to 29. 

» (Direct x-ray) references 7, 9, 10, 14. 

© (Direct x-ray) references 7, 8, 10, 11, 14, 15 

4 (Direct x-ray) references 7, 8, 11 to 15, 17. 

* (Direct x-ray) references 7 to 11, 13, 15, 17. 

! (Prop. counter) reference 29, 

* (Direct x-ray) references 7, 8, 10, 11, 13 to 15, 17. 

+ (Prop, counter) references 25, 26, 28, 

' (Calculated from the L/K capture ratio) J. P. 
Perlman, Phys. Rev. 100, 74 (1955). 

) (Direct x-ray) reference 17. 

* (Direct x-ray) references 10, 12, 13, 15 to 17. 

' (Mag. spect.) J, Laberrique-Frolow and P. Radvanyi, Compt. rend 
242, 901 (1956) 

™ (Direct x-ray) references 16, 17. 

* (Direct x-ray) reference 16, 

* (Direct x-ray) references 8, 9, 13, 15 to 17. 

» (Mag. spect.) Huber, Humbel, Schneider, and de-Shalit, Helv. Phys 
Acta 25, 3 (1952). Error has been estimated from similar measurements by 
other investigators, 

4 (Direct x-ray) references 15 to 17. 

* (Mag. spect.) I. Bergetrém and 8S, Thulin, Phys. Rev. 79, 538 (1950) 

* (Mag. spect.) reference 4 and T. Azuma, J. Phys. Soc. Japan 9, 443 
(1954), 

* (Mag 
(1954) 

« (Mag. 
estimated 


Welker and M. L. 


spect.) C. H, Pruett and R. G. Wilkinson, Phys, Rev. 96, 1340 


spect.) E. Kondaiah, Phys. Rev. 83, 471 (1951). Error has been 
from similar measurements by other investigators. 


Four values of the K jump ratios” (r) were averaged 
and used to calculate r—1/r. While the individual 
determinations have a maximum variation of 11%, 
this introduces a change of 1.7% in r—1/r. The values 
of Cj, the relative intensity of the K lines, were obtained 
from the data of Williams.” 

The resulting values of the K fluorescence yield are 
given in the third column of Table I. The values of the 
K fluorescence yields of the elements with atomic 
numbers between 40 and 50 were redetermined and are 
also included. With the single exception of zirconium 
the changes in the revised values averaged less than 
1.1%, or one third of the originally estimated error.® 


1A. H, Compton and S. K. Allison, X-rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935), 
p. 528. 

” J. H. Williams, Phys. Rev. 44, 146 (1933). 
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DISCUSSION 


The values for the solid angle difference method, 
presented in Table I, include the data which were used 
to compute the fluorescence yields given in the original 
paper® and also in the preliminary report on the yields 
of iron, copper, nickel, and zinc.” In Table I these new 
values are compared with a summary of the experi- 
mental determinations of the K fluorescence yields of 
the medium weight elements. In view of the fact that 
there have been more than 100 separate measurements 
of wx for these elements, the determinations have been 
classified by method and, where possible, averaged 
according to the error assigned to them by the original 
authors. Many of the individual values have been 
listed in some of the recently published summaries,*° 
and the original references are, of course, given for all 
values used in each average. Table I includes the direct 
x-ray method for its historical interest, but has other- 
wise been restricted to the recent precision methods. 

More than half of the measurements of fluorescence 
yield were obtained by some modification of the direct 
x-ray method’ which usually measured the x-ray 
intensity with an ionization chamber. Unfortunately, 
most of these authors did not publish error limits. The 
listed errors are the standard deviation of the mean 
value of wx for all elements where 6 or more different 
values have been published. For elements where fewer 
determinations were made, the error of each individual 
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Fic. 4. The recent determinations of the K fluorescence yield. The 
solid curve is the semiempirical curve of Burhop. 


*C. E. Roos, Phys. Rev. 100, 1267(A) (1955). 
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investigator’s measurements was estimated from the 
average of his deviations from the means of neighboring 
elements with 6 or more determinations. With this 
estimate of the error of each single measurement, the 
standard deviation of the weighted average could be 
obtained. Three measurements, which have been subject 
to specific criticism by other authors, were not included. 
The modifications and corrections to a few values given 
by Broyles, Thomas, and Haynes‘ were included. It 
should be noted that these estimated errors measure 
only the precision or consistency of the direct x-ray 
measurements. 

The recently developed proportional counter method 
has been used by several authors.“ It is particularly 
useful for the noble gases, but has also been used for 
copper and indium.” All recent proportional counter 
determinations were given equal weight in computing 
the averages, since most authors have assigned approxi- 
mately the same error limits. The values listed in Table 
I, while obtained by five different methods, easily agree 
within the indicated error. 

The calculated theoretical and the most direct ex- 
perimental determinations of the K fluorescence yield, 
obtained within the last five years, are shown in Fig. 4. 
The solid curve is the semiempirical relationship of 
Burhop,” [wx/(1—wx) |'=A+BZ+CZ'. The con- 
stants A, B, and C have been evaluated by Burhop 
using least-squares fits to all of the then available 
experimental data. The first term represents the 


*4G. M. Insch, Phil. Mag. 41, 857 (1950) 

261). West and P. Rothwell, Phil. Mag. 41, 873 (1950). 

26G. C, Hanna (A) and J. H. Kahn (Kr and Xe), cited by D. 
West, Progress in Nuclear Physics (Academic Press, Inc., New 
York, 1953), Vol. III, p. 43. 

7 Bertolini, Bisi, and Zappa, Nuovo cimento 10, 1424 (1953). 

8 J. Heintz, Z. Physik 143, 153 (1955). 

* Harrison, Crawford, and Hopkins, Phys. Rev. 100, 841 (1955). 

” E. H. S. Burhop, J. phys. radium 16, 624 (1955). 
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screening effect, the second the Z‘ dependence of dipole 
transitions, while the last is due to the effects of rela- 
tivity. Laberrique-Frolow and Radvanyi* have just 
recently recalculated these constants using a different 
weighting system and only the data of the last 10 years, 
including several new experimental values published 
since Burhop’s original evaluation. While this revised 
curve gives an even closer fit to the solid angle values, 
it is not yet available in the general literature. 

Two groups have recently calculated some theoretical 
values for wx. The K fluorescence yields for argon and 
krypton, calculated by Rubenstein and Snyder,” seem 
a little high (~39) in comparison with most of the 
newer experimental determinations, but they are in 
close agreement with Heintze’s values.2* The measured 
value for the K fluorescence yield of silver (0.821), 
obtained by the solid angle method, lies between the 
theoretical values of 0.85 calculated by Rubenstein 
and Snyder and 0.81 obtained from the work of Mokhov 
and Urin.® 
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A theoretical level structure for Li* is calculated for the Hu-Massey Gaussian-shape tensor potential and 
for the Pease-Feshbach Yukawa interaction. The central force splittings are assumed equal to the first-order 
Majorana separation. The additional splittings produced by the tensor force of the S and of the D states of 
Li are computed by using a variational method which includes the effect of configuration interaction. An 
S-state splitting of approximately 2 Mev is found, when the Pease-Feshbach potential is used, with 9% 
admixture of excited states introduced into the zero-order wave functions. It is shown that the tensor force 
has little effect on the separation of the 'S, and 'D, states. For the Hu-Massey potential, the triplet D states 
are split in essentially the same way as would result in first order from a vector-type spin-orbit force. In the 
case of the Pease-Feshbach potential, the effective first-order potential also includes a tensor term, smaller 
than and opposite sign to the original tensor force. With both potentials, a total multiplet splitting of about 


1 Mev is obtained, with the *D, state lowest. 





I, INTRODUCTION 


HE first extensive level scheme that one may hope 
to account for in some detail by assuming a 
specific form of nuclear interaction, is that of Li’. 
Several theoretical studies of this level structure and the 
structure of other light nuclei have been made using 
potentials in accord with other observed nuclear proper- 
ties.'~* In particular, many calculations’"’ have been 
made to determine the level structures expected on the 
basis of central forces and the spin-orbit force of the 
shell model." General correspondence with the observed 
energy levels of the p-shell nuclei has been arrived at in 
this way. 
The present paper is concerned with evaluating the 
effect of the tensor force, introduced to account for the 


t ms gene y in part by the joint program of the Office of Naval 


Research and the U. S. Atomic Energy Commission. 

* Submitted in partial fulfillment of the requirements for the 
degree of Doctor of Philosophy at the University of Pennsylvania. 

t Now at Lincoln Laboratory, Lexington, Massachusetts. 

1A. M. Feingold, Phys. Rev. 101, 258 (1956). The present work 
is an extension of this paper, to be referred to herein as AMF. The 
reader is directed to AMF for more complete remarks regarding 
the procedures and underlying assumptions of the present paper, 
for additional references, and for notation, Also see A. M. Feingold, 
following paper [Phys. Rev. 105, 944 (1957) 

* E. Feenberg and E. Wigner, Phys. Rev. 51, 95 (1937). 

*D. R. Inglis, Phys. Rev. 51, 531 (1937). 

*H, Margenau and K. G. Carroll, Phys. Rev. 54, 705 (1938) ; H. 
Margenau and W. A, Tyrrell, Jr., Phys. Rev. 54, 422 (1938); K. G. 
Carroll, Phys. Rev. 57, 791 (1940); T. Regge, Nuovo cimento 11, 
285 (1954); A. Hitchcock, Phil. Mag. 45, 385 (1954); Otsuki, 
aaa and Suekane, Progr. Theoret. Phys. (Japan) 13, 79 
(1955). 

) J. P. Elliott, Proc. Roy. Soc. (London) A218, 345 (1953). 

* T, Ishidzu and §S. Obi, Progr. Theoret. Phys. (Japan) 10, 690 
(1953). 

™M. Morita and T, Tamura, Progr. Theoret. Phys. (Japan) 12, 
653 (1954). 

*S. M. Dancoff, Phys. Rev. 58, 326 (1940). 

*See, e.g., I. Talmi, Helv. Phys. Acta 25, 185 (1952); D. 
Kurath, Phys. Rev. 88, 804 (1952); R. Schulten, Z. Naturforsch. 
8a, 759 (1953); G. E. Tauber and Ta-You Wu, Phys. Rev. 93, 295 
(1954); N. Zeldes, Phys. Rev. 90, 416 (1953); D. Kurath, Phys. 
Rev. 101, 216 (1955). 

” TD). R. Inglis, Phys. Rev. 87, 915 (1952); Revs. Modern Phys. 
25, 390 (1953). 

4M. G. Mayer, Phys. Rev. 75, 1969 (1949) ; Haxel, Jensen, and 
Suess, Phys. Rev. 75, 1766 (1949). 


qui«'rupole moment of the deuteron,'*-” on the centra 
force level scheme of Li®. Some qualitative agreement 
with the first six levels of Li® is obtained by applying the 
variational method, slightly modified, that is developed 
and used in AMF. With this procedure, designed to in- 
clude the effect of configuration interaction, Feingold 
computes an estimate of the tensor splitting of the 
singlet and triplet S states of Li* and the separation of 
the P doublet of He® and of Li’. The general agreement 
with experimental data that is obtained in AMF natu- 
rally invites application of this approach to other levels 
in light nuclei. 

The success of the shell model indicates that in first 
approximation, each nucleon moves under some average 
potential resulting from the remaining nucleons. The 
wave function descriptive of this situation belongs to a 
single configuration. The lowest configuration for three 
neutrons plus three protons is s‘p’ and the proper zero- 
order states for this configuration, assuming a central 
charge and spin-independent interparticle potential, are 
the S, P, and D states, each belonging to a definite 
partition? The central potential separates states of 
different L or of different partition quantum numbers 
and, assuming Majorana exchange forces, the states 
with smallest partition numbers (i.e., greatest spatial 
symmetry) lie lowest. Feenberg and Wigner’ have 
computed the first-order Majorana splittings of the 
states of s‘p’, assuming a Gaussian central potential. 
They find the S states lowest, approximately 2 Mev 
below the D states and 8 Mev below the P states. As- 
suming then that the central forces are mainly Majorana 
exchange, and that the noncentral forces may be treated 
as a perturbation on the central force Russell-Saunders 
scheme, the low states of Li* are the S and D states of 
s‘p®. In the present paper we adopt this viewpoint and 
restrict the noncentral forces to the tensor force. 

In order to determine how the character of the results 
is affected by the shape of the potential, two different 

 Kellog, Rabi, Ramsey, and Zacharias, Phys. Rev. 57, 677 
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8 W. Rarita and J. Schwinger, Phys. Rev. 59, 436, 556 (1941). 
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potentials are used for all calculations, excepting the 
a-d model (Sec. IIIE). They are the Gaussian potential 
of Hu and Massey," and the Yukawa potential of Pease 
and Feshbach.'* The first is 


Vie= Vera tti2= Vo exp(—f'r12") 
+ToSi2 exp(— T’r7"), (1) 


where V 12 and yz are the central and tensor potentials, 
respectively, and S$, is the usual tensor operator. The 
values of the parameters suggested by Hu and Massey 
are'* 
Vo= — 29.5 Mev, 
To= —17.4 Mev, 


B=1.29mc*/e*, Q 
r= 1.29mc*/e*. ) 


The Pease-Feshbach potential, neglecting a small 
amount of spin-exchange, is 
Vi2= V erat hie= Vie Bri2t/By 19+ ToS we rria/TH 19, (3) 
where 
Vo= —46.1 Mev, 
T = = 24.9 Mev, 


p= 2.38, 
r= 1.69, (4) 


The amount of Majorana exchange in the central 
potential is not determined by the low-energy two-, 
three-, and four-particle data. In computing the S-D 
central force splitting, pure Majorana central forces are 
assumed, The separations of the S states and of the D 
states caused by the tensor force are found to be quite 
insensitive to the central potential. 


II. MODIFIED VARIATIONAL METHOD 


Following the procedures in AMF, we use the varia- 
tional wave function 


¥=WotM'Yo, (5) 
where Yo is an independent-particle oscillator wave 
function approximating the wave function unperturbed 
by the tensor force. The function ?’ is 


f’ = > ti;', 


<7 


bij’ = (aris) "lij. (6) 


The parameter @ appears in Wo as the inverse nuclear 
radius. The integral exponent n is chosen to minimize 
AE [see Eq. (10)]. Feingold has shown that the 
optimum value of m is n=1 for a Gaussian shape po- 
tential and m=2 for a Yukawa potential. The total 
Hamiltonian H is given by 


H= Hott, (7) 


where Hp is the kinetic energy operator plus the central 
potential. Assuming Yo normalized, we define 


Ey= (Wo| Ho| Yo), (8) 
and 
E(d) =| Hott |v)/W|y). (9) 
“ T, Hu and H. S. W. Massey, Proc. Roy. Soc. (London) A196, 
135 (1949). 
4 R. L. Pease and H. Feshbach, Phys. Rev. 81, 142 (1951). 
16 All lengths are given in units of e/mc*. 
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The shift in energy is then 


AE(A) = E(A)— Eo 
(t)+2d(f) +A%e") 


a +2a(¢') EAM) 
where we have used the notation 
(A)= Wo] A | yo), 
{AB}=4(AB+BA), 
f= {Hol} +4 0't}— Ent’, 
O=U Hol’ + — Edt, 


(11) 
(12) 
(13) 
(14) 
The differences between these formulas and their 
counterparts in AMF arise from the nonvanishing of the 
matrix elements of irreducible tensor operators for the 
*D states. 
The value of \ which minimizes A/(A) is obtained by 
differentiating Eq. (10) with respect to \, The result is 
AE@AE(Xo), (15) 


do [ — b+ (b?—4ac)! | 2a, (16) 


where 
(17) 


(18) 
(19) 


a=(t')e)— (tf), 
b=(A)— U1’), 
c=(f)—UXt’). 


The fraction F of excited states admixed into Yo by 
the tensor force is 


(Wo! ¥) 
WW) 14+-2d0ll’) del’) 


PLU’) —W'Y] 
(20) 


One can easily show, by expanding y in the eigen- 
functions u, of the Hamiltonian 1/, that'’ 
| H\W)/W|¥) 2 Eimer, 
1 i 
ek > |(usly)|?( 2, 
(ly) i= 


Hu, 


(21) 


where 


E)), (22) 


and 
(23) 


Ee yty. 


Thus, for ¥ orthogonal to all states of lower energy, 
variation of y yields an upper bound for the energy /, 
of the kth eigenstate. 

Assuming that the six lowest eigenstates u, of H 
correspond, in zero order, to the S and D states of s*p’, 
they are 1*, 1*, 2t+, 3+, 7=0 and Of, 2+, T=1 levels. 
VY’ =YotAol'Wo is also pure in J and 7, assuming / to be 
charge-independent, and is thus orthogonal! to the five 
u,.(?5*1L,) states'* not corresponding to Wo, except for 

7 See, e.g., L. I. Schiff, Quantum Mechanics (McGraw-Hill 
Book Company, Inc., New York, 1949), p. 170. 

4,257 7), the eigenfunction corresponding to the zero-order 


2517 ; level, is pure in J, 7, and parity under our assumptions, but 
impure in L and S. 
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the case of the 1+, 7=0 pair of states arising from the 
*S, and *D, independent-particle levels. Therefore, only 
the admixture of u,(*S;) in y (@D,) and of u,(*D,) in 
vY(S;) must be considered. Assuming that the varia- 
tional functions are reasonable approximations to the 
eigenstates, these admixtures are 


| (wal W)|*~| WSs) |\WCD,))|*. (24) 


Calculation of the matrix element involved gives an 
admixture of roughly 0.05%. Since (|p)~1 and 
| E,—E,| is of the order of 10 Mev, « is of the order of 
0,001 Mev and so is negligible for these calculations. 
Using first-order theory, Feingold obtains an admixture 
of 6%, insufficient to significantly affect the upper 
bound, but considerably different from that computed 
from (24). The total admixture of excited states calcu- 
lated from (20) is roughly equal to that computed from 
perturbation theory, neglecting configuration inter- 
action, indicating that the variational method over- 
emphasizes the contributions from highly excited 
configurations. 


Ill. APPLICATION OF THE FORMALISM TO Li* 
A. Discussion 


Charge- and spin-independent central forces separate 
the S states from the D states of the s‘p’ configuration, 
but leave states of identical L and partition quantum 
numbers degenerate. In calculating the level structure, 
we take this central force separation equal to the first- 
order Majorana splitting. Feenberg and Wigner’ give 
—3VoKo for the S-D splitting, where Vo is the strength 
of the central potential. For a Gaussian potential, 


Ko=y'/4(y+1)™, (25) 


where y=a’/f*, the square of the ratio of the central 
force range to the nuclear radius. Definition of the Ko 
integral, and numerical values of Ko for a Gaussian 
potential may be found in AMF. For a Yukawa central 
potential of the form e~”, 


Ko= (1800r)-4(15J y2—10J v4 +-J ye), 


where the argument of Jy, is r/2a. Formulas for the 
Jy» integrals'® are given in Appendix II. 

In addition to the central force splitting, there is the 
separation resulting from the tensor force. The latter is 
taken equal to AAEZ, the difference in variational energy 
AE of a pair of levels. Equation (15) may be written in 
an approximate form which exhibits more clearly the 
effect of the various matrix elements on AE. By com- 
paring the relative sizes of the pertinent matrix elements 
it can be shown that for small admixture F of excited 
states, 


(26) 


hgc/b=—(f)/(), 


(WW) = 1+ 2ro%t’) EAE A. (28) 


~ 9 W, J. Swiatecki, Proc. Roy. Soc. (London) A206, 238 (1951) 
Some similar integrals are evaluated in this reference. 


(27) 
and 
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Substitution of these approximate formulas into (10) 
gives the relation 


AE) —(f)*/(e). (29) 


This reduces to (20a) of AMF for S and singlet states. 
In all of these calculations, the difficulty of carrying 
through the complete computation centers on the 
evaluation of (ée). For those calculations which include 
perturbation of the a core we neglect all terms in (e’) 
except for ((/K?’). The “a-d” model calculations of the *D 
multiplet splitting, made in this paper, as well as 
computations by Feingold on the 'So—*S; separation 
(“a-d” model) and on the deuteron, show the relative 
dominance of this term, and the tendency of the re- 
maining terms to cancel each other. The term ({ Vt’ }) 
in (f) may also be neglected, for regardless of the 
amount of Majorana exchange in the central potential, 
1({ Vet} |<< | (1 Ke'{) |,” so that ({ Hot’})~({ Kt’}). The 
result of these approximations is, then, 


(PI KU} ) + })— (ot), (30) 
(Ayo Kr’). (31) 


Except for the “a-d” model, we use these relations to 
calculate AZ. 


B. S States 


Feingold has computed the 4\S9—*S, splitting due to 
the tensor force on the basis of Gaussian radial depend- 
ence of the potential. Calculations of this splitting using 
the Yukawa shaped potential of Pease and Feshbach 
proceed in exact analogy to those in AMF, where 
graphical results of both calculations may be found. 
Therefore, we shall merely list the computed matrix 
elements in Appendix ITIA, and include these results in 
the final theoretical level structures (Figs. 3 and 4). 


C. 'D, State 


Following the notation of AMF, the zero-order wave 
function of the 'D, state is 


¥o('D2)=c exp{—a’ )° r?} 
XXop P()P(m)A(jk)A (lm)A (ng). (32) 


Each term of the sum represents the /th neutron and 
mth proton coupled in the p shell to form a singlet D 
state, plus a closed s shell. 

As in the case of the S states, only the scalar parts of 
operators have nonvanishing matrix elements. Again in 
computing these matrix elements, we restrict ourselves 
to the two-particle terms, such as ¢;;'t;;. That term in 
the wave function in which the p particles have labels ¢ 
and j, as well as other terms containing A(ij), con- 
tributes nothing to (¢,;'t;;) since t;;A (ij)=0. It follows 
that the matrix element of ¢,;/t;; is independent of the 
spatial coupling of the p particles. The same argument 


*” 1D. H. Lyons, University of Pennsylvania thesis, 1954 (un 
published). 
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applies to all of the operators that we include in the 
calculation, so that the pertinent matrix elements for 
the 'D, state are identical with those for the ‘Sp state, 
and 


AE(‘D2) = AE('S»). (33) 


Thus, to within our approximations, the 'So—'D, sepa- 
ration is entirely a result of the interparticle central 
forces. 


D. ‘D Multiplet 


The matrix elements for only one of the three triplet 
D states are calculated directly since the corresponding 
matrix elements for the other two states follow immedi- 
ately from the well-known rules 


(3|.5|3)=(2|.S|2)=(1|S}1), 
3(3| V|3)= —6(2| V|2)= —2(1| V1), 
1(3| T | 3)= —2(2| T|2)=2(1| T| 1), 


where S, V, and 7 are irreducible scalar, vector, 
and tensor operators, respectively, and (N|A|N) 
= (Wo(*Dy)| A |Wo(Dy)). We compute the elements for 
the J =3 level since the zero-order wave function for the 
state of maximum J contains the fewest terms. 

Scalar, vector, and tensor operators all have non- 
vanishing matrix elements for the *D states. It is of 
course the nonscalar operators that are responsible for 
the multiplet splitting. In order to see the action of 
these operators, we use the computed results that the 
ratios V 1/51, V2/Sa, T2/S2, T;/Ss, and (Ti+ Kt’}) 
—(H )(t’))/S; are all much less than one, where the 
notation is identical with that in AMF, with the addi- 
tional definitions 

T,=({T()}), T3=(T(t't’)). 


By substitution from Eqs. (30) and (31) into (29) and 
neglecting terms of higher order than the first in the 
aforementioned ratios, Eq. (29) may be written 


AE=S+V-+T, 


(34) 
(35) 
(36) 


T,=(T(UK?)), (37) 


(38) 
where 


(39) 


OF Li* 
S? 


So 


V= 


28°83 
S? 


Ve 

s 
SSVe Vs 
“als 5 


5 
S; 


| (40) 


25,*t’) 


-[- 


SPS; 
= |o-= 
S? S? 
Si 493 |e- =| | ue) 
= = ee oe 1— 
So 3 Se S S? 
27:42 KU})—2HodMt’) 12 
x| ” | (41) 
32 


If we keep only the most important terms, these for- 
mulas reduce to 


S=—S§?/S2, 
S(2V1/S) - V2/S2), 
T = (t)—28,(({ KU’ })— (Hg) t'))/S2. 


Sy 


(42) 
(43) 
(44) 


Combining these results with formulas (34), (35), and 
(36), the multiplet splitting is approximately 


AE(*D;)—AE(D;)= —3V/2—97/2, 
AE(*D;)— AE(*D;) = —5V/2+57/2, 


and 7 are now for the 


(45) 
(46) 


where the matrix elements V 
4); state. 

For these six-particle calculations, the two terms in 
formula (44) are close in magnitude and opposite in 
sign, so that the effective first-order tensor potential 7 
is smaller in magnitude than /. The value of 7 is strongly 
dependent on (Ho), the first-order central binding 
energy, which in turn is very sensitive to the unknown 
amount of Majorana exchange in the central potential. 
Therefore we must estimate (//o) from the experimental 
data. The first-order binding energy is approximately 
the entire binding energy of 30 Mev, less the tensor 
binding energy of about 12 Mev (see Tables I and II), 
less the central binding energy of perhaps 10 Mev 
arising from configuration interaction.‘ Thus at the 
most reasonable value of a, the inverse nuclear radius, 
we set (Ho)=8 Mev. The matrix element (//9) is roughly 
proportional to a* for other radii of interest. 


Taste I. Effect of the Hu- Massey Goussian ( tensor potential on the Li‘ triplet D multiplet. Energies in Mev. 


AE* 


3.38 
9.91 
11.58 
13.29 
19.00 


-S§ V ~ T 


— 0.06 —0.01 
0.16 —0.01 
0.31 —0.01 
12.2 0.52 ~0.01 
1.67 


17.0 0.07 


34 
9.6 
11.1 


SAEs 100F 4 100F x4 1007 ,4 


—0.14 r 3 
0.41 6 
0.85 6 
1,39 6 
4.19 5 


ASAE yy» 


0.12 
0.26 
0A1 
0.73 
2.69 


* Contribution of the tensor force to the 5 hiedien energy of the *D, state. AE (Ds) *%S+V+4+T7 


> Splitting of the 'Ds and *D: states, Positive AAR s means that the *D state lies above the *Dy state. AAEuem —3V/2 


* Splitting of the *Ds and *D, states, O42 &*—5V/2+57/2. 


97/2, 


4100F ; is the percentage of excited state admixed into the ‘Dy state by the tensor force. 
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Tase II. Effect of the Pease-Feshbach Yukawa tensor potential on’ the Lit triplet D multiplet. Energies in Mev. 


§ ~V -—T AEs 
3.9 
10.3 
12.1 
14.0 
21.6 


0,02 
0.10 
0.12 
0.15 
0.19 


—0.01 
0.39 
0.58 
0.78 
1.90 


3.91 
11.08 
13.19 
15.37 
24.48 


* Contribution of the tensor force to the binding energy of the 4D, state. AE (*Ds) &#S4+V+T 





100F x4 


ASEw> S4Eue 100F 4 





0.03 
0.98 
1.38 
1.80 
3.65 


—0.06 
0.92 
1.45 
1.99 
5.22 


» Splitting of the 4D, and "Ds states, Positive AA£s7 means that the *D,y state lies above the ‘Ds state. AARs —3V/2 -9T/2. 


* Splitting of the *Ds and *D, states, AAEa™ —§V/24+57/2. 


41007 7 is the percentage of excited state admixed into the "Ds state by the tensor force. 


As in the previous calculations, many three-particle 
and all four-particle terms are neglected in computing 
AE. Formulas for the included matrix elements are 
listed in Appendix III. Discussion and comparison of the 
calculated results with the observed level scheme of Li® 
are reserved for Sec. IV. 


E. *D States: Alpha-Deuteron Model 


The calculation of the tensor splitting of the D 
multiplet, using an a-d model for Li*, proceeds along the 
lines indicated in AMF for the S states. Use of the a-d 
model implies that the nucleus of Li® may be adequately 
represented by an alpha particle and a deuteron loosely 
bound together so that their wave functions have no 
appreciable overlap. The Hamiltonian and variational 
wave function are now 


Aya Kit Kot Vesat ha, 
v= Wo(12)+Aie'Po(12), 


(47) 
(48) 


where particles 1 and 2 are p particles coupled in Wo to 
give the desired S, L, and J. In this model, singlet states 
are unaffected by the tensor force. Only two-particle 
operators now appear in the calculation of the varia- 
tional energy. The previous full six-particle calculations 
show, however, that the three-particle vector terms of 
{tt} may not be neglected, so that one cannot expect 


0.8 


Fic. 1, Variational energy resulting from the Hu-Massey 
Gaussian tensor potential for the D states of Li‘, as a function of a, 
the inverse nuclear radius. The experimental radius is given by 


a™ 1.1, 


the a-d model to give a good account of the effect of 
the tensor force here. 

Because of the simplicity of the a-d model, the com- 
plete computation is easily carried out. Formulas for the 
matrix elements are listed in Appendix III. The results, 
restricted this time to the Pease-Feshbach interaction, 
are illustrated in Fig. 5. 


IV. RESULTS AND CONCLUSIONS 


Most of the results are presented as functions of a, the 
nuclear radius parameter. No reliable estimate of a can 


~ ASE (MEV) 


Fic. 2. Variational energy resulting from the Pease-Feshbach 
Yukawa tensor eee for the D states of Li®, as a function of a, 
the inverse nuclear radius. The experimental radius is given by 
a~1,1, 


be obtained by minimizing the total average energy 
with respect to a since the value of a so obtained is very 
sensitive to the (unknown) amount of Majorana ex- 
change in the central potential. Instead, following 
Feingold,! we choose a=1.1 as the best estimate of a 
from the empirical data relating to the nuclear radius. 

It is well to note again that, because of the approxi- 
mate nature of these calculations, only qualitative 
agreement with the experimental level scheme can be 
expected. Several terms were omitted from the analysis 
because of their great complexity, e.g., the three- 
particle scalar and vector terms of ‘’K?’. Although these 
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terms could considerably alter the computed splittings, 
it has not seemed worthwhile to include them in the 
calculation in view of the relatively poor variational 
wave functions used. An additional source of uncer- 
tainty in the results arises from the lack of experi- 
mental evidence relating to the exchange character of 
the tensor potential. Whereas the calculations are 
identical for nonexchange or pure space exchange po- 
tentials, a mixed exchange tensor potential would give 
different numerical results. We therefore must consider 
only the general nature of the results. 

Tables I and II contain the calculated effect of the 
tensor force on the *D multiplet, for the Gaussian- and 


*D, Ley 


'D, ol 





Fic, 3. Theoretical level structure of Li® resulting from the Hu 
Massey Gaussian potential. Splitting of the D states and of the S 
states is due to the tensor force. S~D splittings include first-order 
Majorana central force splitting. 'S9—'D2. separation is pure 
Majorana splitting. Experimental radius is given by a™1.1. 


Yukawa-shaped potentials, respectively. Comparison 
of Table I with Table II shows that this effect is similar 
for the two potentials, the greatest difference being the 
value of the effective first-order tensor force 7. The 
detailed calculation shows that the origin of the rela- 
tively large magnitude of 7 for the Yukawa potential 
lies in the much different nature of the operators ¢’ and 
tin this case. The most significant conclusion contained 
in Tables I and II is that the higher-order effects of 
the tensor force reduce the first-order tensor splitting 
and produce an effective first-order vector term which 
dominates the *D multiplet splitting. 

The perturbations of the D states by the tensor force 
as functions of a are illustrated in Fig. 1 and Fig. 2. 
The theoretical level schemes arising therefrom, and 
from the previous results for the S states, are given in 
Fig. 3 and Fig. 4. 

As already mentioned, the a-d model of Li® is not 
adequate for computing the effect of the tensor force. 
The contributions of this force to the energies of the 
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1.8 O89 A 1,2 4 1,4 


Fic. 4. Theoretical level structure of Li® resulting from the 
Pease-Feshbach Yukawa potential. Splitting of the D states and 
of the § states is due to the tensor force. S~D splittings include 
first-order Majorana central force splitting. \So—'D» separation is 
pure Majorana splitting. Experimental radius is given by a 1,1, 


triplet D states, using an a-d model, are displayed in 
Fig. 5. The order of the states predicted by this model 
arises from competing effects of the vector and tensor 
terms. For this model, the effective first-order tensor 
potential is only slightly reduced from the original 
tensor potential, while the effective first-order vector 
potential, which now contains no 2.SV,/S; term [see 
formula (43) |, is opposite in sign to that computed for 
the six-particle model, From these facts, it is seen again 
that configurations involving breakup of the @ core 
must be considered. 

The level structures for a= 1.1 computed on the basis 
of a six-particle model are compared with the known 


os 


S 


~AE ( Mev) 
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Fic. 5. Variational energy resulting from the Pease-Feshbach 
Yukawa tensor potential for the triplet D states of Li*, as a func- 
tion of a, the inverse nuclear radius. Based on an alpha-deuteron 
model for Li*, The experimental radius is given by a@1.1, 
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FG, 6, Comparison of theoretical level structures for Li® with 
experimental level scheme from compilation of F. Ajzenberg and 
T. Lauritsen (Revs. Modern Phys. 27, 77 (1955) ]. Theoretical 
energy levels given by Fig. 6 and Fig. 7 for the nuclear radius 
eg ed a=1,1, Level structures on left and on right based on 

fu-Massey Gaussian potential and Pease-Feshbach Yukawa 
potential, respectively. Symbols on right identify zero-order states 
corresponding to calculated energy levels. 


structure of Li® in Fig. 6. Agreement with the experi- 
mental data would be greatly improved with an increase 
by a factor of 2 or 3 of the computed splittings due to 
the tensor force. Such an increase would not be incon- 
sistent with these approximate calculations. 

Application to the D states of Li® of the variational 
method described in this paper thus serves to confirm 
the importance of configuration interaction in estimat- 
ing the effect of the tensor force, and to suggest that 
the separation of the *D states is perhaps entirely due 
to the tensor force. 
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APPENDIX I. TENSOR PART OF 
RELEVANT OPERATORS 


The tensor part of operators appearing in (10) have 
nonvanishing matrix elements for the triplet D states. 
Resolution of the product operators by standard group- 
theoretical procedures” gives for these tensor parts 


T (tia'he) = —2f(r12) f(r12)Si2, (Al) 
T (tro tya’) = —2f' (112) f' (r12)Si2, (A2) 
T (tya'trotie’) = 2 f (112) f* (112) (S+-01-@2) S12, (A3) 


T (ti Kt’) = (h?/M) f"(ri2){ —niPSyoP i 
+(3(ti2-01)02+3(t2-02)01 
— (01°02) fi2t+-Sioti2 |-Or}, (A4) 


= E. Wigner, Gruppentheorie (Friedrich Vieweg and Sohn, 
Braunschweig, 1931). 
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where 
ha=f(ri2)Si2, ha’ = f' (12) Sua, 
Fy= f'(r12)/ri?’, 
Pyo= Frye ¥ Act 2AiFunt29iF 2: (Vi—V:2), (A7) 
Ow= 29 Fit F2(V1— V2). (A8) 


Formulas (A1) and (A2) have been given by Fein- 
gold.” Scalar and vector parts of the pertinent operators 
are given in AMF. 


(AS) 
(A6) 


APPENDIX II. INTEGRALS 


It proves convenient to develop some general formu- 
las for the many integrals which appear in the course of 
computing the matrix elements. 

The integrals arising from two-particle operators may 
be put in the form 


I nm? = (V2a)**™4 mad | dv,dv,rs"p™ (110)? 


Xexp[ —2a*(2r;?+-p?+211- 9) — ¢(p)], (A9) 


where 9=1r2—"%. The function ¢(p) is dependent on the 
radial form of the interaction. The integration in (A9) 
may be carried out directly to give 


P 
| _ (v295/2/2™+ P) 7 > (- 1)* 


k= j 
pi(n+1+k)!(n+k—j)!! 
ki(n+1+k—j)!j! 


(A10) 


S ety ly 


where the summation is over odd j for even k, over even 
j for odd k and 0< j<£n+1+k. The function J, is the 
single integral 


en 


Jn= (Vla)"# f p” expl—a'p*— e(p) dp. (A11) 


0 


For a Gaussian radial dependence of the potential, 
¢(p) is of the form b*p*, where b’ is a sum of terms pro- 
portional to the squared inverse potential ranges, and 


J an (6) = (n—1) Nar /v2 (462+ 1) ("2 


for even n, 


Tan (8) = 20" (m— 1)/2}!/ (42+ 1) (0499 
for odd n, 


(A12) 


(A13) 
(n+-1)Jan(6) = (468+1)Jo@ n42(5), (A14) 


where 6=b/2a. 
For a Yukawa radial dependence, ¢(p) is of the form 


bp and 
(A15) 


(A16) 
(A17) 


J yo(t) ='2-4(1—erft) exp(¢”), 
Jyi(f)=1—fh(1—erff) exp(s*), 
Jy aoa(f) = (n+1)Jyn(f)—V2fJy ntilf), 


% A. M. Feingold, Princeton thesis, 1952 (unpublished). 
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where 


f 
f=b/2a and erfte (2//) f exp(—2*)dx. 
0 


The integrals which arise from the matrix elements of 
three-particle operators may be put in the form 


T am? = (dayrnrmite [ dodinstin(s ‘t)? 


2 


xexp| — 
3 


(es —0(6/)] (A18) 


where 8=rj—1;, t=r.—Ty. 

For the Gaussian potential, 6(s,/) is of the form 
C*(s*+f) and for the Yukawa potential, 6(s,t) is of the 
form C(s+/), where C is a sum of terms proportional! to 
the inverse potential ranges. 

For ease in computation, 7,»” is integrated in terms 
of an infinite series. The result is 


Tam? = (f)or~n> UI ns pt i42(0) J m4 pt i+2(n), (A19) 


i=() 
where n= V3C/4a, and 
U,?=0 for odd (p+) 


oe 


P (—1)* 


x>— ~ for even (p+i). (A20) 
k= (p—k)!(i+-k+1)! 
APPENDIX III], MATRIX ELEMENTS 
Formulas for all 2-particle matrix elements are given 
here in terms of the J, integrals [see Eq. (A11) ]. To 
simplify the notation, the first subscript on the Jay), is 
suppressed. Unless otherwise indicated, the argument of 
J, in these formulas is r/a for the Yukawa potential, 
and 1/V2a for the Gaussian potential. The argument 
of the 7Tm,”, which appear in the 3-particle matrix 
elements, is V¥37/4a. The second subscript on the symbol 
for a matrix element refers to the number of particles 
represented in the operator, e.g., Vis is the matrix 
element of the 3-particle vector terms of {/’t}. 


A. 'S» ('D,) Matrix Elements, Yukawa Potential 
S12= (24V20?T 0?/'7*) (3J2+J,), (A21) 
S2o= (24V2h aT ?/m'M 1”) (42) 24+-49F44+9F6), (A22) 
S3o= (24V207T ?/4'7?) (3I 44+-Jo). (A23) 

B. *S, Matrix Elements, Yukawa Potential 
Si2= (4V202T 7/347") (69J 24-12) 44+-Js), (A24) 


S2o= (8V2ha'T ?/ 341M 1*) 
x (483 J 9+ 459] 44-68] 6+ 4Js), 


S3o= (4V20T 2/3447?) (69 g+- 12S ¢+-Js). 


(A25) 
(A26) 
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C. *D; Matrix Elements, Gaussian Potential 
(t)= (—2v2To/105x*) J e(7/2a), (A27) 
(t’) = (—2V2T 9/1054) J7(1/2a), (A28) 


(Kt }) = (Via? To/ 1054 M)[ 12 5(7/2a) 
—23J7(1/2a)+J9(1/2a)), 


Sio= (4V27 PF / 159) (150 5+-45J 5+-J7), 


V is= (8V3T 2/405) (1057), o' — 10ST_,, 2" 
+273, o'+ 27, ;'—2T;,-s°—2T»,_,'), 


T12= (4v2 T?/105e') J, 
S32 ame (4v2 T?/1 5m) ( 1 50J 44+-45J 64+-Js), 


V 33 = (8V37?/405x*) (1057), j- 1057 1, ° 
+47;,;'—47,_.'), 


(A29) 
(A30) 


(A31) 
(A32) 
(A33) 


(A34 ) 
Txn= (4v2 T?/105x') Js, (A35) 


Soe == (2V2hc2T ?/5x4M) 
a (1550/24 1595], t 276] 6 } 5Js), 


Voo= (24V2h*c?T ?/54'M) ( 1 5J «4 Js), 
T 29> (2V2h%0PT P/354'M) (17S 643s). 


(A36) 
(A37) 
(A38) 


D. *D; Matrix Elements, Yukawa Potential 
(t) = (—4aTo/1059'r) J 5(7/2a), (A39) 
(t!) = (—4aTo/105a'7)J7(7/2a), (A40) 


({ Kt’ }) = (2hab To/105'M 1)[ 12) 5(7/2a) 
—17J7(14/2a)+J9(1/2a) |, 


= (8V202T (2/157?) (150 + 45J 44 Js), 
1057," 
(A43) 


(A41) 
(A42) 
= (16V302T 9?/405x*7*) (1057), 1! 

+273, ~'+27);, '—27),_#—2T_,,_,°), 
(A44) 
(A45) 


= (8v2 T°/1059'7?) J, 
- (8V2 T 2/1547?) (150), + 45/4 + Js), 


(16V3a?T ?/4052* 7?) (1057), 1! 
= 1057 1, Pig + 4T; Me 4T § 1’), 


= (8V2ZeT ?/1054'7 ) Js, 


a= (4V2h oT 2/159 M 7") 
X (4200J 94-4710] 44+ 866/ 6+ Js), 


= (48V2h'o!T ?/5a4M 7”) (15J4+Je), 
T 29 (16V2h'ofT ?/1059' M 1”) (11S 64+ J). 


(A46) 
(A47) 


(A48) 
(A49) 
(ASO) 


E. *D,; Matrix Elements, a-d Model, 
Yukawa Potential 


Matrix elements of irreducible tensor operators for 
the a-d model are identical with those for the full six- 
particle model. Therefore, matrix elements of irreducible 
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tensors appear here only for operators neglected in the 

six-particle calculations, 
(K)=Sh’c?/M, 


(V.)= (2aV o/ 15x48) 
X[15J1(8/2a)+Js(B/2a) j, 


Sy= (8VLa?T P/ 15447”) (15J2+Je), 


So= (16V2h%a!T ?/1524M 7’) 
x (105Jo+ BOI 4+ 14] ¢+-Js), 


V2= (48Vath?T 2/Sa'M 72) J, 


(A51) 


(A52) 
(A53) 


(A54) 
(A55) 
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105, 


LYONS 


53> (8V20?T 2/157?) (157 ¢4-Js), 


(S(t Vd’) = (1608 V oT P/154'B7*) 
«[15J3([27+B)/ 2a) 
+J7((27+6]/2a), _ (A57) 


(T(tV d')) = (6c VoT?/ 1054487") Jn((27+-B ]/ 2a), (A58) 


(S(t) = (— 3208 TP/154473)[ 15 3(37/ 2a) 
+J1(3r/2a), (A59) 


(TUt’)) = (— 320° Tf /35x'7*)J7(37/ 2a), (A60) 
({ Vel’ }) = (—4v2V0To/ 1054487) Jo(C7 +8 ]/2a). (A61) 


(A56) 
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Tensor Coupling and the Vector Shell Model* 


ARNOLD M. FEINGOLD 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received July 20, 1956) 


Because of the large tensor force contribution to the nuclear 
binding energy, which results in a situation of near degeneracy for 
the low-lying states, the tensor force may produce a large mixing 
of the low states even in the absence of tensor matrix elements 
between them, The type of coupling among the low states result 
ing from this near degeneracy is investigated by perturbation 
theory; the high-lying states, which are considered largely re 
sponsible for the effects of the tensor force, are eliminated by 
applying closure. An intermediate-coupling model for the low 
states emerges which is very similar to the customary one based 
on a vector force in that the effective nuclear potential for the 
low states is shown to consist of a central two-body force (with a 


INTRODUCTION 


HE success of the shell model! shows conclusively 

that there exists an effective vector-type spin- 
orbit term in the nuclear Hamiltonian, The notion of 
intermediate coupling which follows from the existence 
of a vector force has been especially successful in ex- 
plaining the properties of light nuclei.2* It has been 
suggested by a number of authors‘ that the apparent 
vector force so basic to the shell model might be a 
reflection of higher order effects of the tensor force. 
Inglis* has expressed the hope that the intermediate- 


° es gees y in part by the joint program of the Office of Naval 


Research and the U, S, Atomic Energy Commission. 

'M. G. Mayer, Phys. Rev. 75, 1969 (1949); Haxel, Jensen, 
and Suess, Phys. Rev. 75, 1766 (1949). 

*D. R. Inglis, Revs. Modern Phys. 25, 390 (1953). 

A.M. Lane, Proc, Phys. Soc. (London) A66, 977 (1953); A68, 
189, 197 (1955); J. P. Elliott and B. H. Flowers, Proc. Roy. Soc. 
(London) A229, 536 (1955); M. Redlich, Phys. Rev, 99, 1427 
(1955); French, Halbert, and Pandya, Phys. Rev. 99, 1387 
(1955); D. Kurath, Phys. Rev. 101, 216 (1956). 

*A. M. Feingold and E. P. Wigner, Phys. Rev. 79, 221 (A) 
(1950) ; J. Keilson, Phys. Rev. 82, 759 (1951); K. H. Hocker, 
Z. Physik 132, 399 (1952); E. P. Wigner, in Symposium on New 
Research Techniques in Physics, July 15-29, 1952 (Academia 
Brasileira de Ciéncias, Rio de Janeiro, 1954). 


spin-dependence different from that of the elementary two-body 
central force), plus a strong vector force, plus a tensor force which 
is probably weaker than the elementary two-body tensor force. 
The effective vector force is principally a three-body force, and 
hence may be expected to show a quite different “hole’’-particle 
relationship than the one- or two-body vector forces usually 
assumed in the shell model. Because of the neglect in the wave 
function of the high-lying states which are mixed in directly by 
the tensor force, the model is expected to be valid for light nuclei 
only. The 8 decay of B" is discussed briefly, and is shown to be 
compatible with the tensor force as the sole spin-orbit force in the 
elementary two-body interaction. 


coupling model with a vector force but no tensor force 
might well yield a good simulation of the tensor force 
effects. In the present paper we investigate the relia- 
bility of this simulation by studying the type and degree 
of mixing of the low-lying nuclear states produced by 
the tensor force. The main result is that the inter- 
mediate-coupling model is actually a fairly faithful 
portrait of the tensor force effects, at least for light 
nuclei. 

Recent calculations®® of the level structure of Li® 
and Li’, using a mixture of central and tensor forces 
alone, gave level positions in qualitative agreement with 
both experiment and intermediate-coupling calculations 
based on the vector shell model. The tensor calculations 
were based on the use of a variational wave function of 
the form Yot+Ato, where t= >-;<)t,; is the tensor force, 
considered as a perturbation on the central-force wave 
function Wo, \ being the variational parameter.’ Such a 

5A. M. Feingold, Phys. Rev. 101, 258 (1956). 

*D. H. Lyons, Phys. Rev. 105, 936 (1957). 

7 The calculations of references 5 and 6 were actually based on 
a variational function of the form Yo+'~o, where ¢’ is ¢ with a 
changed radial dependence. This modification was necessary in 
the variational method in order to obtain a reasonable estimate 
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wave function can be considered as roughly equivalent 
to the first-order wave function given by perturbation 
theory, 


0 lo 
Wp=Wot - (1) 
' Ey-E 


1aam i 


0 E» 


vor’ 


with the variational calculation giving an estimate for 
E, the “average” energy of the states admixed into Yo 
by the tensor force. The calculations yielded a value of 
E of the order of 100-150 Mev, showing that the tensor 
force mixes in many states of very high excitation, 
states arising from core excitation in particular. The 
second-order energy, 


lost (Po 
PE ad sce il (2) 
> Ex—E>. Ey 


was found to be of the order of —12 Mev.’ Because of 
the large value of FE, the percentage admixture of ex- 
cited states was quite small, 5-15% in intensity, 
indicating only a small departure from LS coupling. 

It is clear that the deviation from LS coupling in 
the first-order wave function (1) is quite different from 
that given by intermediate coupling in the vector shell 
model, since different states are admixed by the tensor 
and vector forces in first order. In particular, the first- 
order tensor wave function permits no mixing of doublet 
states or of singlet with triplet states, both types of 
mixing occurring with a vector force. Talmi and Wigner® 
have used this as an argument for the existence of a 
true vector force, since the small ft value of the B” 
B decay indicates a large admixture of the (110) super- 
multiplet into the predominantly (000) supermultiplet 
ground state wave function of C™, an admixture not 
permitted by the first-order tensor wave function but 
allowed by the vector force in first order. 

However, because of the large contribution of the 
tensor forces to the binding energy of nuclei, ~12 Mev 
for Li® and Li’, which is large compared to the level 
spacing of the low levels, one has a situation of near 
degeneracy, and the tensor force can lead to a large 
mixing of the low states even though there may be no 
direct tensor matrix elements between them.'® The 
first-order wave function may thus be a poor approxi- 
mation to the effects of the tensor force. 

The effect of degeneracy can be seen most easily in 
the following simple example." Let y; and yz be two 
low-lying states separated by an energy e in first order, 


for E (see Eq. (2)]. Since in the present paper we shall use the 
variational results only as a guide to the magnitude of the quan- 
tities entering into our perturbation formulas, we shall disregard 
the distinction between ¢’ and ¢. 

* The energy formulas in references 5 and 6 are actually some- 
what different in form from Eq. (2) because of the use of ¢’ instead 
of t (see footnote 7). 

°T, Talmi and E. P. Wigner, Phys. Rev. 91, 443(A) (1953). 

That the tensor force could lead to large mixing of low states 
because of near degeneracy, was first pointed out by E. P. Wigner 
in an unpublished manuscript with the author on 6 decay (1949). 

4 This example is due to E. P. Wigner (see reference 10). 
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with zero tensor matrix element between them, but 
both states being connected to a high-lying state, Ws, 
of energy E,, by the tensor matrix elements V; and 
V2, respectively. The tensor-force contribution to the 
energy, AF, and the amplitudes ¢;, ¢2, ¢; of the wave 
functions ¥1, Ye, and yy in the ground-state wave func- 
tion, are determined by the secular equation, 


I—AE 0 V; 
| 0 e—AE Vo 
| Vy V; E,—AE| 


The ratio ¢o/¢y= V2AE/V\(AE—e) will be of order 
unity if V; and V, are comparable to each other and 
if — AE is comparable to or smaller than ¢; while the 
amplitude cs will be small provided V,; and V; are large 
compared to AF, this latter condition being equivalent 
to the condition E,>>— AE [see Eq. (4) below ]. If the 
state y, is considered as representing the average effect 
of the many high-lying states connected to the low 
states by the tensor force, then we have seen that FE, 
is of the order of 100 Mev, while AZ, for Li® and Li’, 
was of the order of —12 Mev. Thus both conditions are 
well satisfied and we can expect that the tensor force 
will in general produce a large mixing of low-lying 
states with a much smaller admixture of the highly 
excited states that are directly coupled to the low 
states. The value of AF given by Eq. (3) is, assuming 
V; and V2 to be small compared to E,, 


AEx —V3/E,—V#/(1—/AE) Eo, (4) 


the second term resulting from the near degeneracy of 
2 with 1. 

The above shows that the low /t value for the B"” 
8 decay may be quite compatible with the tensor force 
as the sole spin-orbit force, The (110) and (000) super- 
multiplets in C” are separated by ~15 Mev, which is 
roughly equal to the expected tensor-force contribution 
to the binding energy. Thus a 10-20% admixture of 
states of the (110) supermultiplet in the ground state 
of C”, which would be sufficient to explain the B"™ /t 
value, is not unreasonable. 


DERIVATION OF VECTOR-COUPLING MODEL 


To determine the type of coupling between the low 
states when many highly excited states must be con- 
sidered, we shall use perturbation theory and apply 
closure,” as has been indicated in Eq. (2). The main 
effect of the tensor force is assumed to come from highly 
excited states whose average energy, E, is much larger 
than both AZ and the energy spread of the low states, 
By low states we mean those states whose energy 
separations are small or comparable in magnitude to 
AE, the tensor-force binding-energy contribution. The 
energy, 6, of the perturbed state, V,, where n desig- 

An elegant method for treating the near-degeneracy effect, 
without making the simplifying but imprecise closure approxima- 


tion used here, has been given by Feenberg [M. Bolsterli and 
E, Feenberg, Phys. Rev. 101, 1349 (1956) ]. 
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nates one of the low states, is given by” 
VnpV pn 
> &,—E, 4 (8, —E,)(8, ~E,) 
VnpV pV arVrn 


, Ate ha —— 
ag, —Es)(8,—E,)(8n -E i } 


= E+ Vant dD 


where E, is the energy of the unperturbed state, y,, 
with respect to the unperturbed Hamiltonian, Ho. It 
is customary to take Ho>= K+-U, where K is the kinetic 
energy operator and U is an effective harmonic oscillator 
potential. The perturbation potential, V, in Eq. (5) is 
then given by 

V=Vo—U+t=V,+1, (6) 


where Vo=>o.<jVoy and t= > j<ftiy, Vow and ty being 
the elementary two-body central and tensor potentials, 
respectively. We assume that the low states y, are 
chosen to be diagonal among themselves with respect 
to V,. 

For odd A and even-even nuclei the low states are 
expected to be predominantly doublet and singlet spin 
states, respectively, according to the supermultiplet 
theory," and thus for these nuclei the low states will 
have matrix elements only with high-lying states. The 
degeneracy effect thus first shows up in the fourth- 
order energy term in Eq. (5), where q can be a low- 
state label, giving a small energy denominator. For 
odd-odd nuclei, the states of the lowest supermultiplet 
will be either singlet or triplet spin states and thus there 
will exist tensor matrix elements between several of the 
low states of these nuclei. 

To obtain the vector coupling model, the second- 
order energy expression in Eq. (5) can be written as 


sr lnelion VapV on VinnV nn 
Ld Serle’ - P roy a &, a 
VnpVon VanpV on 


{—_—_________} (7 
+4 &.—E, 8—E,. ” 


The last sum in (7) is then separated into }>,’=>_/ 
+>-,, where j indicates a sum over the low states alone, 
and s the sum over the high states. Applying closure 
to the first sum in (7) and defining F,,, such that 


ie =, bu~Bes 
the second-order energy becomes 


(V") nn (Vnn)® 


8.—Eas 


4 P, M. Morse and H. Feshbach, Methods of Theoretical Physics 
(McGraw-Hill Book — ny, Inc., New York, 1953), p. 1001 ff. 

“4 E. P, Wigner, Phys. Rev. 51, 106 ipa) E. P. igner and 
E. Feenberg, epts. Progr. Phys. 's, 274 (1941). 


VasV in 


--—“*}, (9) 


|e 
1 14.-% 6-8.) 
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The second term in the sum in (9) is negligible com- 
pared to the first term because of the large value of EF 
compared to E;; also (Van)? is negligible compared to 
(V*)an. With these approximations, the second-order 
energy reduces to 


Va V n (Van VinsVin 
o——+ +r —, 
>» En—Ey Sn—Enn i 8,—E; 


where the sum on the right-hand side is over the low 
states alone. The definition of F,, in terms of the sum 
over high states alone, Eq. (8), has been done in order 
to treat all the low states on an equal basis, since only 
some of these, in the case of odd-odd nuclei as men- 
tioned previously, will have matrix elements with other 
low states. 

An approximate formula for E,, can be obtained 
from Eq. (8) by rewriting it as 


VneV on (E,— Ban) 
sf (6n—E,) ° 





(10) 





and assuming that the energy spread of the states s 
giving the major contribution to the numerator is small 
compared to &,— Ean. Enn then becomes" 

Ban™ (VHoV) nn/ (V2) nn. (11) 


With similar approximations, the third-order energy 
term in Eq. (5) becomes 


VnwV oaV an 
Pa (6, —E,)(8 ——° 
, Vas(V "in 
j (8, —-E)(8.— ~i,,) 


(VW) asVin 

i (8,—E4j)(8,—E)) 
Vin VinVien 

ik (8,—E;)(8n—Es). 








j and k representing sums over the low states alone, and 
where By, is defined by 


Vis V ok 
6;—-Ey, 


Vie Vox 
4 §;— E, 


(13) 





=0, 


j and k being any two low-state labels, the sum being 
carried only over the high states s. With the same crude 
approximation as used in obtaining Eq. (11), a rough 
formula for Ex is 


Ejy~ Byj~ (VHoV) j2/(V?) x. (14) 


Proceeding in a similar fashion with the higher-order 
energy terms, Eq. (5) finally becomes 


6 The formula for E,, given by Eq. (11) is identical with that 
given by the variational method of reference 5 for the special 
case of t’=¢ (see footnote 7). As discussed in reference 5, Eq. (11) 
can be expected to be a fair approximation to E,, only if the 
potential is reasonably smooth. For the singular Yukawa potential, 
E,, a8 given by Eq. (11) actually diverges. 





TENSOR COUPLING 


VnpV on 
+>! 


» &—E, 


6,= =E at Vant Pwd 


_ Gan 


+" Vnp(V*) on ' + Bid 4 
Pp (8, —E,)(8, —Ey.) » (8, — Eny) (Sn —E,) 


+5/— (V) meV") om Se (15) 
, (a8 MORE) * 


where the summation is now understood to extend 
over the low states alone. Replacing (6,—E jx) by 
(&—Ej,), where & is the average energy of the low 
states—the spread in energy among the low states 
being assumed to be negligible compared to (&)— Ej), 
Eq. (15) can be written in the form 


UneVpn 


8n=Ent+VantL— (16) 


P Sa Ly 
where r 
E), (17) 
the matrix elements of U being understood to be given 
by 


U= V+ V?/(bo— 


Vin= Vint (V2)j2/(60— By). (18) 


The terms neglected in Eq. (16) are of the order 


(AE)?/(S0— Ban). 


Similarly, the perturbed wave function, 


nd 
gyngyp Pee. 
rp &,—E, 


V os ¥ ol 
+>’ " ed a, +.. Wy (19) 
pa (S&n—E»)(bn— Eq) 


becomes, subject to the same approximations made in 
the energy expression, 


Vote 
V,=¥,+2)'- vee (20) 
> 8 hotel 


where again the summation extends over the low states 
alone. The most significant term neglected in Eq. (20) is 
> pV pnp/(6n—E,), where the sum is now over the 
high states, This term, which is just the first-order term 
of Eq. (1), is of intensity ~AE/(&0— E), and amounts 
to 5-15% in Li® and Li’.®.* 

Equations (16) and (20) will be recognized as just 
the perturbation solution of the secular equation formed 
from the low states alone, subject to the effective 
perturbation potential V0 of Eq. (17).'* The second term 
in the formula for UV represents the additional potential 
due to the interaction with the many high states. We 
shall call this model, consisting of the low states alone, 


‘6 This result could have been derived more rigorously by using 
the Feenberg perturbation formula (see P. M. Morse and H. 
Feshbach, aitedae 13, p. 1010 ff), which is related directly to the 
expansion of the secular determinant. 
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subject to the perturbation potential ‘0, the “reduced 
tensor coupling” model. It can be expected to give 


reasonably good results provided AE/(& — E) is small. 


DISCUSSION 


The type of coupling between the low states implied 
by the model can be seen by an examination of the 
form of 0. The dependence of Ej, on j and & affects 
substantially the quantitative predictions of the model, 
but not the main qualitative features. Therefore, for 
simplicity, we shall at first ignore this dependence and 
shall thus consider £ in Eq. (17) to be a constant rather 
than an operator, The effect of the dependence of Ey, 
on j and k will be discussed at the end of this section, 
We rewrite V as 

V=Vitt+(VI+VItV+P)/(80-E), (21) 
and then decompose V into parts which transform under 
separate space or spin-space rotations as scalars, vectors, 
tensors, etc. : 

Vv V.+0,4 Vet pashan 
where 
= VitV2/(8.—£)+ (#)./(8— B), 
VU, (t*),/ ( (&o- Bf), 


VUie=lt+{(VAI+lV, 


(22b) 
+(0),}/(S— EB), 


where the subscripts s, v,¢ refer to the scalar, vector, 
and tensor parts, respectively, of the various operators. 
The terms in 0 that transform as irreducible tensors of 
the third or higher rank may be neglected since they 
will not contribute to the matrix elements between the 
states of the lowest supermultiplets. 

The scalar part of 0, 0, affects only the diagonal 
elements of the energy matrix if the zeroth order states 
are chosen properly. The first term, V,, represents the 
first-order effect of the two-body central forces in 
removing the independent-particle degeneracy and its 
effect is known for a variety of light nuclei.” The 
second term in U, represents the second-order effect of 
the central forces and is known to contribute signifi- 
cantly to the binding energy and relative positions of 
the low levels.'"* The third term in U, represents the 
main effect of wx tensor force on the diagonal matrix 
elements. While U, will not separate the states be- 
longing to a given LS multiplet, it will through its spin- 
exchange nature separate singlet and triplet states. 
The two-particle part of (/),, which is expected to 
dominate over the three- and four-particle parts of 
(/), in light nuclei, is® 


e Dicif (ty) (3+04-0;)x,/, 


'TE, Feenberg and E. P. Wigner, Phys. Rev. 51, 95 (1937); 
E. Feenberg and M. Phillips, Phys. Rev. 51, 597 (1937), 

TD), R. Inglis, Phys. Rev. 51, 531 (1937); H. Margenau and 
K. G. Carroll, Phys. Rev. 54, 705 (1938); K. G. Carroll, Phys. 
Rev. 57, 791 (1940). 


((), (23) 
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where f{(r;;) is the radial dependence of the tensor force, 
viz., 


t= f (rig) (3(1,j-04) (taj @s)/1i? — (@4-@5)} xij, (24) 


xij representing the exchange nature of 1,;, ie., xi; 
=[g+(1—g) Pi], Pi being the Majorana space ex- 
change operators. Thus (23) vanishes in the singlet 
state of the two nucleons as does the tensor force. 
Even if the original two-body central force is assumed 
to be spin-independent, the spin dependence of (/), 
will split singlet and triplet states,®*® as it may be 
considered to do in the deuteron, for example. The 
effective scalar (central) potential may thus be quite 
different in spin dependence from the elementary two- 
body central potential. 

The departure from LS coupling in this “reduced 
tensor coupling” model is due principally to U,. The 
effective vector force, U,, is, however, quite different 
in form from the one- or two-particle vector forces 
customarily used in the shell model. 0, contains no 
one- or two-particle terms, but consists solely of three- 
and four-particle terms.’ (This statement must be 
modified when the state dependence of EF, is considered 

see below.) The three-particle terms of U,, which are 
expected to dominate for light nuclei, are of the form'*”°: 


V, (1,23) (9/2)xr2f (rie) f (ris) 
x! (ty9° faa) (ie O13) /r12’ria® |: { (2 Xe) 


+ }i[ 40; (@2-@5) —@2(0;:03)—o3(02°0;) }}x13. (25) 


For a nonexchange tensor operator, the terms with 7 as 
a factor may be omitted since they drop out in the sum, 
,(1,23)+'V, (1,32); otherwise they must be retained. 
For the highly symmetric states of the lowest super- 
multiplets, the exchange and nonexchange forms can 
be expected to yield essentially equivalent results. 

The three-particle nature of , implies that the 
“hole”-particle relationship will be of a more com- 
plicated nature than for a one-particle or a two-particle 
vector force. In particular, the core wave-function must 
be included in the analysis since, at least in Li® and 
Li’, most of the effect comes from interaction with the 
core. Of course, for the case of a few particles outside a 
large closed core, integration over the core will result 
in a large effective one-body vector force which will 
dominate over the effective two-body force connecting 
the outer particles with the core and the three-body 
vector forces among the extra-core particles. In this 
case there will be only a slight difference between the 
results predicted by one-, two-, or three-body vector 
forces. However, for the case of many particles outside 
a small closed core, as occurs near the end of the p 
shell, the predicted level structure and wave functions 
may depend strongly upon the assumed nature of the 
vector force. 

The tensor term 0, of Eq. (22), which can be ex- 


”S. M. Dancoff, Phys. Rev. 58, 326 (1940). 
® A. M. Feingold, Ph.D. thesis, Princeton, 1952 (unpublished). 
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pected to play a significant role only in odd-odd nuclei, 
is seen to consist of the original two-body tensor force, 
t, plus an additional tensor term. This second term will 
tend to cancel ¢, This can be seen by rearranging the 
second term to read 


{(Kt+-tK)+ (Vet+tVc)— (Ent En)t+ (PF) 1} / 

(&—E), (26) 
where we have eliminated the harmonic potential U, 
and where n and m are the labels of the states involved 
in the matrix element. If the wave functions, ¥,, were 
solutions of the original central-force potential, then V, 
would vanish and U, would reduce to t+ (#),/(&— E). 
In practice, however, the y’s are taken as solutions of 
the harmonic potential, and then V, is by no means 
negligible. Lyons® has shown that for the *D states of 
Li® the first term in (26), (Kt+-1K)/(& )—£), is then by 
far the dominant term, as might be expected from the 
very large kinetic energy of the excited states, which is 
comparable to Z, Hence one may expect this term to be 
comparable to ¢ itself, but with an opposite sign since 
K is positive while (&)— £) is negative. Because of the 
approximate cancellation of the tensor parts of two 
terms of Eq. (17), which may be called the first- and 
second-order potentials, respectively, it is necessary to 
examine the importance of higher order terms which 
have been neglected in obtaining Eq. (17). These terms 
are roughly of the form V*/(&—E)?+V‘/(&)—E)* 
+--+. The main tensor term in the third-order poten- 
tial is (K+ K(K+1K*)/(&)—E), which has the same 
sign as ¢. The contribution of this term to the diagonal 
matrix elements of the *D states of Li® may be readily 
computed for the Gaussian and Yukawa potentials of 
references 5 and 6, and is (0,3-0.5) times the contribu- 
tion of ¢ itself. The fourth-order tensor potential term 
will tend to cancel this somewhat. Thus the convergence 
of the tensor terms is slow and it is therefore difficult 
to estimate the strength, or even to be sure of the sign, 
of the total effective tensor potential as compared to 
that of the nucleon-nucleon tensor potential; though 
it seems plausible that the strength of the former would 
be less (and perhaps much less) than the strength of the 
latter potential. 

The decomposition of U into scalar, vector, and 
tensor parts as given in Eq. (22b) is not quite correct 
because of the dependence of Ej, on the states j and k. 
The effect of this dependence can easily be discussed 
if we assume the approximation of Eq. (14) for Ej. 
The operator VHoV can be decomposed into scalar, 
vector, and tensor parts, as we have done for the 
operator V* in Eq. (22b). Let us denote by S;, Vi, 71 
the matrix elements between the states 7 and k of the 
scalar, vector, and tensor parts, respectively, of the 
operator V*, and by S2, V2, 7, the matrix elements of 
the corresponding parts of VHoV. 

For off-diagonal matrix elements between singlet 
and triplet states, or between doublet states having 
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different L values, only the vector parts of the operators 
V? and VHoV can give nonvanishing contributions. In 
this case, Unm reduces to 


Vnm © Vi, (&o- V2/V;). (27) 


For the diagonal matrix elements the scalar terms 
will in general be much larger than the vector and 
tensor terms,®® and thus we can expand the denomina- 
tor of Eq. (18) as a power series, and, retaining only 
the leading terms, we obtain 


V nn™ ¥ aa —_ S/S eed V 1 (2S, /S— 587 / S$?) + V2S12/S? 
—T(2S;/S— $S12/S2)+7282/S?, (28) 


where S=S_,— &S,. The splitting of the members of a 
given LS multiplet is thus due in “‘first’’ order to the 
vector and tensor terms in Eq. (28), which in this 
approximation are all seen to act independently, The 
term containing V, is essentially identical with the 
matrix element of U, defined in Eq. (22b), but is now 
multiplied by an additional factor of 2. Of particular 
interest now is the additional vector term V25,°/.S*. The 
vector part of the operator VHoV, which gives the 
matrix element V2, has a 2-particle part'® (which pre- 
sumably is more important than its 3- or more-particle 
terms), arising from the term /K1/, and is of the form 


(9ih?/M)(_f(r12)?/ri2? \(@1+-@2) «Piz (Vi-— V2) x1z®. (29) 


This is of the same form as the 2-body vector spin- 
orbit force commonly taken as the basis of the shell 
model.”* However the 2-particle vector force of Eq. 
(29) has, for any choice of x, a sign opposite to that 
demanded by the shell model, i.e., by itself it would 
predict that for a given multiplet the state of lowest 7 
should lie lowest, in contradiction with experiment. 
Fortunately, according to the calculations of references 
5 and 6, the term in Eq. (28) containing V, is, for a 
reasonable choice of potential and nuclear radius, con- 
siderably larger than the term containing V2, and in 
addition has the proper sign demanded by the shell 
model. Thus if the tensor force is mainly responsible 


21 J. Hughes and K. T. LeCouteur, Proc. Phys. Soc, (London) 
A63, 1219 (1950); J. P. Elliott and A. M. Lane, Phys. Rev. 96, 
1160 (1954). 
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for the vector shell model, the effective vector force 
must be principally of the 3-body type of Eq. (25). 
As mentioned earlier, integration over a large core will 
result in a strong effective one-body vector force, with 


consequent 77 coupling. 


CONCLUDING REMARKS 


’ 


The “reduced tensor coupling” model as derived in 
this paper is valid only if the contribution to the first 
order wave function of the high-lying states is small. 
This will be true only if AZ, the tensor force contribu 
tion to the binding energy, is small compared to 
(&>—£). AE almost certainly increases steadily with 
A, so that if AK/(& 
seems likely, then a point will be reached in the periodic 
table beyond which the model is invalid. Even before 
this occurs we can expect large supermultiplet and con 
figurational mixing when AF becomes large compared 
to supermultiplet and configuration spacings. It seems 
unlikely, therefore, that the model could be useful 
much beyond, say, A = 50. 

The neglect of the high-lying states in the wave 
function implies that the model cannot give accurate 
magnetic or quadrupole moments. Thus, for example, the 


FE) also increases with A, as 


deuteron quadrupole moment, which comes from high 
lying D states, would be ignored by the model, and also 
the deviation of the magnetic moment of the deuteron 
from the sum of the intrinsic nucleon moments. 

Recently, Jancovici and Talmi,”* Visscher and Fer 
rell, and Elliott®* have explained the 8 decay of C" 
on the basis of a mixture of vector and tensor forces. 
In the “reduced tensor coupling” model, the 2- and 
3-particle vector forces of Eqs. (28) and (29) should be 
used, together with a presumably weakened tensor 
force. Calculations on the C6 decay using the “reduced 
tensor coupling” model are in progress. 

It is a pleasure to acknowledge stimulating discus- 
sions with Professor E. P. Wigner, Professor E, Feen- 
berg, and Professor J. Weneser on various aspects of 
this paper. 
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*7W. M. Visscher and R. A. Ferrell, Phys. Rev. 99, 649(A) 
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Formulas for the density of the energy levels of a system of independent Fermi particles are derived 
which are valid for all values of the excitation energy, and thus a criterion for the validity for the usual 
(high-degeneracy) formulas is obtained. It is shown that as the energy of the system increases, the degree 
to which the usual (high-degeneracy) formulas are modified, depends strongly on the distribution of the 
individual-particle levels. If the levels are spaced uniformly, the corrections are especially small. Applica- 


tions to nuclei are discussed briefly. 


1, INTRODUCTION 


OME years ago Bethe’ derived the level density of 

an excited nucleus by regarding it as an almost 
completely degenerate Fermi-Dirac gas of Z protons 
and N neutrons. Thereby he explained the rapid con- 
vergence of the experimentally observed level spacing 
with increasing excitation energy, and he obtained 
quantitative results which are of the correct order of 
magnitude. 

In an attempt to improve the agreement with ex- 
periment, Van Lier and Uhlenbeck’ generalized Bethe’s 
problem in two respects. First, they based their deriva- 
tion of the level density formula on a general form p(«) 
for the energy level density of the individual particles ; 
however, they found that for a highly degenerate system 
the result depends on only one parameter, namely the 
value of p(e9) at the Fermi level. Secondly, they in- 
vestigated what the influence on the level density is 
when the degeneracy is not almost complete. Since a 
calculation for arbitrary values of the degeneration 
parameter is rather complicated for a general p(e¢), they 
confined their study to the case in which the individual- 
particle levels are equidistant. On that basis they con- 
firmed Bethe’s original idea that, insofar as the deriva- 
tion of the level density formulas is concerned, a 
nucleus excited to about 10 Mev may be treated as an 
almost completely degenerate Fermi system. 

We have extended the work of van Lier and Uhlen- 
beck by investigating the second question for a p(e) 
which follows a general positive power law. We find 
that as the energy of the system increases the rise in 
the level density is less rapid than for a highly de- 
generate system. However, the result depends rather 
sensitively on the distribution of the individual-particle 
levels p(¢). Furthermore, the case of equidistant spac- 
ing is an exceptional one in which the effects of lack of 
almost complete degeneracy are atypically small com- 
pared to other distributions. 

The special character of uniform spacing is exhibited 
in Sec. 2 for one kind of particle and in Sec. 3 for a mix- 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

'H. Bethe, Phys. Rev. 50, 332 (1936). 

*C. van Lier and G. E. Uhlenbeck, Physica 4, 531 (1937). 


ture of two kinds. We shall obtain the formulas which 
are valid for all values of the degeneration parameter 
and base some illustrative numerical computations on 
those. However, we shall also derive some simple 
analytical expressions for the level density which 
contain the first order corrections to the formulas of 
Bethe, and of van Lier and Uhlenbeck. Thereby a 
degeneracy criterion for the validity of the zeroth order 
formulas is established. The physical assumptions and 
the general approach to the combinatorial problem is 
the same as that of van Lier and Uhlenbeck. 

The implications of the foregoing for nuclear level 
densities are discussed briefly in Sec. 4. The main 
conclusions are these: For excitations of about 10 Mev 
(thermal neutron resonance experiments) Bethe’s origi- 
nal idea is now confirmed to within a few percent rather 
than the small fraction of one percent obtained by van 
Lier and Uhlenbeck for a uniform spacing of the in- 
dividual-particle levels. At 100 Mev, corresponding, for 
example, to the excitation of a fission fragment, the 
zeroth order results are affected by only a few percent 
for uniform spacing, whereas other distributions may 
give rise to reductions of as much as an order of 
magnitude. 


2. ONE KIND OF PARTICLE 


The combinatorial problem which we shall treat in 
this section is the one considered in Sec. 2 of the paper 
by van Lier and Uhlenbeck. There are N identical, 
noninteracting Fermi particles. Let the allowed energies 
of an individual particle be €:, €2, - - -. Let these energies 
be expressed in terms of a unit 6 which is sufficiently 
small so that the e’s are integers. Let the levels be non- 
degenerate, so that each level is occupied by either no 
particles or one particle. 

Let the resulting levels of the compound system be 
denoted by E,, Es, Ey, ---. We assume with van Lier 
and Uhlenbeck that the level structure of the com- 
pound system has the following two properties: The 
levels are separated by the same small unit 6, and the 
number of realizations D(£) of the total energy £ is a 
slowly and smoothly varying function of energy. In 
that case the product of the level density R(N,£) and 
5 is equal to D(£), and is therefore given by the Darwin- 
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Fowler integral : 


(1 “\dxd 
R(N = ff" aha vd 
(2mi)? aNtly /E+1 


Evaluating the above by the saddle point method, one 


obtains 
ef (a8) 


SiN Wise, (2) 
2n(detA)! 


fla,8) = EB—Nat+¥; log(1+e***), (3) 


with 


and A is the symmetric matrix formed from the second 


derivatives, 
Joa fap 
A= ( ). (4) 
ra Sop 


a and 8 correspond to the location of the saddle point 
on the real axes of the integrand of (1) and are deter- 
mined by the two equations 


af/da=adf/ap=0. (5) 


We make the usual “continuous approximation” in 
which the sum over discrete states is dealt with by 
assuming that there exists an equivalent individual- 
particle density function p(e) such that 


> log(1+e*-F) - f p(x) log(1+e%**)dx. (6) 


Next, we introduce the Fermi level ¢s—the top of the 
distribution in the most compact occupation of the 
individual-particle levels—and the energy Eo of the 
ground state of the entire system according to: 


v= f p(x)dx (7) 


a= f xp(x)dx. (8) 


We shall now restrict ourselves to a p which follows 
a general positive power law: 
Pale)=he™!, n>I1. (9) 
The power law is sufficiently general to give useful in- 
formation about the dependence of the level density 
(of the entire system of particles) on the distribution of 
the energy levels of the individual particle, and at the 
same time the power law is simple enough to permit an 
exact treatment of the integral in Eq. (6). We shall 
find it convenient to have the constant of propor- 
tionality in the form k*. Evidently, n=1 corresponds 
to a uniform spacing of the individual-particle levels. 
We shall now show that subject only to the assump- 
tions which we have already made, the level density of 


DENSITY OF SYSTEM 


OF FERMI PARTICLES 


the system is given by 


R(N py a PE aL Eon (ee) Neal Q/E.)) 
pee (48)*Od,,(Q/ Eo) : 


where g, and d, are functions of the ratio Q/Eo. Q is 
the excitation energy, i.e., 


Q=E- Ey. 


(10) 


(11) 


We shall see that g, and d,-—1 as Q/E-0 (high de- 
generacy), thus giving the zeroth-order formulas ob- 
tained in references 1 and 2 [our formula (44)] in the 
appropriate limit. The rate at which g,—+1 will depend 
very strongly on ; in particular, if m=1 (equidistant 
spacing) g;->1 especially fast. 

If we introduce (6) and (9) into (3) and integrate 
by parts, f becomes 


{= EB— Nat (k/B) "ha(a), 


17° x"dx 
$.(a)=- f ——. 
n/ > 1 fe ats 


We shall frequently suppress the subscript m. 
saddle point equations (5) assume the form 


N= (k/B)"9’, 
kE=n(k/B)"'9, 


Equations (7) and (8) 
giving the relations 


(12) 


where 


(13) 
The 


(14) 
(15) 
can now easily be integrated, 

(keo)” 
(n+ 1)kEo= 


=nN, 
= (nN) +n, 


(16) 
(17) 


Using (14) and (15), we can eliminate / and N from 
(3), and this leads to 


f= (k/B)"C(n +1)¢—ad’ |. 
In view of (9), (14), and (16), we have’ 


p(a/B)= ka" (k/p)” = 
From (14), (15), and (17), we obtain 


k n+l 
()"efe 
B 


Substitution of (19) and (20) in (18) yields 
f= wl 4Op(eo) |'p(a), 


(18) 


plea” (np’)y-*t/", (19) 


(20) 


(np’)'+t/n 1 
n-+-1 | 


in which 


] 
9n(a)= (4)§(np’)-44 l/n) 
T 


(nep’)'+1/» 
| me —| C(n+1)p—ag’]. (22) 


* Equation (19) is true a if a/B >0. If a/8 <0, then p= k* 
X (—a/f)*". However, the final formulas remain the same. 
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The denominator of (2) is similarly evaluated by calcu- 
lating the second derivatives on the basis of (12) and 
using the relation (20). The result is 


2m(detA)t= (48)'Od(a), (23) 


with 
T > 
d,,(a) [n(n+-1)pp”’ — (np’)? }} 
(12)4 
(np’)'+1/" 
n+1 


It should be noted, in view of (2) and (23), that the 
quantity R(N,Q)é is given by a dimensionless function 
divided by Q. Q is an integer, the excitation energy ex- 
pressed in terms of the unit 6, which was introduced at 
the beginning in order to make the treatment in terms 
of the Darwin-Fowler integral possible. If 6 is expressed, 
for example, in Mev, then (46 is equal to the excitation 
energy in Mev. Therefore, formula (10) gives the level 
density in terms of that unit of energy in which Q is 
expressed, That is the justification for the practice of 
setting the level density equal to the Darwin-Fowler 
integral, an equality which holds only in the sense 
described (references 2 and 6), 

From (14), (17), and (20) it follows that for a given 
n, a is determined solely by the ratio Q/Eo, viz., 


x| mo . (24) 


Q n(n+1)o 
=i, (25) 


io (np’)'*1/™ 


For that reason a is called the degeneration parameter, 


ill cai 
LOG (HF I)E, VS a 


| 


Ee 











Fic. 1. Logiol Q/(m+-1)2o] as a function of @ for m= 1, 2, and 3. 
The plot illustrates that 0/2 is a monotonic function of a also in 
the region in which the asymptotic formulas (32) do not apply. 


‘Formula (25) reduces to the result obtained in reference 2 if 
one sets n= 1, 
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and we are also justified in writing 
(a) = g(Q/E). (26) 


We shall now have to consider the functions ¢, and 
their first and second derivatives more closely.® If 
a <0, it is readily shown that ¢, is given exactly by the 
exponential series 


on(a)=T(n)S,(a), a<0,n>1, (27) 


with 
e*leal 


S,(a)= 2 -, 


ke) | a 


(28) 


If m is a positive integer, then one can show by the 
method suggested in reference 2 that if a>0, 


on(a)= P,(a)+(—)"(n—1)!S,(a), 
a>0, n= positive integer (29) 
where P,, is a polynomial of degree n+-1. In particular, 
P\(a)=a?/2+-1°/6, 
P,(a)=c/6+ar’/6, 
P3(a)=08/12+-a*x*/6+ (7/5) (9*/6)?. 


The leading three terms of the polynomials of higher 
degree are given by 


(30) 


1 r 
P,(a) are — —>— 
n(n+1) 602 


7 ry? 
+—(a~1)(n-2)( =) | (31) 


If m>1 but is not an integer and a is positive, then ¢, 
is asymptotically equal to the Sommerfeld series, the 
first three terms of which are also given by (31). 
Thus, regardless of whether n is an integer or not, 
one obtains the following asymptotic formulas for 0/£: 


Q/(n+1)Eg-*/60® as ao 
—([T (n+1)}/"e-/" as (32) 


The variation of Q/E» with a is monotonic between the 
regions of asymptotic behavior, and to illustrate that 
we have plotted logyo[ Q/(n+1)Eo | against a for n=1, 
2 and 3. (See Fig. 1.) The exact expressions (27) and 
(29) were used in the numerical computations, regard- 
ing which we shall make some further remarks below. 

We are now in a position to discuss the behavior of 
g(a) and d(a) at high degeneracies (large positive a). 
If we make the asymptotic approximation 


on(a)—~a"™!/n(n+1), (33) 


then g(a)=0, and that approximation is evidently in- 
adequate. Approximating by two terms, viz.: 


aur @. 


1 3 
be(a)~arr{ nmr “| (34) 
“ n(n+1) 60? 


5 See A, Sommerfeld, Z. Physik 47, 1 (1928). 





LEVEL 


has the following consequences: If n=1 (equidistant 
spacing), both g; and d; reduce to unity for all a, and 
furthermore P; contains no terms beyond (34), There- 
fore, in order to obtain a first-order correction one 
must include the first term of the exponential series 
(28). As we shall see, the behavior is quite different if 
the spacing is not uniform (n#1). 

If n¥1, a straightforward application of the two- 
term approximation (34) would lead to an infinite 
power series in 1/a* with the leading term equal to 
unity. It can readily be verified, however, that because 
of a cancellation in the factor n(n+1)6— (np’)!*!/", 
which occurs in both g and d, the third term in the 
asymptotic series 


no 


belay~are| 


; + 
n(n+1) 6a? 


7 wt \? 
+—(n—1)(n -2)( Jt] (35) 
10 6c? 


TABLE I. Pertinent values of g, and d, for 0/Eo=0.01 and 
0.1. The values of 10® (g,—1) and d, are listed in odd and even 
rows, respectively. 

1 0.01 0.1 
0.000 — 1.005 
1.000 0.999 


~ 0,837 
0.999 


-8.718 
0.991 


0.749 
0.999 


~ 7,298 
0.993 


also contributes to the coefficient of 1/a?. Incidentally, 
that fact suggests strongly that in the derivation of the 
zeroth-order formulas for a general p, as given in refer- 
ence 2 and more recently also by Bloch,® the additional 
assumptions such as “|e—eo| sufficiently small” are 
not really separate assumptions, but that they are 
already implied by the two-term Sommerfeld approxi- 
mation. However, n=2 (also n=1) clearly forms an 
exception to the rule since the entire asymptotic series 
consists of only two terms, namely P». 
Applying (35), we obtain the following results: 


Qn(a)o~1+ (n—1)(2n—9) (x?/120e2), (36) 
and 


d,(a)™~1—(n—1 ) (9? /12a*), (37) 


However, if n= 1 we must set 
oa’ /2+- 2? /6— 6-4, (38) 
and that leads to 


§ila)™1—e~*(3/n"), (39) 


*C. Bloch, Phys. Rev. 93, 1094 (1954). 
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TABLE IT. Values of C(n,N,Q/2£o) to illustrate the modification of 
the level density formula at intermediate degeneracy. 


\0/Ee 
N* 0.01 o.1 

0.973 
0.671 
0.646 


50 1.000 
50 0.988 
50 0.986 


0.945 
0.446 
0.414 


100 1.000 
100 0.976 
100 0.972 


0,892 
0,197 
0.171 


200 1.000 
200 0,952 
200 0.945 


and 


dy (a1 — €* (a? /2—a+-9*/6—1)(3/9*). (40) 


The above relations together with the asymptotic 
formula 
QO ‘Fo (41 ) 


(n+ 1)1?/60?, 
which holds also for n=1, clearly exhibit the excep- 
tional character of uniform spacing (n=1). They also 
provide a simple degeneracy criterion for the validity 
of the zeroth-order level density formula which reads: If 

O/EcK 1, (42) 
and 


| wl 20p(eo) (1 —g) |, (43) 


exp{[4Qp(eo) |!) 
(4810 


then 


R(N,O)~Ro(N,Q) (44) 


We have also made some numerical computations to 
illustrate the strong dependence of the level density on 
the form of p as Q/ Eo increases from zero, Calculations 
were done for n= 1, 2, and 3 using the exact expressions 
(29) for dpa. The first and second derivatives could 
readily be evaluated from the identities: 


d1= 2 = boa”, 

$1 = $2" =log(1+e*), 
gs = pr, 

go: =1/(14+6e*). 


(45) 


We have listed some pertinent values of g, and d, in 
Table I. The effect on the zeroth-order formula Ro(N,Q) 
can be expressed by a factor C which is defined through 


R(N,O)= Ro(N,O)C(n,N,O/ Fo). (46) 


For high degeneracies, C will be close to unity, and it 
may then be regarded as a correction factor. However, 
(46) is valid for all values of Q/Eo (for which the 
saddle point method and the continuous approximation 
are good approximations). The exceptional character of 
uniform spacing is clearly exhibited in the numerical] 
results for C which are listed in Table IT. It should also 
be noted that C is less than unity in all cases. Thus, as 
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the energy of the system increases, the rise in the level 
density is less rapid than for a highly degenerate system. 


3. TWO KINDS OF PARTICLES 


In this section we shall show that the case of uniform 
spacing of the levels of an individual particle forms an 
exception also when the system consists of two kinds 
of particles. Let there be N Fermi particles of the first 
kind (neutrons) with levels «, €, --- and P particles 
of the second kind (protons) with levels m, 2, --- £ 
again denotes the total energy of the combined system. 
The level density of the system is again given by the 
appropriate Darwin-Fowler integral,? and the saddle 
point integration yields 


R(N,P,E)=—— ’ 
(2r)'*(detA)* 


ef («.B.%) 
(47) 


with 


S(aByy)= —aN+BE—yP+>, log(1+e-4t8*) 
+E, log(t+e-7#n), 


fon fa 9 
A= | Sta Sop Soy | 
0 Sus Sv 


The values of a, 8, y are determined by the equations 
for the saddle point: 


(48) 
and 


(49) 


Of/da= df/d8 = df/dy=0. (50) 

Let us first discuss the case of uniform spacing. As in 
Sec. 2, we make the continuous approximation and 
write for the neutrons 


pn(e) k, (51) 


¢ 


> log(1+e ovtnyock f log(1+-e~****)dx, 


$ 0 


(52) 


and for the protons 
pp(n) =, (53) 


> log(1+e rvenyont f log(1+-e~7*®*)dx. (54) 
i 0 


Denoting the Fermi levels of the two distributions by 
éo and mo, one obtains 


N= ke, (55) 


P Ino, (56) 


and 


2k ke? Ino. (57) 
The equations which determine the saddle point become 
(58) 


(59) 


BN ko’ (a), 
PE=kb+W, 


and 


bP=ly'(y), (60) 
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in which 
xdx 


6(a)= f ’ 
0 1+¢-¢t? 


and W(y) is the same function of y as ¢ is of a. As in 
Sec. 2, we have suppressed the subscript 1 which 
properly belongs to ¢, ¥1, and their derivatives. Using 
the relation 


(60’) 


Q=E-E,, (61) 
it is readily shown by means of algebraic manipulations 
which are similar to those employed in Sec. 2 that 


20'[k(26—ag’) +1(2—w’)] 
f{(a8,y)=—_—_______——— 
k(2p—9"2) +1(2p—W”) 


(62) 
(2m)'(detA)! 
Ba A i Ac in Ale dt 
[k(@—40") +1(y—4w”) }®* 
Q  k(2¢—#")+1(2y—-¥") 


Ey kop? 


Next we wish to discuss the case of high degeneracy, 
1.€., 


and 


(64) 


O/EvK1 : (65) 


It should be noted that the condition (65) does not 
necessarily imply that both @ and y are large and posi- 
tive. That can easily be seen by considering the example 
in which a is a large positive and y is a large negative 
number. Then (64) is dominated by a and is given by 


Q/Eo= 1’ /6c?, (66) 


which can be made as small as one pleases. Thus, the 
situation is in general more complicated than for one 
kind of particle. However, if we make the assumption, 
which is a reasonable one for nuclei, that roughly (say 
within 20%) 

N/k=P/l, (67) 


then ay in view of (58) and (60). In that case @ and 
y may be represented by the same number of terms in 
their series expansions (27), (29), or (31). From that it 
follows that 0/Eo&1 requires large positive values for 
both @ and y. Using the two-term approximation P,, 
Eq. (30), for both ¢ and y, one obtains 


0 % wr (k+l) 


= (68) 
Ey 6(ka?-+17*) 


As in Sec. 2, the a and y dependence drops out of (62) 
and (63) in the two-term approximation. This leads to 
the zeroth order result for the level density, namely, 


f(a,8,yy~fo= rl F(R+DO}, (69) 


(2m) '(detA )*~ (29)! (detAo)! 


= 4[2160%2/(k+1)*}', (70) 
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ef 
R(N,P,Q)Ro= ———_ -, (71) 
(2r)'(detA o)! 
The above is in agreement with formula (10) of van 
Lier and Uhlenbeck. The three-term approximation 
(38) leads to the result that fy is to be multiplied by 


M1 (a,y), 
3 


jilayy)=1—- [ke~*+le-7 ], (72) 


wr (k+l) 


and the denominator of (71) is to be multiplied by 


hi(a,7), 


: 3 nr’ rl 
hi(a,y)=1-- _ E +(e-sa+* —3+— ) 
2a? (k+1) 3 3k 


r reky- 
+le (+ — 3y-+—— 3+- )| (73) 
3 31 


Thus, as in the case of one kind of particle, the first- 
order corrections for uniform spacing lead to the ex- 
ponential function and 9, will approach unity especially 
fast with decreasing Q/Z» in comparison with other 
distributions which we shall discuss next. 

Let us consider, for example, a mixture having the 
same number of neutrons and protons and let the level 
density of each kind of particle follow the same power 
law; thus, 

N=P, 
and 
pn(x)=pp(x)=k"x"!, 


Then / assumes the form 

f(a By) = —N(at+y)+ (k/B)"Lo(a)+v(y) J, 
and the saddle point equations become 
(77) 
(78) 
(79) 


N= (k/B)"¢’ (a), 
BE=n(k/B)"(o+y), 
P= (k/B)"W(y). 


In view of (74), (77), and (79) it is clear that at the 
saddle point, a=. Therefore, f assumes the much 
simpler form 


f= —2Na+ (k/B)"2. (80) 


By manipulations which are almost identical with those 
of Sec. 2, it is readily shown that 


f= (4/3)Qp(eo) (a), (81) 


where ¢o is the Fermi level of the N neutrons and also 
of the N protons. 

For a given m in the power law (75), the degeneration 
parameter is again determined solely by the ratio 
Q/Eo, the relationship being exactly the same as (25). 
The denominator of (47) may be evaluated in terms of 
a by means of algebraic operations which are similar, 
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TaBLe III. Values of 4,(Q/2o) to illustrate the effect on the 
denominator of the level density formula for intermediate de 
generacy. 


0.01 0.1 


1,000 
0.998 
0.996 


0.990 
0.977 
0.962 


though somewhat more complicated than those of Sec. 
2. It helps to obtain the result first on the basis of the 
two-term Sommerfeld approximation (34); this leads 
to the zeroth order approximation for the denominator, 
namely 

(82) 


(2m)! (detAo) = 2[ 4320%p (eo) }# 


in agreement with Eq. (10) of reference 2. For any 
value of a, the result is 


(2m)'§(detA )'= (29) '(detAo)'h(a), (83) 
in which 
J Q(a)p”’ (a) 
mwd(a) 


h(a) : 
3L(n+1)¢—aq’ | 


4 
| A(Q, Eo). (84) 


g(a) and d(a) are given by (22) and (24) of Sec. 2, and 
@ is, of course, the integral defined by (13). A(@) be 
comes unity in the two-term approximation for @. The 
result for the three-term approximation is readily ob- 


tained if we make use of (31), (36), and (37): 


x 
h n(a) = 1 (n 
24002 


1)(6n-+-13). (85) 


Equation (85) does not give a first-order correction if 
n=1 (uniform spacing), and the situation is quite 
similar to that encountered in Sec. 2. For n=1, the 
three-term approximation yields 


+ ie 2r’* 
(« sa s). 
2r’ 3 


We have also made some computations for n= 1, 2, 
and 3 to illustrate numerically the effect on the zeroth 
order results for the level density. As in Sec. 2, we can 
define a factor C’(n,2N,O/o) such that 


R(N,N,O) = RoC’. 


h(a) 1 (86) 


(87) 


Ro is given by 
exp(r[(4/3)Qpe0)}" 


2[ 4320"%p(e9) |! 


(87’) 


It can easily be shown that C’ is related to the factor 
C of Sec. 2 through 


C’ = (d/h)C(n,2N,0/ Eo). (88) 


We have calculated some values of h, based on the 
exact expressions (27) and (29) for @, and the relations 
(15). They are listed in Table IIL. For 0/2) <0.1, d/h 
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is equal to unity within 2%, and therefore the results 
for C’ are essentially the same as those listed for C in 
Table II, 

For the more general case in which N#P, and in 
which py and pp follow different power laws neither of 
which corresponds to uniform spacing, the results are 
qualitatively the same as above, although the detailed 
discussion is considerably more involved. It is clear, 
however, that since the three-term asymptotic approxi- 
mation for the integrals will be of the form (35) rather 
than (38), the corrections to the zeroth order formulas 
will be qualitatively like (81) and (84) rather than (72) 
and (73). 

4. APPLICATION TO NUCLEI 


In this section we shall briefly discuss the implication 
of the foregoing for nuclei. Our treatment of the de- 
generacy question as given in the preceding two sec- 
tions is entirely satisfactory for the class of Fermi 
systems which have the two characteristics that (1) 
the system consists of independent particles and (2) the 
level structure of each particle can be adequately 
represented by a continuous function p(e). It is well 
known, however, that actual nuclei can be described in 
those terms only to a limited extent.’ One expects, 
therefore, that our simple physical model will predict 
some general trends but no fine details. In this respect 
the situation is the same as for the excitation energies 
corresponding to the almost completely degenerate 
nuclear systems which were considered by Bethe and 
also by van Lier and Uhlenbeck. 

Let us indicate, for example, the application of our 
results for the system which is characterized by rela- 
tions (74) and (75). In addition to the total number of 
particles A=2N, there are only two independent pa- 
rameters which may be taken to be any two of k, n, €0, 
p(eo), or Lo. These must be determined from experiment 
and/or from further assumptions about the nuclear 
model, 

The most abundant experimental data which give 
information about the level density of nuclei are ob- 
tained from low-energy neutron experiments which 
correspond to excitation energies of about 6-10 Mev. 
It is well known* that those data have been represented, 
in a rough way, by zeroth order formulas of type (87’). 
Thus, the low-energy data determine only one of the 
parameters of our theory, namely p(e€o). Two ways sug- 
gest themselves for determining a second parameter 
which is needed to make predictions for intermediate 
degeneracies, One approach would be to analyze, in 
terms of our formulas, such data as exist® for higher 

7H. Margenau, Phys. Rev. 59, 627 (1941). See also reference 6. 

"J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(J. Wiley and Sons, Inc., New York, 1952), pp. 371 ff. See also P. 
Fong, Phys. Rev. 102, 434 (1956). 


* See, e.g., J. M. B. Lang and K. J. LeCouteur, Proc. Phys. 
Soc. (London) A67, 586 (1954). 
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excitation. The second method is to continue the dis- 
cussion of the physical model itself. Thus, the individual- 
particle levels €; (see Sec. 3) must presumably be re- 
garded as the eigenvalues of a suitable potential well 
of depth V. If the binding energy of the last nucleon 
(the one which occupies the Fermi level ¢o) is denoted 
by «’ (~8 Mev) then it can easily be shown from the 
definitions that 

Eo=(n/(n+1) ](V—e’)A, (89) 
and in any case 

2p(€o) = n?A?/(n+1) Eo. 

Thus the low-energy data determine the quantity 


2p(eo)=nA/(V—e’). 


(90) 


(91) 


If one combines that with a value of V—e’,!° we shall 
have the necessary information. 

As a numerical illustration, we may choose p(e) to 
approximate very roughly the results given on page 372 
of reference 8; then for medium heavy nuclei, p(é) 
=(0.02A per Mev. If we take V—e’~40 Mev corre- 
sponding to a depth which was recently used by 
Sokoloff and Hamermesh” in the analysis of neutron 
scattering data, we obtain n-~1.6 and Eg~25A Mev. 
These values can be used in formulas (25), (81), and 
(83) for any value of Q. The first-order formula can 
readily be obtained from (36) and (41): 


3 
~— 5j OAC -OD0NG/ 4 5. (92) 
O84, 


The correction resulting from h(a) is negligibly small 
in the region in which (92) is valid, and has been 
omitted. The absolute value of (92) is probably in- 
accurate; however, we may expect that the following 
rough criterion will be valid: As 0.0010!4~! approaches 
unity, the high-degeneracy formula (87’) for the level 
density is modified in accordance with the expressions 
(81) and (84). 
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He’-induced reactions in carbon have been studied for bombarding energies in the range 1.0 to 3.0 Mev 
Absolute excitation curves have been obtained for the proton groups leading to the first three states in N“ 
and for the neutron group leading to the O" ground state; these show pronounced resonance structure 
corresponding to levels in O''. Angular distributions have been measured at seven different energies for 
protons and four for neutrons. These distributions are not directly explicable as resulting from either com 
pound nucleus or direct interaction processes but do show marked structure. The threshold for the 
C*(He’,n)O" reaction has been determined to be 1449.6+2.8 kev, which requires a mass defect for O" of 
12.146+0.0065 Mev. The total cross sections for the (He’,n) reaction to the O" ground state and for the 
(He',p) reaction to the analog 2.3-Mev state in N" are in the ratio 2:1, and the angular distributions for 
protons and neutrons from these reactions are quite similar at energies somewhat above the neutron 
threshold, as would be expected. The total cross sections for the (He*,p) reaction range from 0.03 to 25 mb 
at these energies. The cross section of the C(He',ao)C" reaction has been found to be approximately an 
order of magnitude greater than that of the C#(He’,m9)O™ reaction and is suggestive of direct interaction 


INTRODUCTION EQUIPMENT 


HE He’ beam from the Chalk River electrostatic Proton Detector 
generator has been used in a study of some 
He’-induced reactions on carbon, Such a study is par- 
ticularly attractive since the characteristics of the final 
states were relatively well known, and it was hoped 
that measurements of the yields as well as energy and 
angular dependence of the cross sections of these reac- 
tions would provide the data for their detailed theo- 
retical study; it was, furthermore, essential since a 
knowledge of these reaction characteristics is required 
in any program of study of He’ reactions in correcting 
for the ubiquitous carbon contaminant on all targets, 
The present paper will present the results of the study 
of the C!*(He*,p)N" and the C!*(He’,m)O" reactions 
and of a preliminary measurement of the C'*(He’,ao)C" 
cross section. Some results of the C!?(He’,py)N™ work 
have previously been reported,' and these measurements 
have been extended. The C!*(He*,m9)O" reaction was of 
particular interest since it provides a new experimental 
check on the mass of O", Furthermore, since the O" ef 
ground state and the 2.3-Mev level in N'* are members 
of an isobaric triplet, it was of interest to compare the 
angular distributions and relative yields of the neutrons 
and protons to these states from the same states in the 
compound nucleus O'. Away from the neutron thresh- 
old the relative yields would be expected to be a function 
only of the isobaric spins involved in the two reactions. 


The experimental apparatus, used in the determina- 
tion of the excitation curves as well as of the relative 
and total cross sections, is shown in Fig, 1. The He’ 
beam of the accelerator passes through a hole in a liquid 
nitrogen trap before reaching the target to reduce con- 
taminant build-up. The targets themselves are mounted 
on an insulated plate so that the total beam intercepted 
by the target can be measured and integrated in a 
manner to be described. As shown in the figure, the 
protons are detected by a CsI crystal coupled to an 
RCA 6655 photomultiplier, and the counter aperture is 
defined by tantalum apertures mounted over the 
crystal. A 0.0004-inch aluminum foil is stretched com- 
pletely over the crystal, and a lead hood is then mounted 
to cover both the tantalum aperture and the end of the 
photomultiplier to provide some shielding from low- 
energy gamma radiation, to which the CsI crystals 
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The C'(He*,p)N“ angular distribution has been rd { 
measured previously at 2.0 Mev? and 4.5 Mev,’ and aenanae “pp eames ome wecsgmnalinghl 
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* Now at Atomic Energy Research Establishment, Harwell, 
England. 
1 Gove, Litherland, Almqvist, and Bromley, Phys. Rev. 103, 
835 (1956). 
*R. Johnston and H. D. Holmgren, Bull. Am. Phys. Soc. 
Ser. II, 1, 21 (1956). 
4 Johnston, Wolicki, Geer, and Holmgren, Bull. Am. Phys. Soc. 
Ser. II, 1, 197 (1956). Fic. 1. Schematic view of the detection apparatusused for 
‘J. W. Butler, Bull. Am. Phys. Soc. Ser. II, 1, 94 (1956). proton and proton-gamma experiments 
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Fic. 2. Proton spectrum from C(He*,p)N"“ at a bombarding 
energy of 1.3 Mey. The three major proton groups correspond 
to the formation of N“ in its ground and first two excited states. 
The weak group at about 2.3 Mev results from the ground state 
C"(d,p)C™ reaction, The deuterons involved have an energy of 
about 870 key and result from the HD* component of the mass-3 
beam, 43% He’ gas was used in the ion source for this run; when 
100% He’ is used, this peak disappears. 


are quite sensitive. Three coaxial magnetic shields are 
provided around the tube as shown, two of iron and one 
of mu metal. By inserting appropriate shims between 
the base of this structure and the tube base, the 
acceptance solid angle of the counter can be varied by a 
determined amount. We have used the counter with 
solid angles of 8.4 10~* steradian and 4.6 10~ stera- 
dian ; as shown, it is fixed rigidly at 90° to the beam axis. 
A typical spectrum of protons from the C!*(He*,p)N™ 
reaction is shown in Fig. 2 where the instrumental 
resolution is approximately 3.5%, and the peaks are 
clearly resolved. From the kinematics of the reaction 
the small peak at about 2.3 Mev has been assigned to 
the ground state C'*(d,p)C™ reaction. In measurements 
of total and relative cross section, apertures one-eighth 
inch in diameter were inserted into the beam tube 
immediately before the target to define more closely 
the beam extent and location, and a grid has also been 
used between this aperture and the target maintained 
at some 300 volts negative with respect to the target 
to suppress secondary electron emission. The beam 
current integrator uses conventional analog computer 
integrating circuits.® 


Gamma Detector 


Gamma radiation has been detected by using a 
five-inch diameter by four-inch deep Nal crystal; the 


*W. A. Higinbotham and S. Rankowitz, Rev. Sci. Instr. 22, 
688 (1951). 
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technique has previously been described. This 
crystal was mounted as shown (Fig. 1) and was free to 
rotate about a vertical axis centered on the target. This 
feature was of course necessary in determining the 
angular correlations of some of the gamma radiations 
observed in the py coincidence work. In addition, to 
allow checking on the azimuthal variation of correla- 
tions, the proton counter was arranged so that it could 
be rotated through 90° out of the plane of the figure, 
leaving the gamma counter fixed. The outputs of these 
detectors, after shaping and amplification in conven- 
tional circuitry, were displayed either on a 30- or on an 
80-channel analyzer. The circuitry used was such that 
the output of either counter in coincidence with any 
given section of the output spectrum of the other could 
be readily displayed on either or both kicksorters. In 
addition, the coincidence gate, through which either 
detector spectrum passes to the multichannel analyzers, 
could be opened by any selected part of these spectra. 
This “self-coincidence” arrangement allowed observa- 
tion of exactly that part of the spectrum which was 
opening the gate, as is illustrated in a later figure 
(Fig. 21). 

In determining the angular distributions of the 
protons from the C!*(He*,p)N™ reaction, we have used 
an angular distribution chamber which has been de- 
scribed elsewhere.’ Briefly, the He’ beam from the 
accelerator, after passing through a one-eighth inch 
diameter tantalum aperture, was incident on a thin 
target foil in the scattering chamber. The chamber 
allows continuous rotation of the detector in the 
angular range — 145° to 0 to +145° in the laboratory 
system. A somewhat different detector geometry has 
been used with this chamber in that a CsI crystal 
cemented to the front face of a Dumont 6292 photo- 
multiplier was covered with a conical surface coated 
with MgO for diffused reflection. A tantalum dia- 
phragm at the entrance to this reflector cone resulted 
in an angular acceptance width of 2.3° and a detection 
solid angle of 5X 10~* steradian. A second, similar CsI 
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CADMIUM SHEETING<* 


Fic. 3. Schematic view of the detection apparatus used for 
neutron experiments. The paraffin moderator on counter A is of 
rectangular cross section; those on counters B and C are 
cylindrical. 

*H. E. Gove and E. B. Paul, Phys. Rev. 97, 104 (1955). 

7R. L. Clarke and E. B. Paul (to be published). 





STUDY OF SOME 


crystal was used as a monitor in determining the angular 
distributions and was mounted at a fixed angle of 17° to 
the beam axis. Here again the output of the CsI 
detector was displayed on a 30- or 80-channel pulse 
height analyzer; the monitor output was connected to 
a single-channel analyzer in order that a voltage gate 
could be set to include only one or more of the proton 
groups in the reaction. All angular distribution data 
presented here are normalized to a given monitor count 
to compensate for possible changes in the target com- 
position during the bombardment. 


Neutron Detectors 


The experimental equipment used in studying the 
neutron yield and angular distributions from the 
C"(He*,n)O™ reaction is shown schematically in Fig. 3. 
The neutron counters contained BFs enriched to 99 
atomic percent B™.* The long counters, B and C, 
had cylindrical paraffin moderators 10.5 in. in diameter 
and 10.0 in. long, coaxial with a counter 1.5 in. in 
diameter and 9 in. long, with 0.020-in. cadmium 
sheeting over the units. The sensitivity of the long 
counters had been much improved by drilling a 
series of six evenly spaced holes 1.5 in. in diameter 
with their axes parallel to the counter axis in 
the annular paraffin moderator.’ These detectors had 
a measured efficiency of 0.45% for 1-Mev neutrons. 
Figure 4 is a typical pulse height spectrum obtained by 
exposing one of the long counters to a Ra-Be neutron 
source mounted on the counter axis. The counter 
resolution is seen to be adequate to separate pulses due 
to alpha transitions to the ground and first excited 
states of Li’, and, in agreement with previous results," 
the decay is of course predominantly to the first 
excited state. Integral biases have been set below the 


} 
3000} 


2000; 


1000 


COUNTS PER CHANNEL 


wos 
al \ 


OB Meeting! \ 


\e tis j a a we 
10 15 20 26 30 bi) 
CHANNEL NUMBER 





Fic. 4. Pulse spectrum from enriched BF, counter exposed 
axially to a Ra-Be neutron source. The weak high energy group 
corresponds to alpha transitions to the Li’ ground state and the 
intense group to those to the Li’ first excited state. 


§ We are indebted to Mr. I. L. Fowler for supplying these BF; 
counters, 
* A. O. Hansen and J L. McKibben, Phys. Rev. 72, 673 (1947). 


” T. W. Bonner and C. F. Cook, Phys. Rev. 96, 122 (1954). 
4 F, Ajzenberg and T. Lauritsen, Revs. Modern Phys. 27, 77 
(1955). 
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major peak and all counts greater than this bias have 
been taken as a measure of the neutron flux. 

The threshold neutron counter consisted of a BF; 
counter 1-in, in diameter and 3-in. long in a 2.52.5 
<4.0-in. block of paraffin. The efficiency of this de- 
tector was measured to be about 0.30°% for neutron 
energies between 0.3 and 0.8 Mev. With the arrange- 
ment shown in Fig. 3, the 0° and 90° excitation curves 
were obtained simultaneously with the ratio of the 
threshold counter to the 0° long-counter counting rates, 
which was used to fix the reaction threshold more 
reliably than was possible from observation of the 
excitation curves alone.” 

In obtaining the neutron angular distributions, one 
of the long counters was mounted on a rotatable mount 
centered on the target; the threshold neutron counter 
previously described was mounted close to the target 
and was used as a monitor. The angular acceptance of 
this system was approximately + 10°. 


Target Preparation 


The targets used in this work were prepared by 
maintaining an arc discharge in vacuo between two 
high-purity graphite electrodes and supporting the 
target backings above the discharge. This provides a 
simple and convenient method of preparing carbon 
targets of high purity, over a wide range of thicknesses, 
on a variety of backings. For the angular distribution 
measurements we have used backings of 0,0004-in. 
aluminum. This thickness was chosen as being adequate 
to stop the He’ ions from entering and jamming the 
photodetectors at forward angles while still having a 
negligible effect on the protons, as well as to prevent 
the occurrence of (He’,p) reactions on the carbon 
deposits on slit edges and counter surfaces. For some 
of the gamma work 0.020-in. tantalum backings were 
used. The thickness of the carbon targets has been 
determined by using aluminum backings and examining 
the yield of 11-Mev gamma radiation from the 
Al*’(p,y)Si** reaction in the vicinity of the 993.3-kev 
resonance,’ first with the target reversed and the 
proton beam striking the exposed target backing and 
secondly with the target in the normal position and the 
beam traversing the carbon deposit before striking the 
aluminum. Figure 5 shows the excitation curves ob- 
tained in this energy region; from the observed energy 
shift of the step in the gamma radiation yield, the 
target thickness is found for 993-kev protons and is 
then converted into thickness in yg/cm? using the 
energy loss data as given by Aron.” The targets used 
were in the range from 20 to 100 ug/cm?. 


Energy Calibration 


The energy of the He* beam incident on the target in 
these experiments was determined in the usual way by 
8 Herb, Snowdon, and Sala, Phys. Rev. 75, 246 (1949). 


4 W. A. Aron, University of California Radiation Laboratory 
Report UCRL-1325, May, 1951 (unpublished). 
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Fic. 5. Gamma-radia- 
tion yield in the vicinity 
of the 993-kev resonance 
in the Al*"(p,7)Si* reac- 
tion. The closed circles 
were obtained with the 
proton beam striking the 
aluminum surface and 
the triangles when the 
beam first traversed the 
carbon deposit. 
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noting the frequency of the proton gyromagnetic reso- 
nance in the uniform magnetic field of the deflecting and 
energy-defining magnet. Two separate measurements 
are required to calibrate this particular technique. 
First, the absolute scale must be determined by com- 
parison with accurately known threshold energies and 
resonance energies. Secondly, the linearity of this 
system must be investigated. Two separate determina- 
tions of the absolute calibration have been made using 
an elemental lithium target and the equipment pre- 
viously described. Using the neutron detection appa- 
ratus, we have determined the frequency corresponding 
to the Li’(p,n) Be’ threshold which is given by Mattauch 
et al. to be at 1881.6+0.45 kev. Secondly, and using 
the same lithium target, we have examined the yield 
of 9.28- and 4.82-Mev gamma radiation from the 
Li’(a,y)B"' reaction in the vicinity of the 958-kev 
resonance, The energy of this resonance has been given 
by Bennett, Roys, and Toppel'® as 958-1 kev in terms 
of the F(pyry)O" resonance at 873.5 kev. The energy 
scales for different particles in the beam were related 
by noting that the frequency at resonance is propor- 
tional to the momentum equal to [2mo7 (14 7/2myc*) }}. 
It should be noted that it is essential that accurate 
nuclear masses be used for the light particles involved, 
since otherwise errors of the order of tens of kilovolts 
are possible. The relativistic correction term (in paren- 
theses) amounts to about 0.1% for the energies con- 
cerned here. Having established the energy scale with 
the Li’(p,n)Be’ reaction, the computed energy corre- 
sponding to the midpoint of the rise observed in the 
Li’(a,y)B"' gamma-radiation yield for both the 9,28- 
and 4,82-Mev radiation is 957.242 kev, which is in 
excellent agreement with the previously quoted value. 
Figure 6 shows a typical yield step obtained for these 
gamma radiations. 

As a check on the linearity of the deflection system, 
we have examined the yield of 3.86- and 3.68-Mev 
gamma radiation from the B'"(a,py)C® reaction in the 
vicinity of the 1.51-Mev resonance, Again taking the 


4 Mattauch, Waldmann, Bieri, and Everling, Z. Naturforsch. 
11, 525 (1956). 
Bennett, Roys, and Toppel, Phys. Rev. 82, 20 (1951). 
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midpoint of the step in the thick target yield, we find 
an energy of 1.518+0.004 Mev, whereas the quoted 
value for this resonance is 1.51+0.010 Mev.'® We have 
also examined the Al?’(p,y)Si** reaction in the vicinity 
of the 993-kev resonance and find that the resonance 
energy is 995.7+3 kev, which is consistent with the 
quoted value of 993.3+1 kev.'* The energy calibration 
was of particular importance in the measurement of the 
C!?*(He’,n)O™ threshold. The calibration energies listed, 
which correspond to He’ energies of 628 kev, 1271 kev, 
2004 kev, and 332 kev, respectively, bracket the thresh- 
old energy which is at about 1450 kev. 


RESULTS 
Excitation Curves—-C'*(He’,p)N'‘ 


Figure 2 is a typical pulse height spectrum of the 
protons from the C!*(He’,p)N"™ reaction obtained at a 
bombarding energy of 1.30 Mev. Figure 7 shows spectra 
in the region corresponding to particles of energy greater 
than those from the C!*(He*,p)N™ reaction. Proton 
groups in this region are due to the indicated reactions, 
He*(d,p)He*, He*(He*,p)Li®, on He* adsorbed on the 
target, and C"(He*,p)N" from the C™ present in the 
natural carbon targets. The deuterons are present in the 
HD* component of the mass-three beam. The strong 
resonance for the first of these reactions at Hy2~430 
kev'! causes the marked increase in yield in Part A of 
this figure. The total contribution from all these re- 
actions is quite small and has been subtracted from the 
data presented, Figure 8 is the excitation curve for the 
proton groups leading to the formation of N™ in its 
ground and first two excited states, all measured at 90° 
to the incident beam. The low-energy sections of these 
excitation curves have been plotted on an expanded 
scale for clarity. Since the angular distributions change 
quite rapidly with energy, particularly in the region of 
the higher resonances, a measurement of the total 
cross section as a function of energy would be required 
to locate accurately the resonances and corresponding 
levels in O'*, The resonance energies to be quoted herein 
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Fic. 6. Gamma-radia- 
tion yield in the vicinity 
of the 958-kev resonance 
in the Li’(a,y)B™ reac- 
tion, Similar curves were 
also measured for the 
4.8-Mev radiation yield. 
The circular and tri- 
angular points were ob- 
tained using different 
lithium targets. 
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tively. 


a3 ‘ se 
| C (He p)N 
00}; \ 


| ae 
| 
| 


ae 

| He (He p)Li 
« | 

| 

‘ 


| 


COUNTS PER CHANNEL 


os 


COUNTS PER CHANNEL 


, | | 
sn - > i L s 
50 60” 70 6 20 30 


CHANNEL 


{ 


i020 30 40 
CHANNEL NUMBER 


Lt born 
40 50 60 


NUMBER 


The weak resonance at 1.21 Mev feeding the ground 
and second excited state of N™ corresponds to a state 
in O at 13.10+0.02 Mev in agreement with that 
observed at 13.09 Mev in the N“(p,a)C"™ reaction.” 
The resonances at 1.3, 2.15, 2.5, and 2.7 Mev, and the 


refer therefore to the approximate energies at which the 
90° excitation curves peak. The slight apparent shift of 
the peak positions in these curves toward higher 
energies with increasing proton energy could be ex- 
plained on this basis. Measurements have been made at 


intervals of approximately 22.5 kev over the entire 
curves and at closer intervals in the region of the low 
resonances. The absolute cross sections indicated on the 
ordinate scale in this figure were measured as described 
in the following section. 
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strong resonance which is beginning to appear in these 
yield curves slightly above 2.9 Mev, correspond to 
previously unobserved states in O' at about 13.2, 13.8, 
14.1, 14.3, and 14.4 Mev, respectively. Although the 
proton group to the 4.9-Mev third excited state of N' 
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Fic. 8. Excitation curves for protons from C"(He*,p)N™ corresponding to formation of N™ in its ground and first two 
excited states. The low-energy region has been replotted in the inset figure with an expanded ordinate, 


‘7 Blaser, Marmier, and Sempert, Helv. Phys. Acta 25, 442 (1952). 
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Fic. 9. Schematic diagram showing the levels involved in these 
experiments together with some of the transitions studied. 
Excitation energies are given in Mev; J, x, and 7 values are 
shown where available. The energies on the left of the figure are 
referred to the C™ and O" ground states whereas the remainder 
are referred to the N™ ground state. 


has not been studied in detail, observation of the gamma 
spectra from C!*(He’,py)N" indicates that at the 1.3- 
Mev resonance the lowest four states in N" are being 
fed with approximately equal intensity. No detectable 
feeding of the first and second excited states has been 
observed at the 2.1-Mev resonance. Figure 9 shows the 
levels in N“, O', and O* involved in these reactions."! 
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Fic. 10. Angular distributions of protons leading to formation 
of N“ in the ground state. The experimental data have been 
converted to center-of-mass intensities and angles for this figure 
and have been normalized to the yield curve of Fig. 8. Note that 
the ordinate scale is logarithmic. The solid curves are the least 
squares fit to the experimental points, and the bombarding 
energy used is indicated on the right of the figure. 
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Angular Distributions—-C'*(He’,p)N'* 


Angular distributions have been measured at bom- 
barding energies of 1.30, 1.62, 1.89, 2.16, 2.41, 2.51, and 
2.66 Mev for each of the three proton groups described 
above. Figures 10, 11, and 12 show these angular distri- 
butions converted to the center-of-mass system and in 
each case normalized to the 90° excitation curve of 
Fig. 8. All of these distributions have been fitted to 
Legendre polynomial expansions of the form 


L 
da/dw= ALY anP,(cosf) |, 


newt) 


using a least-squares fitting procedure on the FERUT 
computer at the University of Toronto. The coefficients 
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Fic. 11. Angular distributions of protons leading to the formation 
of N" in its first excited state. 


for these expansions with their standard deviations are 
listed in Table I. In many instances these curves have 
been fitted with varying values of L (the order of the 
highest polynomial considered), and, as might be ex- 
pected, it is found that unless the number of points 
measured experimentally is at least three times the 
order of the highest Legendre polynomial used in the 
expansion, the results obtained by the fitting procedure 
are not reliable, particularly since the measured data do 
not extend beyond a laboratory angle of 145°.'* To 
investigate this behavior, several of the angular distri- 
butions have been fitted with maximum polynomial 
orders of up to and including 4, 6, 8, and 10. The 
synthesized curves corresponding to these fits are all 
quite satisfactory in the angular range 0 to 145°; 


oe OF Behrens, Atomic Energy Research Establishment, 
Harwell Report A.E.R.E. T/R 629, 1951 (unpublished). 
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TABLE I. Coefficients of the Legendre polynomial expansion least squares fitted to the center 


He*'-INDUCED 


REACTIONS ON C'!8 


of-mass proton 


angular distributions in the C(He?,p)N™ reaction. 


Ente 


2.66 
2.51 
2.41 
2.16 
1.89 
1.62 
1.30 


a 


—0.56+0.06 
—0.08+0.02 
0.24+0.01 
0.13+0.04 
0.34+0.04 
0.28+0.05 
—0.21+0.04 


ao a: 


1.00+0.02 
1.00+0.01 
1.00+0.01 
1.00+0.01 
1.00+0.02 
1.00+0.02 
1.00+0.02 


Reaction 


C#*(He’, po) N™ 


—0.77+0.03 
—0.7040.08 
—0.864-0.02 
—0.56+0.04 
—0.17+0.04 
—0.33+0.04 
~0).04+0.07 


1,00+0.01 
1.00+0,03 
1,00+0.01 
1.00+0.02 
1.004-0,02 
1,00+0.02 
1.00+0.03 


2.66 
2.51 
2.41 
2.16 
1.89 
1.62 
1.30 


C®(He3, p,) N'* 
(2.3 Mev) 


0.07 40.05 
0.0140.17 
0.49+0.12 
0.67 +0.05 
-0.8340.03 
0.05+0.04 
0.24+0.11 


2.66 
2.51 
2.41 
2.16 
1.89 
1.62 
1.30 


1,00+0.02 
1.00+0.07 
1.00+0.05 
1.00+-0.02 
1.00+-0.01 
1,00+0.02 
1,00+0.05 


C!2(He?, p2) N* 
(3.9 Mev) 


however, only those corresponding to maximum orders 
of 4 and 6 provide reasonable extrapolations of the 
experimental data beyond 145°. Those corresponding to 
the higher maximum orders indicate very large negative 
intensities at 180° and are meaningless. On the basis of 
these findings, the fits have been restricted to include 
only up to P.(cosé) as shown in Tables I and II, and 
the computer program has been changed to provide for 
an automatic check synthesis of the fitted curve in the 
angular region beyond the experimental points. 


Excitation Curves—-C'*(He’,n)O' 


Figure 13 shows the corresponding excitation curves 
at 0° and 90° as well as the 0° counter ratio for the 
neutrons from the C'*(He*®,2)O™ reaction. The neutron 
yield was determined at bombarding energy intervals 
of approximately 22.5 kev, and the absolute cross 
sections shown on the ordinate were determined by 
comparison with the proton yield from the (He',p) 
reaction as will be described in the following section. 

The proton gyromagnetic resonance frequency corre- 
sponding to the reaction threshold has been determined 
several times, both by observation of the direct 0° 
neutron yield and by use of the counter-ratio technique 
mentioned above. Figure 14 is a typical expanded plot 
of the 0° yield in the region of the threshold. When 
converted to He’ energy using the calibration discussed 
in the previous section, the threshold energy referred 
to the Li’(p,m) calibration is 1449.043 kev, whereas, 
based on the Li’ (a,7)B"' calibration point, it is 1450.1+4 
kev. It would seem reasonable that the best value for 
our threshold measurement is then 1449.6+2.8 kev, 
which is the weighted mean of these two determinations. 
Any systematic errors, involving, for example, uncer- 
tainty as to the exact shape of the yield curve at 


0.24+0.08 
—0.21+0.02 
—0.26+0.02 
—0.11+0.05 
—0.19+0,06 
~0.24+0.07 
—0,22+0.06 


0.05+0.04 
0.50+0.11 
0.43+0.03 
—0.5140.06 
—0.92+0.06 
—0.37+0.06 
—0.03+0.09 


0.91+0.07 
1.16+0.23 
0.364:0.16 
0.87 +0.07 
0.15+0.04 
0.10+-0.06 
0.38+0.18 


a6 


0.00+0,07 
0.07 40.03 
0.04+0,02 
0.04+-0.05 
0.03 40,07 
0.10-+-0.08 
0.08 40.06 


aa 


~0,18+0.09 
-0.15+0.03 
0.06+0.02 
0.03+0.06 
0.04+0.07 
0.064.0.09 
0.07 +0.07 


as 


0.08 +0,09 
0.08+0.03 
0.04+40.02 
0.08 +0.07 
0.02 4.0.08 
0.02+0.09 
0.08 40.08 


a3 


0.34+0.10 
0.14+0.02 
0.20+0.02 
0.52+0.06 
0.07+0.07 
0.03-+0.08 
0.17+0.07 


0.11+40.03 
0.024013 
0.024-0.04 
0.04+0.07 
0.03 40.07 
0,08+4-0.07 
0.09+0.10 


0.29+.0.04 
0.16+0.14 
0.08 4-0.04 
0.03 40.08 
0.15+0.07 
0.07 40.07 
~0.05+0.11 


0.054.0.04 
0.12+0.16 
0.09 +0,04 
0.024-0.08 
0.06+0.08 
0,06-+-0,08 
0.02+0.13 


0.24+0.05 
0.55+0.14 
0.3340.04 
0.3140,.07 
0.05+0.07 
0.09+0.07 
0.22+0.11 


0.15+40.09 
0.1240.29 
0.3540.18 
0.06+0.09 
0.03+0.05 
0.08-+0.08 
0.30+0.20 


0.1440.10 
0.044-0.34 
0.24+0.23 
O.11+40.11 
0.08 +0.05 
0.12+0.09 
0.15+40.21 


1.08+0.09 
0.68+0.28 
0.04+4-0.19 
0.12+0.09 
0.20+0.05 
0.504-0.07 
0.55+0.18 


0.3840.09 
0.14-+0.30 
0.57+0.20 
0.01 0.09 
0.09-+-0.05 
0.18+0.08 
0.00+0.19 


threshold, would be in the direction to reduce this 
threshold energy, but at most by the order of 1 or 
2 kev. The only previously reported measurement of 
this threshold is a preliminary one due to Butler,‘ who 
finds a threshold energy of 1435 kev. 

There is evidence in the 90° excitation curve for the 
2.1-Mev resonance as well as for the strong resonance 
in the vicinity of 2.5 Mev and for the higher resonances 
observed both in the proton excitation curves and by 
the Naval Research Laboratory group."® The counter 
ratio remained constant through these resonances as 
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Fic. 12. Angular distributions of protons leading to the formation 
of N“ in its second excited state. 


” EF. H. Geer (private communication). 





964 BROMLEY, ALMQVIST, GOVE, 


8 
oA8B 


& 
Cc 


CO COUNTER A 


NTER RAN 


VUYL 


RATIO A/B 


CROSS SECTION IN MILLI BARNS PER STERADIAN 


ae 
ia 
w°-2-2-2.0-8 


210 
He ENERGY IN 


expected; in agreement with the work of Ajzenberg,”° 
there is no evidence for low-lying states in O" which 
would give rise to breaks in this ratio. 


C'*(He*,n)O"™ 


Angular distributions of these neutrons have been 
measured, using the method previously described, for 
He® bombarding energies of 1.89, 2.16, 2.40, and 2.51 
Mev. At these bombarding energies, only neutrons 
corresponding to the formation of O" in its ground 
state are possible, and a small, experimentally deter- 
mined background resulting from neutron scattering 
from surroundings and from small amounts of neutron 
production from stray beams striking apertures, etc., in 
the beam tube has been subtracted. By minimizing the 
amount of matter in the vicinity of the target, the 
contribution from scattered neutrons has been kept 
small and is, in all cases, less than 15°/. The directional 


Angular Distributions 


sensitivity of the long counter was useful in this respect. 

The angular distributions thus obtained, converted 
to the center-of-mass system and normalized to the 
yield curves of Fig. 13, are shown in Fig. 15, The small 
correction proportional to the second derivative of the 
distribution arising from the finite acceptance angle of 
the detector has not been applied to these data and is 
negligible because of the small values for this derivative. 
Table II lists the coefficients a, in the corresponding 
Legendre polynomial expansions. 


Relative Cross Sections—C'*(He’,p,)N'** 
and C'*(He’,n))O'* 


Since the O™ ground state and the 2.3-Mev state of 
N"™ are members of an isobaric triplet, it was of par 


* F,. Ajzenberg and W. Franzen, Phys. Rev, 94, 409 (1954). 
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Fic. 13. Neutron yield 
and counter ratio for the 
reaction C”(He’,n)O" as a 
function of the He* bom- 
barding energy. The thresh- 
old energy is 1449.642.8 
kev. The letters A, B, and C 
refer to the counters so indi- 
cated in Fig. 3. 
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ticular interest to study the relative cross sections for 
the formation of these states from the decay of common 
states in the compound nucleus O"*. Because these 
reactions proceed to analog final states, the ratio of 
the cross sections is given simply by 


o(He*,p) f (1:72:71 2|TT2TT,) 


= (1 
o(He*,n) (7/727 ,'T2,/|\T;'T2'TT,) 
where 7; 
baric spin of the outgoing particle, and T 
spin of the compound state= isobaric spin of the inci- 
dent particle for T7=0 targets. Substituting the appro- 
priate values from Fig. 9, this results in o(He*,mo) 

2o0(He’*,p,). It would be expected that this would be 
the case somewhat above the neutron threshold in the 


isobaric spin of the residual nucleus, 7':= iso- 
isobaric 


reactions considered here. 


pee” 
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14. Typical neutron excitation curve in the region 
of the C"(He',n)O" threshold. 





STUDY OF SOME He*?-INDUCED REACTIONS ON C!! 


TABLE IT. Coefficients of the Legendre polynomial expansion least squares fitted to the center-of-mass neutron 
angular distributions in the C”(He?,n)O™ reaction. 


Eve ao a ae aa as as as 


2.51 1.00+0.01 -1.13+0.03 0.42+40.05 0.15+0.05 
2.41 1.00+0.01 0.63+0.02 0.46+0.03 0.0140.03 
2.16 1.00+0.06 0.28+0.14 0,09-+-0.19 0.10+0.24 
1.89 1.00+0.05 —0.16+0.10 O0.15+40.13 0.00+0.20 


Reaction 


C® (He? no)O™ 0.12+0.06 
0.02+0.04 
0.1740.28 


0.0240.22 


0.13+0.06 
0.034-0.04 
0.05+0.24 
O0.1540.17 


0.08 +-0.06 
0.13+40.04 
0.08+0.24 
0.27 +0.16 


As shown in Fig. 9, the 8+ decay of O" proceeds 
through the 2.3-Mev level in N"; the 2.3-Mev radiation 
observed during He*® bombardment of C" results there- 
fore from three separate sources: (a) direct feeding by 
the P; proton group to the 2.3-Mev level in the 
C!"*(He’,p)N™ reaction; (b) cascade de-excitation of 
higher levels in N", formed in the same reaction, 
through the level at 2.3 Mev; and finally (c) the 8 
decay of O" produced by the C!*(He',n)O™ ground- 
state reaction, 

Since only the ground-state (He’,n) reaction is 
energetically possible on carbon at the bombarding 
energies used and since the partial branching ratios of 
the higher levels in N' for decay through that at 
2.3 Mev are known as discussed below, a determination 
of the relative yield of 2.3-Mev radiation, first with the 
beam on target and second with it interrupted mechani- 
cally, so that only gamma rays following the O" pt 
decay occur, allows the calculation of the ratio of the 
(He*,no) and (He*,p,) cross sections. In particular, this 
somewhat involved procedure avoids the necessity for 
direct measurement of the efficiency of the neutron 
detectors as well as correction for the neutron back- 
grounds. The cross sections determined here were in 
fact used to compute the neutron-counter efficiencies 
previously quoted. 

If He* bombardment of the carbon target is continued 
until secular equilibrium is established, then the meas- 
ured yield of 2.3-Mev radiation during a run of length 
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Fic. 15. Angular distributions of neutrons from the reaction 
C#(Hei,n))O". The experimental data have been converted to 
center-of-mass intensity and angle and have been normalized to 
the excitation curves of Fig. 14. Note that the ordinate scale is 
logarithmic. 


T» is given by 
R 
N ADT ye >| boy t On |, 


1 


(2) 


where A is the flux of incident He’ ions, D is the areal 
density of the target in atoms/cm’, ¢ is the efficiency 
of the gamma detector for 2.3-Mev radiation, o, is the 
total cross section for the C'*(He'*,p,)N" reaction 
leading to the rth excited level, 6, is the fractional 
branching ratio for the decay of this level through that 
at 2.3 Mev, and ao, is the total cross section for the 
C!(He',n)O" ground state reaction. Furthermore, if, 
after equilibrium is established, the beam is interrupted 
mechanically and after an interval 7, the yield of 
2.3-Mev radiation is measured for a time 7», this yield is 


N'=(ADeo,/d)eO™(1—e"2), (3) 


where the notation is as in Eq. (2) and X is the radio- 
active decay constant for O". 

For bombarding energies up to 2.0 Mev, examination 
of the direct gamma spectrum associated with He’* 
bombardment of carbon shows no detectable feeding of 
any state in N™ higher than the fourth at 5.1 Mev"; 
consequently R in Eq. (2) is limited to 4 in this range. 
Clearly b;=1, and the work of Woodbury, Day, and 
Tollestrup”! gives bs~0 and by 26%, 

A previously reported measurement from this labora 
tory! gave b.= (95.74+0.8)%. In determining this value, 
measurements were made with the proton detector fixed 
at 90° and the gamma detector at 0° and 90° to the 
beam in the plane defined by the beam and proton 
detector. Further measurements have been carried out 
to check on the possibility of an azimuthal correlation 
as well, in that the gamma radiation in coincidence with 
the P, proton group has been examined by rotating the 
proton detector through 90° from its previous position 
and examining the gamma radiation at 90° and 0° to 
the beam in a plane perpendicular to the axis of the 
proton detector, As in the previously reported case, 
there is a slight indication of a P2(cos@,) correlation 
term, but to within the statistical accuracy of the 
measurements this term is negligible, and the weighted 
mean of the branching ratios for direct decay deter- 
mined at 0° and at 90° in the perpendicular plane is 
(3.1+0.8)%, to be compared with the previous value, 
in the proton detector plane, of (4.34+0.8)%,. It is 
reasonable to conclude that the 
branching ratio is the weighted mean of these separate 


best value for this 


21 Woodbury, Day, and Tollestrup, Phys. Rev. 92, 1199 (1953) 
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Fic. 16. Gamma spectra from C (He, py) N“ at Eu = 1.3 Mev. 
Curve A is the direct spectrum showing the 1.64-, 2.31-, and 
4.91-Mey radiation, Curve B is the spectrum in coincidence with 
the proton group P; to the 3.9-Mev state in N“ showing the weak 
3.9-Mey direct transition. Note the absence of 1.90-Mey radiation 
which would result from de-excitation of the first excited state of 
C" produced in the C(He',a)C" reaction. 


determinations, equal to (3.74-0.6)%, to be compared 
with the theoretical predictions’? of 3.9% due to 
Visscher and Ferrell and of ~1% due to Elliott. 

In addition to the partial branching ratio just noted, 
correction for the cascade contribution to the yield of 
2.3-Mev radiation required that the correlations of the 
various cascade gammas be determined. The gamma 
spectrometer efficiencies were determined directly by 
observation of the gamma spectrum in coincidence 
with the P, proton group as shown in Fig. 16(B). 
Figure 16(A) is the direct spectrum for comparison, 
showing the 4.9-Mev radiation from the third excited 
state which masks the 3.7% direct 3.9-Mev transition 
shown in Fig. 16(B). The spectrometer efficiency is 
given directly by the ratio of the number of coincidence 


Taste IIT. Analysis of the spectra shown in Fig. 17. a is the 
coefficient of the /2(cos#,) term in the corresponding angular 
distribution, and the relative radiation yields are determined 
from the observed counts, the known branching ratios, the 
spectrometer efficiencies, and the measured distributions. These 
are arbitrarily normalized to 1.00 for the 2.79-Mev radiation. 


Gamma 
spectrometer 
efficiency 


Counts in total 
absorption peak 


Relative 
radiation 
yield 


Gamma 
energy 
Mev 0 90 a 


1502 4 50 
5348 4100 
413420 


0.92 +0.05 
0.80 40.05 
0,70 40,05 


1.64 2046 4+ 50 
2.41 5568 +100 
2.79 922440 


0.22 40,02 
) 


{ 
0.55 40.05 


W. M. Visscher and R. A. Ferrell, University of Maryland 
Physics Department Technical Report No, 19, September, 1955 
(unpublished), and private communication; J. P. Elliott, Phil 
Mag. 6, 503 (1956). 
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counts in a given energy peak to the corresponding 
number of proton counts after correction for the 
measured correlations and is listed in Table III. Since 
only states of angular momentum 1 or 0 are involved," 
the angular distributions can at most have the form 


w(0) = wel Po(cosd,)+aP2(cos6,) | 


and measurement of the spectra at 06,=0° and 90° is 
sufficient to determine a and consequently the averaged 
relative yields. These quantities are listed in Table III 
for a He* bombarding energy of 2.0 Mev. Figure 17(A) 
is a typical spectrum measured at 6,=0° and Fig. 17(B) 
the corresponding spectrum at #,=90°, from which 
the data of Table ITI were obtained. The weak radia- 
tion at 2.79 Mev is the cascade from the state at 5.10 
Mev through that at 2.31 Mev; that at 1.64 Mev is 
the corresponding cascade from the 3.95-Mev level. 
Figure 17(C) is the spectrum obtained with the beam 
interrupted mechanically and results purely from the 
de-excitation of the O" ground state by Bt decay via 
the 2.3-Mev level in N™. The experimental counts so 
obtained have been corrected for background and for 
the underlying tails of higher energy gamma radiations 
using measured standard spectral shapes. To obtain the 
values of o,/o, for r= 2, 3, 4, the measured angular dis- 
tributions were integrated, normalized to the 90° yield 
of Fig. 8, and combined with the data of Table ITI. 
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Fic. 17. Gamma spectra from C"(He', py) N" at Ene? = 2.0 Mev. 
Curve A is obtained with the beam on target and the gamma 
detector at 0° to the beam axis. Curve B is obtained with the beam 
on target and the gamma detector at 90° to the beam axis. Curve C 
is obtained with the beam interrupted mechanically and is associ- 
ated with the 8* decay of O", 
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These values may then be substituted into Eq. (4): 


N se™ (1-97) 1 

N’ AT» 
which is obtained by combining Eqs. (2) and (3), where 
N and N’ are the number of counts in the 2,31 Mev 
gamma radiation full absorption peak with the beam 
on and off the target for periods 7) and 7», respectively, 
K is a function of the 6, and o,, and is constant for any 
particular bombarding energy. At 2.0 Mev, K= 3.048. 
The average of several such determinations at 2.0 Mev 
is ¢,/0,=0.89, and the different measurements do not 
vary from this by more than about eight percent, which 
is within the order of accuracy claimed for this meas- 
urement, 

As a check that the 2.3-Mev radiation observed after 
interruption of the beam was in fact associated with 
the O'(@t) decay, a rough lifetime measurement was 
carried out. The results shown in Fig. 18 indicate a 
half-life of 72 sec in excellent agreement with the value 
of 72.1+0.4 sec quoted for O'7.8 

Having established the ratio of the (He*n) and 
(He’*,p) cross sections at 2.0 Mev, the ratio at other 
energies was obtained by integrating the measured 
angular distributions for both protons and neutrons, 
normalizing to the yield curves shown in Figs. 8 and 13, 
and finally normalizing the ratio of the total cross 
sections thus determined to the ratio at 2,0 Mev. The 
efficiency of the neutron detectors has been assumed to 
be independent of energy. The points so obtained are 
shown as closed circles in Fig. 19, which is a plot of the 
ratio o(He’,no)/o(He’,p,) as a function of the He* bom- 
barding energy. As shown in Figs. 11 and 15 and as will 
be discussed in the following section, the angular distri- 
butions of the protons to the 2.3-Mev state of N“ and 
of the neutrons to the O" ground state are quite similar, 
particularly at the higher bombarding energies. ‘The 
triangular points of Fig. 19 were obtained therefore by 
forming the ratio of the 90° differential cross sections 
and normalizing this to the determined ratio in the 
region of 2.0 Mev. This allows determination of the 


Fic. 18. OY 8*-decay 
lifetime check. The line 
drawn on the figure cor 
responds to a half-life of 
72 seconds. 
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% J. B. Gerhart, Phys. Rev. 95, 288 (1954). 
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Fic. 19. Ratio of the C#(He',no)O™ to C#(He',p,)N™* cross 
sections as a function of bombarding energy. The double circled 
points represent detailed measurements as described in the text; 
the closed circles were obtained by integrating the corresponding 
angular distributions and the triangular points by comparison of 
the 90° differential cross sections. 


ratio at energies where the angular distributions were 
not measured, 

Detailed measurements of the relative cross sections 
of the sort described here for 2.0 Mev have also been 
made for energies of 1.78 Mev and 2.28 Mev. These 
points and that at 2.0 Mev are shown in Fig. 19 as 
double circles. The expressions which have been used 
in these determinations will of course not apply when 
the bombarding energy becomes sufficiently high to 
excite appreciably higher levels than the fourth in N“* 
without addition of higher terms in the 2,b,0, factor. 
This effect is quite pronounced for the He* bombarding 
energy of 2.28 Mev, where the calculated ratio is 
a,/o,=0.6, indicating large contributions to the yield 
of 2.3-Mev radiation from cascade de-excitation of 
higher states, primarily from that at 5.69 Mev, which 
is quoted” as having a 659 branch to the state at 
2.3 Mev. This is shown quite clearly in Fig. 19, where 
the 2.28-Mev point is low. 


Relative Cross Sections-—C!*(He’,a,)C"! 
and C'*(He’,no)O'* 


At He* energies below 2.0 Mev the C'*(He',a)C" 
reaction can feed only the ground and first excited 
states of C'!, Furthermore, examination of the gamma 
spectra such as are shown in Figs, 16 and 17 shows no 
detectable 1.90-Mev radiation which would result from 
de-excitation of the first excited state in C'', leading to 
the conclusion that, owing to barrier effects, effectively 
only the ground state reaction has an appreciable cross 
section. By studying the decay of the 0.511-Mev 
annihilation radiation from C!!(6+)B" and OM(f8t)N"™ 
following interruption of the He* beam, it is therefore 
possible to obtain the ratio of the ground state 
C!*(He*,a)C" and C!*(He*,n)O"™ reaction cross sections 
since the Q value of ~ 3.55 Mev insures no contribution 
from N® formed in the C!?(He',d)N™ reaction. The 
upper curve in Fig. 20 shows the decay of this radiation 
following a 120 minute bombardment with 2.0-Mev He’ 
ions. The straight line corresponds to a half-life of 20.5 
minutes, identifying this component as due to the decay 
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Fic. 20. Radiation associated with the decay of O“ and C" 
produced by the C®(He*,n)O” and C"(He*,a)C" reactions, after 
mechanical interruption of the He* beam. The lines drawn on the 
figure correspond to half-lives of 72 seconds and 20.5 minutes, 
epee A The He* bombarding energy was 2.0 Mey. Formation 
of N* in the C®(He*,d)N™ reaction is not energetically possible at 
this bombarding energy. 


of C"."! The rise, immediately after the end of bom- 
bardment, above this line results from the 72.1 second 
QO" activity. Since the He* beam intensity was main- 
tained constant to within a few percent during the 
bombardment, the cross section ratio is given by 


a(He*ao) No(C") ,1—exp[—A(O")T ) 
—*= , (5) 
o(He* no) Nol = 


1—exp[—A(C")T] 


where No represents the counting rate extrapolated 
back to the end of bombardment and T is the duration 
of bombardment. 

Because of the inaccuracy inherent in obtaining 
N,(O") as the difference of two comparatively large 
numbers, the relative efficiency of the gamma spec- 
trometer for 0.51- and 2.31-Mev radiation was measured 
by bombarding a clean target for 75 seconds and 
examining these radiations simultaneously after this 
bombardment. The ratio of the efficiencies was found 
to be 2.7; consequently the yield of 0.51-Mev radiation 
from the O" decay may be obtained directly from that 
of the 2.31-Mev radiation, which in turn can be meas- 
ured with considerably greater accuracy. The lower 
curve in Fig. 20 shows the decay of this radiation ob- 
tained simultaneously with that for the 0.51-Mev 
radiation. 

With a bombarding energy of 2.0 Mev, the ratios 
found are 10.0 and 6.0, depending upon whether only 
the 0.51 or both 0.51- and 2.31-Mev data are used in 
the calculation, Corresponding ratios for a bombarding 
energy of 1.78 Mev are 11.1 and 8.3. As noted pre- 
viously, the second of these ratios in each case is con- 
sidered more reliable. It should be emphasized that 
this measurement is not intended to be a precise one; 
the method is quite sensitive to target changes during 
bombardment and to beam intensity fluctuations, par- 
ticularly during the latter part of the bombardment. 
A weighted mean of the above data would then give 
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o (He x) /o (He* no) = 7.3 and 9.2 at bombarding energies 
of 2.0 and 1.78 Mev. These ratios are estimated to have 
an error of +3.0. 

A more accurate determination of the (He*,a) cross 
section will be carried out using an ionization chamber 
of known efficiency to detect the alpha particles 
directly. 


Absolute Cross-Section Determination— 
C'?(He’,p)N'* 


Having obtained a value for the relative cross sec- 
tions of the (He’,n9) to (He*,p;) and of the (He*,ao) to 
(He*,n¢) reactions, it was sufficient only to determine 
the absolute cross section for the C'*(He*,p)N™ reac- 
tions. Two separate measurements of the efficiency of 
the proton counter have been used in making this 
absolute cross-section determination. The target thick- 
ness was determined as described previously, and the 
beam current integrator was calibrated by comparison 
with a precision electrometer system. The facts that 
99°, He* has been used in the accelerator ion source for 
these measurements and that this accelerator has never 
been used with either deuterium or tritium make it 
possible to determine the actual He’ ion flux on target 
by a direct integration. With source gas of lower 
isotopic purity or where appreciable deuterium or 
tritium has been absorbed on the accelerator surfaces, 
auxiliary measurements to determine the amount of 
HD* and T* contaminants in the beam would be 
required. In the first series of measurements, the 
efficiency of the proton counter was computed from the 
measured geometry as shown in Fig. 1. Measurements 
taken with detector efficiencies differing by a factor of 
two (obtained by withdrawing the photomultiplier and 
aperture system by measured amounts) agree to within 
6%. The data have a 1.5% statistical uncertainty and 
the efficiency calculations an estimated 5% error. 
Consequently, this agreement is considered as satis- 
factory. The absolute differential cross sections thus 
obtained are on the ordinates of the excitation curves in 
Figs. 8 and 13. In Table IV the total cross sections for 
the reactions are listed for the energies at which angular 


TasLe IV. Total cross sections in millibarns for the 
C"(He3,p)N™ and C#(He',mo)O" reactions. These have been 
obtained by integration of the angular distributions. The approxi 
mate C®(He?,ao)C" reaction cross sections have been obtained by 
comparison with those for the C!(He#,9)O" reaction. 


Bombarding 
energy 
in Mev 1.30 1.62 


2.16 2.41 2.51 2.66 
Reaction 
“19 Het, po)NM 
2 He? pi )N* 
(2.3 Mev) 


0,026 


0.30 , 5. 16 
0.038 ° 3 


2 13 
0.59 » 7 


18(He?, p2)N* 0.90 61 25 25 


(3.9 Mev) 


0.024 


“8 ( Het, m9 )O" 79 34 


-~50 at 
2.0 Mev 


~20 at 
1.78 Mev 


(Het ag) CU 





STUDY OF SOME 


distributions have been measured in the case of the 
(He’*,p) and (He’,m) reactions and at 1.78 and 2.0 Mev 
for the (He*) reaction. The errors in these cross 
sections are estimated at 10% for the first two reactions 
and 30% for the last. 

A second determination of the proton counter effi- 
ciency was obtained by an examination of the proton 
spectrum in coincidence with the 2.3-Mev radiation. 
This measurement was carried out at low energy 
(1.30 Mev), below the C!*(He’,n)O"™ threshold; conse- 
quently none of the observed 2.3-Mev radiation resulted 
from the O™ beta decay. The absence of detectable 
2.79-Mev radiation from the 5.1-Mev level in N" in 
the spectra shown in Fig. 21 also indicates that at this 
energy at most a negligible fraction of the 2.31-Mev 
radiation resulted from the de-excitation of states in N™ 
other than those at 2.31 and 3.95 Mev. Part C of this 
figure shows, first, a direct spectrum, showing the 1.64- 
and 2.31-Mev radiation from these two levels. Inset and 
shaded-in part C of the figure is the spectrum obtained 
by self-gating the spectrum in coincidence with a 
voltage gate set on the 2.3-Mev full absorption peak as 
described previously. This provides a direct check on 
the setting of this gate. Part A of the figure shows the 
direct proton spectrum, while part B shows that in 
coincidence with the 2.3-Mev gate just described. The 
residual yield of the Po group is due toaccidental coinci- 
dences, since the coincidence circuits readily available 
were slow, having resolving times of the order of 
1 usec. Since, as noted previously, the angular corre- 
lation of the 2.31-Mev radiation is isotropic, no correc- 
tion is required for this correlation here. In obtaining 
the total yields of the P; and P, proton groups from 
the measurements at 90°, the angular distributions 
shown in Figs. 11 and 12 have been integrated and 
normalized to the experimental counting rate at 90°. 
It should perhaps be remarked that only when the 
gamma ray in an (a,by) reaction comes from a J=0 
state are the triple and double correlations of the 6 
particles identical, which justifies this use of these 
double correlation angular distributions in this triple 
correlation measurement.** From these measurements 
the efficiency of the proton counter, ¢€,, is given by the 
ratio of the corrected number of counts in the P; and P, 
peaks in the coincidence spectrum to the number of 
2.3-Mev radiation counts in the gate where, in correct- 
ing the proton counts, the yields have been averaged 
over the distributions, and the ~4% branch of the 
3.9-Mev state de-excitation directly to the ground state! 
has been subtracted. The efficiency of the proton 
counter as determined in this way agrees to within 
3% with the value computed from the measured dimen- 
sions. The mean of these determinations gives an 
efficiency of 0.067%, 


“Sharp, Kennedy, Sears, and Hoyle, Chalk River Report 
CRT-556, 1954 (unpublished). 


He*-INDUCED 


REACTIONS ON C!3 








-3 


COUNTS PER CHANNEL x10 








2} 
) { | 

Sf | / > 7 ’ 
0 a 20 5 ; 


O 
CHANNEL 
{ 


io,’ 





40 5 
NUMBER 


0 
\ q A 


4 
[A 
} 
j 


8 


| ' 

| 4 

‘ mm } | 4 

4} wy \e/ . ; } 
DIRECT SPECTRUM _.\ j/ ““) 

GATE SPECTRUM. | 


errr eee 


6 


2 
Og 6 12 16—« 20 24 28 32 «46 
CHANNEL NO, 
1.0 i626 25 30 
GAMMA ENERGY IN Mev 


Fic. 21. Curve A is a direct proton spectrum from the 
C"(He?,p)N™ reaction obtained at a bombarding energy of 
1.3 Mev. Curve C shows the corresponding gamma-radiation 
spectrum and, superimposed, the spectrum of the radiation which 
opens a voltage gate set on the 2.3-Mev gamma, Curve B is the 
proton spectrum in coincidence with the pulses in this gate. The 
cutoff in the low channels is instrumental and is used to limit the 
kicksorter input to the spectrum region of interest, 


High-Energy Gamma Radiation 


In examining the higher energy gamma radiation 
spectra associated with He’ bombardment of natural 
carbon targets, a relatively strong gamma ray of 
15 Mev is seen, presumably from the first 7=1 state 
in C™ at 15.09 Mev!! excited in the C¥(He',ay)C” 
reaction. A detailed study of this radiation as well as 
that from neighboring states in C'* has been carried 
out using separated isotopic targets of C™ and B" and 
the reactions C¥(He’,ay)C" and B'"(He',py)C™. The 
results will be published in a forthcoming paper. 


DISCUSSION 


Excitation Curves 


The excitation curves for C', as shown in Figs. 8 
and 13, are characterized by the presence of resonance 
structure in marked contrast to the corresponding 
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results for He* induced reactions on Be*,?® where these 
curves rise monotonically with energy. In the bombard- 
ment of Be*, the excitation in the compound nucleus, 
C!, is about 27 to 28 Mev, whereas in the C'* bombard- 
ments, the excitation in the compound nucleus O'* is 
about 13 to 14 Mev. The levels in O'* corresponding to 
the observed resonances have been listed in the previous 
section. It is perhaps surprising that an even-even 
nucleus such as C' should have a sufficiently high level 
density at an excitation energy of 27 Mev to smear out 
completely individual level effects as seems to be the 
case, The measurement interval of about 22.5 kev and 
the relatively thick targets used in both measurements 
result in a low detection sensitivity for very narrow, 
weak resonances, 

The fact that the weak resonance at 1.2 Mev ob- 
served in the proton distribution feeds only the 1+, 
T= 0 ground and second excited states and not the 0+ 
and presumed 0— second and fourth excited states is 
consistent with the assignment of 5/2— or 3/24 to 
this resonance. Consideration of the orbital momenta 
required for transitions to the first four levels in N™ 
and the fact that all four levels are fed with approxi 
mately equal intensity at the 1.31-Mev resonance make 
the assignment of 1/2— with s-wave, low-energy 
protons to the 4.9-Mev state seem most probable. The 
required orbital momenta and the fact that the 1.2-Mev 
resonance is considerably weaker than that at 1.3 Mev 


* Almqvist, Bromley, Gove, Litherland, and Paul (to be 
published), 
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favor selection of the 5/2— assignment noted above 
for the 1.2-Mev resonance. 

The strong yields of protons to the three lowest states 
of N“ and of neutrons to the O" ground state, together 
with the fact that the yield of 4.9-Mev radiation is 
relatively low at the 2,52-Mev resonance, suggest the 
assignment of 1/2+ to this level on the basis of the 
above arguments. Nothing further can be said regarding 
the higher resonances. Work at higher energy has 
substantiated the existence of a very strong resonance 
just beyond the energy limit of our machine.” There is 
slight evidence for the appearance of weak, high-energy 
resonances in the neutron excitation curves as well, but 
these have not been studied in sufficient detail in this 
energy region to locate the resonances accurately. 

The weak resonance at about 2.15 Mev in the Po 
excitation curve appears as a step in the 90° neutron 
excitation curve. There is no obvious reason why this 
should not occur in the P; and P, curves, but several 
qhecks in this energy region have failed to show any 
evidence for it. A possible explanation is that this is a 
high spin (greater than 5/2) resonance. It should be 
emphasized that these assignments are suggested rather 
than fixed by the arguments listed. 

The cross sections as measured for the (He’,p), 
(He*,n), and (He*,a) reactions are comparable to those 
for (d,p) reactions for similar energies and targets.'!-”° 
Since no levels have been observed in O™“ below an 


* Bromley, Bruner, and Fulbright, Phys. Rev. 89, 396 (1953) 
and unpublished work. 





STUDY OF SOME He? 
excitation of about 5.5 Mev,”° the C!*(He'n)O™ reac- 
tion constitutes a source of monoergic neutrons from 0 
to about 6 Mev. Unfortunately, the low cross section 
and high associated gamma-radiation flux greatly re- 
duce its potential usefulness for incident He* energies 
below 3 Mev. Since the cross section might be expected 
to increase rapidly with energy, this reaction may be 
quite useful with higher He’ energies. 


Analog State Reactions 


The ratio of the (He*,n) and (He’*,p) cross sections to 
the O" ground state and to the 2.3-Mev level in N" as 
shown in Fig. 19 is in agreement with the isobaric spin 
prediction. Since the isobaric spin factors in the pre- 
dicted cross section are multiplicative and angle inde- 
pendent, the differences in the neutron and proton 
distributions should be due only to different barrier 
effects on the emitted nucleons. Since the outgoing 
protons considered here are at an energy between one 
and two times the Coulomb barrier, it should be 
expected that, away from the C!*(He’,n)O™ threshold, 
the angular distributions of the neutrons from this 
reaction and of the protons from the C!*(He*,p,)N'™* 
reaction, when corrected to the center-of-mass system 
of reference, should be similar and that as the energy 
increases and barrier effects become negligible they 
should become identical. Figure 22 compares these dis- 
tributions at the two highest energies at which both 
were measured, 2.40 and 2.51 Mev. As seen in this 
figure, there is marked similarity between the curves, 
and this similarity increases with increasing energy as 
expected. 


Threshold Measurement—-C'*(He’,n)O'* 


The measured C!?(He',n)O™ threshold energy of 
1449.6+ 2.8 kev corresponds to a Q value for the ground 
state reaction of —1158.5+3 kev. This is to be com- 
pared with a value of 1166+ 39 kev calculated from the 
currently accepted mass valuesas quoted by Mattauch." 
This Q value, together with a series of reaction cycles 
linking C!? and N" and the measured excitation of the 
first excited state in N™, provides a new determination 
of the mass of O" and of the end point of the O" 


positron spectrum. Adjusted Q values and tabulated 
mass defects quoted by Mattauch ef al.“ have been 
used to obtain the mass-defect difference of the N“ and 


C ground states in the following reaction cycles: 
(a) N'*(p,a)C?, N(n,y)N™ 


N¥—C!=q@—d—2.2262(+1.3)+4,9622(+2.7) 
+ 10.8421 (+4.2) 
= 3.4623 (46.2); 
(b) N'5(p,a)C”, N4(d,p)N" 


N¥—C!2=a—d+4,9622(+2.7)+8.6159(44.1) 
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(c) C¥(d,p)C¥#, CABIN, C?(ny)C 

2n— 2.2262(+4-1.3)—4.9474(4+2.1) 
0.1553(+1.0)— 5.9404(+ 3.4) 

3.4623(+ 4.7); 


NM“ cr 


(d) C*(d,p)C¥, C¥(d,p)C4, C4(B-)N™ 


N4— C= 2d—2p—2.7212(+1.9) 


— 5,9404(+ 3.4)—0.1553(+1.0) 
= 3,4625(+6.0); 


(e) N¥(da)C” 


N4— C= 13,.4780(+4.3)+a—d 


3.4622(+5.5); 


where the defects are listed in Mev and the standard 
deviations in kev. The weighted mean of these differ 
ences is 3.4623+0.0025 Mev. 

This difference, coupled with the measurement of 
the excitation of the first excited state of N™ at 2.313 
+0,005 Mev by Bockelman ef al.” and with the 
C!?(He',n)O™ O value of — 1158.54 3 kev reported here, 
requires an end-point energy for the positron spectrum 
from O* of 1809.74+7.8 kev and a mass defect for O" 
of 12.146+-0,0065 Mev. These are to be compared with 
the positron end point of 183548 kev determined by 
Gerhart® and with a mass defect for O" of 12.153 
+0.039 Mev quoted by Mattauch ef al." 

This end-point energy is of particular interest since 
it allows the determination of the /t value for the 
0+ —0+, O"(8+) decay which can then be compared 
with the corresponding ft values in the 0-+- —*0+ posi- 
tron decays of Al** and Cl™. Using Gerhart’s quoted 
end-point value of 1835+8 kev and the calculations of 
Moszkowski and Jantzen,** one obtains an ft value of 
3277463; with the end-point value of 1809.74 7.8 kev 
reported here, one obtains an ft value of 3088+ 56. 
These are to be compared with an ft of 3080480 for 
the Al** decay assuming an end point of 3202410 kev 
from the work of Kington ef al.*® and of 3110+120 for 
the Cl™ decay assuming an end point of 4500+ 30 kev 
from the work of Kline and Zaffarano.” It is clear that 
the lower end-point value gives somewhat better agree 
ment among the three ft values. 

It should be noted that the reaction 
C’(He® n)O" N"*(p,n)O" C!"(He*,p)N™ Q) 
mines the Q value for the reaction C'*(He*,n)O"™ and 
hence the threshold, in terms of the Q values for the 
(pn) and (He*,p) reactions listed. However neither of 
these is known with sufficient accuracy to be of use in 
checking the present result. No measurement of the 


cycle 
deter- 


27 Bockelman, Brown, Buechner, and Sperduto, Phys. Rev. 92, 
665 (1953) 

#8 S. A. Moszkowski and K. M. Jantzen, University of California 
at Los Angeles Technical Report No. 10-26-55, 1956 (unpub 
lished) 

*% Kington, Bair, Cohn, and Willard, Phys. Rev. 99, 1393 
(1955). 

*”R, M, Kline and D., J. Zaffarano, Phys. Rev. 96, 1620 (1954) 
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(pm) Q value exists other than that of Ajzenberg and 
Franzen” which has been adjusted by Mattauch et al." 
to —5.9344-0.039 Mev, and no accurate measurement 
of the Q value of the (He’,p) reaction has been made 
as yet. 


Angular Distributions 


At the outset of these experiments, it was realized 
that the low He’ bombarding energy available would 
tend to complicate any analysis of the angular distribu- 
tion measurements and that in particular any direct 
interaction or stripping contributions to the reactions 
might be obscured, From the experiments on deuteron 
stripping reactions there was hope, however, that even 
at low bombarding energy these contributions might 
dominate, 

It is clear that the situation invelved in the (He’*,p) 
and (Hen) reactions is considerably more complex 
than in the case of deuteron stripping or pickup reac- 
tions because of the necessity of capturing two nucleons 
with consequent complexity of the momentum balance 
in the preblem. The (He’,a) reaction should be directly 
comparable to the deuteron pickup reaction, The large 
cross section found for this reaction is strongly sug- 
gestive of direct interaction particularly when it is 
noted that in a compound nucleus picture these cross 
sections would require a probability for emission of an 
alpha particle of energy comparable to the barrier seven 
to nine times that for emission of a neutron and at least 
an order of magnitude greater than for emission of 
protons of comparable energy. Angular distributions of 
selected alpha-particle groups will be measured to look 
for evidence of Butler-type*! stripping components as 
suggested by these measurements. 

It should be noted that, from conservation of angular 
momentum and parity in the C!(He’,p)N™ reaction, 
capture of a neutron-proton pair is forbidden, in the 
singlet case, to 14 states in N“ and is allowed for only 
s or d waves in the triplet case. Similarly, to 0+ states 
in N*™, triplet capture is forbidden, as is singlet capture 
for all except s waves; to 0O— states in N", only p-wave 
triplet capture is allowed, 

It is possible to predict, in first approximation, the 
angular position of the maxima in the differential cross 
section for a stripping reaction by requiring conserva- 
tion of linear momentum.” This means that the vectors 
representing the linear momenta of the incident, out- 
going, and absorbed particles must triangulate. The 
first two momenta are obtained from the known energies 
and reaction kinematics; the third is obtained as p,, 
where /h= RX p,. In this expression R is a characteristic 
radius in the problem, for convenience taken as the 
radius of the target plus that of the He’ ion, and / is the 
usual stripping parameter equal to the number of units 


"S. T. Butler, Proc. Roy. Soc. (London) A208, 559 (1951). 
* RK. Huby, Proc. Roy. Soc. (London) A215, 385 (1952). 
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of orbital angular momentum carried by the absorbed 
particle. 

As an example of the applicability of the model to 
(d,p) stripping reactions with comparable energies and 
targets, when applied to the C¥(d,p)C™ and C"(d,n)N™ 
reactions at 4 Mev, the vector model predicts the peak 
intensities at laboratory angles of 0°, 24°, and 50° for 
l=0, 1, and 2, respectively. Detailed calculations using 
the same radii and energies in the Butler formulation 
of the stripping theory predict corresponding angles of 
0°, 30°, and 60°. The experimentally observed /= 1 peak 
is at 25°. Similar agreement is found for /=2 transi- 
tions in the F'%(d,p)F® reaction, and in addition it is 
found experimentilly that when the vectors do not 
triangulate the stripping patterns are much weaker or 
are smeared out beyond recognition.” 

For orientation this medel can be applied to the 
(He*,p) reactions studied here to predict the angles at 
which peaks might be expected in the angular distribu- 
tions if stripping plays an appreciable role. Figure 23 is 


— 


120} 
| 
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Fic. 23. Peak angles predicted from linear momentum conserva- 
tion as a function of He’ bombarding energy for the C(He*,p) N™ 
reaction. The open, triangular, and closed points identify the 
calculations for /=1, 2, and 3, respectively, where /h is the absorbed 
orbital momentum. In all cases, for /=0 the peak would of course 
be expected at 0°. Calculations for the proton groups to the ground 
and first two excited states of N™ are labeled Po, Pi, and Po, 
respectively. 


a plot of these predicted peak angles for each of the 
three proton groups in the C!?(He*,p)N" reaction where 
l=1, 2, and 3, as a function of the bombarding energy. 
This would predict that the curves shown in Figs, 10 
and 12 to final states of identical character, 1+, T=0, 
should have peaks at 0°, with perhaps a subsidiary peak 
between 50° and 80° (depending on energy) if an 
appreciable stripping contribution is present and, more- 
over, that the stripping contribution should be identical 
for both families of curves, neglecting Coulomb effects. 
Although a prominent peaking develops in the P2 dis- 
tributions at the higher energies, the two families are 
quite different and in general do not appear to satisfy 
the stripping requirements. Similarly, the curves shown 
in Fig. 11 to the 0+, 2.3-Mev state would be expected 
to show prominent peaking at 0° if direct interaction 
contributions are large, whereas, of the three families of 
curves, these are least pronounced at 0°. 


8D. A, Bromley, Phys. Rev. 88, 565 (1952). 





STUDY OF SOME 

On the other hand, the distributions are not directly 
explicable as resulting from compound nucleus processes. 
The qualitative features of the distributions do not 
change rapidly with energy even though the yield curves 
show that several, and more probably a large number of 
levels in the compound nucleus are contributing to the 
reaction. The fact that the distributions are not sym- 
metric about 90° could readily be attributed to inter- 
ference contributions between the many levels available 
in the compound nucleus, and the difference between 
the distributions to the ground and second excited states 
in N* may reflect the findings of Visscher and Ferrell* 
that, although these states have the same gross char- 
acter, 1+, 7 =0, the detailed components of the states’ 
wave functions are quite different, in that the ground 
state is nearly pure *D, and the 3.95-Mev state nearly 
pure *S,. However, since the emitted protons leading 
to the second excited state have lower energy by about 
4 Mev than those to the ground state and would there- 
fore be expected to be strongly influenced by both 
Coulomb and centrifugal barriers, it is somewhat sur- 
prising that the corresponding angular distributions 
should show appreciably more structure than those of 
the ground-state protons. 

This situation is to be compared with that found in 
the measurements of the Be’(He*,p)B! angular distri- 
butions,** where again it is found that the qualitative 
features of the angular distributions do not change 
rapidly with energy. The distributions to the ground and 
second excited states of B'! are quite similar but 
markedly different from those to the first and third 
excited states, which in turn are quite similar. This 
apparent direct dependence on the characteristics of 
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the final state, which is also found in the (d,p) stripping 
reaction to these states,™ in that the first two show 
normal Butler stripping patterns whereas the second 
two do not, strongly suggests direct interaction con- 
tributions. These features of the distributions emphasize 
the desirability of having a detailed theoretical study 
of the (He*,p) and (He*,n) angular distributions. In the 
absence of any such theory, there is little that can be 
said about the significance of the Legendre polynomial 
expansion fits tabulated in Tables I and II. The fact 
that terms up to /’%(cos#) appear with appreciable 
intensity in at least some of the angular distributions 
is not inconsistent with a compound nucleus interpreta- 
tion involving f-wave incident He® ions, since at a 
bombarding energy of 2.0 Mev, for example, the rela 
tive penetrability factors for s, p, d, f, and g waves 
on C! are 1, 0.3, 0.05, 0.003, and 0.0001.*° The angular 
distributions presented here for carbon do not conform 
to either the compound nucleus or the direct inter- 
action pictures in detail, and it must be concluded that 
features of both are present. 
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Isomer in Iridium-193+ 


F. Borum Ann P. Marmier*® 
California Institute of Technology, Pasadena, California 
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An 80.19-kev transition with a half-life of 11.9 days and M4 multipolarity has been observed in a neutron- 
irradiated sample of iridium. The corresponding isomeric state has been assigned to Ir, which is produced 
by two successive neutron captures in Ir, A pile-neutron capture cross section of 1500 barns is found for 


Ir'# 


INTRODUCTION 


T is well known from a large number of investigations, 
particularly from the careful work of Mihelich and 
de-Shalit' that the energy levels of the odd-A isotopes 
of Ir, Pt, Au, and Hg show many striking regularities, 
For example, the arrangement of the low-lying energy 
levels in the odd-proton isotopes Ir, Ir™ and the gold 
isotopes with mass numbers 193, 195, and 197 is very 
similar. All of these nuclei have a spin $+ ground state 
and a spin 4+ level at an excitation energy of less than 
100 kev. In fact, two close-lying states with spin $+ 
and 4+ are predicted by the shell model* as well as by 
the Nilsson model* for the configuration of the 77th 
and 79th proton. The models also predict an 11/2— 
state, which has been found in Ir™ and in the three 
odd-A gold isotopes, but had not been reported in Ir™, 
Evidence for this 11/2— state in Ir™ is given by 
measurements on neutron-irradiated Ir samples as 
presented in the following section. 


METHODS AND RESULTS 


A. Beta-Ray Spectrometer Measurements 


A few milligrams of metallic iridium have been 
irradiated for periods of 11 to 14 days at high neutron 
flux in the Materials Testing Reactor (MTR) at Arco, 
Idaho. Sources for the beta-ray spectrometer were 
prepared by vacuum evaporation of the radioactive 
iridium onto thin mica sheets. The axial-focusing 
homogeneous-field beta-ray spectrometer was set at a 
momentum resolution of 0.12%. Measurements at low 
energy were performed with the semicircular spec- 
trometer, 

The measurements were started 5 days after the 
end of the pile irradiation. Very intense conversion 
lines due to the decay of Ir were present. Besides this 
74-day activity, which has been studied earlier in this 
laboratory,* pronounced groups of L-subshell lines and 
of M- and N-conversion lines were observed between 
70- and 80-kev electron energy (Fig. 1). The half-life 
of these lines was determined to be 11.9+0.5 days. 

t Supported by the U. S, Atomic Energy Commission. 

* Present address: Physikalisches Institut der Eidgenédssischen 
Technischen Hochschule, Zurich, Switzerland 

! J. W. Mihelich and A, de-Shalit, Phys. Rev. 93, 135 (1954). 

*P. F. A. Klinkenberg, Revs. Modern Phys. 24, 63 (1952). 

* B. R. Mottelson and S, G. Nilsson, Phys. Rev, 99, 1615 (1955). 


‘ Baggerly, Marmier, Boehm, and DuMond, Phys. Rev. 100, 
1364 (1955) 


The experimental conversion ratio, Ly: Lir:Lint 
=5.5:1:22.5, is characteristic for an M4 multipole 
according to the theoretical conversion data by Rose 
et al.’ Consistent with this assignment is the observed 
half-life of 11.9 days.® From the difference in binding 
energy between the L- and M-conversion groups it 
becomes evident that the transition occurs in an iridium 
atom. Additional evidence that the isomeric state 
belongs to iridium was given by a chemical separation 
between Os, Ir, and Pt. The 11.9-day activity was 


Lin 











268 
PLR. (Ke) 


276 


poe a ee ee 
298 294 290 


Fic. 1. Internal conversion spectrum of the 80.19-kev gamma 
line. The beta spectrometer was set at a momentum resolution of 
0.12%. (Abscissa: proton-resonance frequency in kc/sec.) 


5 Rose, Goertzel, and Swift (privately circulated tables). 

*M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, 
Inc., New York, 1955), Chap. 16. 
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present in the Ir fraction. Thus the gamma-ray energy 
of the transition is found to be £,=80.19+-0.05 kev. 

The low-energy spectrum has been recorded down to 
2-kev electron energy. No K-conversion peak of the 
isomeric transition could be seen. This result is not 
surprising considering the very small K-conversion 
coefficient of an M4 transition at this energy. A very 
complex L-Auger spectrum composed of more than 20 
lines was observed between 5 and 12 kev. 


B. Mass-Number Assignment 


Samples of enriched Ir! (85.9%) and Ir (89.19%) 
obtained from the Stable Isotope Division of the Oak 
Ridge National Laboratory were irradiated in the 
MTR. By comparing the intensity of the 80-kev 
transition to that of a reference line in Ir, it was 
possible to conclude that the isomer was produced by 
a reaction initiating in Ir, Since the 11.9-day isomer 
had not been reported by previous investigators,’ it 





AgNz 
Fic. 2. Ratio of the ho No 
activation of the 11.9 r 
day isomer to the 74-day 
Ir as a function of the 
pile-neutron flux. Addi 
tional errors due to the 
uncertainties in the 
neutron-flux value have 
not been considered in 
plotting the experi 
mental points. The solid 
line represents the calcu 
lated values if one as 
sumes a capture cross 
section of 1500 barns n 
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was assumed that it was produced only by a second 
order reaction in the high neutron flux available in the 
MTR. In fact, an Ir source irradiated in a flux of 10 
neutrons/cm? sec at the Oak Ridge reactor did not show 
any 80-kev line of observable intensity. 

The occurrence of second-order capture reactions 
has been observed in a few instances. An expression 
for the population, V3, of nuclei produced by double 
neutron capture to the population, N», of nuclei pro- 
duced by single neutron capture has been given by 
Murray ef al.’ This ratio is a function of the neutron 
flux y and the second capture cross section a2, as can 
be seen from Eq. (1) of reference 8. 

Irradiations at four different neutron-flux values 
varying from 0.510" to 6X10" neutrons/cm? sec 


7 Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953). 

* Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 1007 
(1955). 
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Fic. 3. Comparison of the low-lying levels of some odd-proton 
isotopes in the neighborhood of Ir, The first rotational level with 
spin 5/2 belonging to the ground state band (K=4), and with 
spin } belonging to the K = 4 band are indicated with dotted lines 


were performed in the MTR. The intensity ratio of 
the conversion lines of the 80-kev transition to that of 
the conversion lines of the 296-kev transition in the 
Ir'” decay was measured for each neutron flux value. 
Since Ir is produced by single neutron capture, this 
ratio gives, after one applies corrections for decay 
fractions and conversion coefficients, the depopulation 
rate A\sN3/A2No, where Ag and A; are the respective decay 
constants. The experimental points are plotted in Fig. 
2 as a function of the neutron flux. The corresponding 
theoretical curve for the intensity ratio has been 
calculated from Eq. (1) in reference 8. As can be seen, 
a reasonably good fit to the experimental points is 
obtained by assuming a neutron-capture cross section 
in Ir’ of 1500 barns. Thus the occurrence of a double 
capture in Ir! and consequently the mass number 
assignment 193 for the 11.9-day Ir isomer seems to be 
established. 


DISCUSSION 


The 80.19-kev M4 line can be interpreted as a transi- 
tion from an isomeric state with spin 11/2— to the 
ground state of Ir, 

Energy levels in Ir™ excited by beta decay of Os™ 
have been investigated by several workers." In the 
recent investigation by de Waard,’ a first excited level 
at 73 kev is found. According to Cork et al.'° and Swan 
and Hill," the 73-kev line is converted in the Ly and 
Li shell equally strongly. An M1+£2 multipole 
assignment, therefore, seems very likely and the 
identification of the 73-kev level as the 4+ intrinsic 
state mentioned in the introduction seems reasonable. 
In the decay of the 80.19-kev isomeric state, this level 
is not excited because of the large spin difference. 

A summary of the data on low-lying levels in Ir 
as compared to those of the neighboring odd-proton 
isotopes Ir™, Au'™, Au, and Au’ is given in Fig. 3. 

*H. de Waard, Physica 20, 44 (1954) 

” Cork, LeBlanc, Nester, Martin, and Brice, Phys. Rev. 90, 


444 (1953). 
4 J. B. Swan and R. D. Hill, Phys. Rev. 88, 831 (1952) 
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In addition to the intrinsic levels with spin $+ and 
11/2—, some rotational levels of the K=4 and K=4 
bands are shown. The transition from Ir to Au is 
characterized by a drop in nuclear deformation and by 
an overcrossing of the $+ and 4+ intrinsic states. 
Considering this fact, the generally smooth behavior 
of the 4, #(K = 4), and 5/2(K = 4) levels is worth noting. 
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The 11/2— level follows this trend not too rigidly and 
is somewhat low in Ir and somewhat high in Au’, 
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Atomic Distribution in Liquid Argon by Neutron Diffraction 
and the Cross Sections of A*’ and A*° 
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The angular distribution of 1.04 A neutrons scattered by liquid argon at 84°K is reported. Small-angle 
scattering in the pattern is accounted for in terms of isotope incoherence using the same sign for the measured 
values of the scattering lengths of A* and A*. The transmission cross section of A** was measured for 1.04 A 
neutrons and found to be 77+9 barns corresponding to a scattering cross section of 73+9 barns. The scat 
tering cross section of A® was measured and found to be 0.36 barn. The scattering curve was transformed 


to the atomic density distribution 4ar*[_p(r) 
about 


po | for the liquid. The function shows only small oscillations 
4nr*py for spacings out to 3 A. Beyond this the curve oscillates about zero with an amplitude which 


decreases with increasing radius. The number of neighbors assigned to the first shell of atoms is 8.2. From a 
comparison of the position of the density cutoff and first density maximum with that expected for a Lennard 
Jones 12:6 potential, it is concluded that the effective potential in the liquid has a broader bow] than that 


given by the Lennard-Jones 12:6 potential, 


INTRODUCTION 


KNOWLEDGE of the atomic distributions in 

liquids is of importance for the theory of liquids. 
It should be possible to calculate all the thermodynamic 
properties of a liquid from a knowledge of the atomic 
distribution function and the potential function. The 
liquid argon atomic distribution function has been 
previously measured by using x-rays,'~* and these 
results have been summarized in a review article by 
Gingrich.® The atomic distributions in the liquid and 
the vapor have been studied extensively by x-rays 
over a wide range of pressure and temperature by 
Eisenstein and Gingrich.* They reported radial distri- 
bution functions for spacings out to 8 A. 

More recently the structure of liquid argon at 86.3°K 
has been measured by means of neutrons.* The atomic 
distribution was reported for radial separations out to 
20 A. The neutron scattering pattern contained con- 
siderable small-angle scattering which could not be 
attributed to incoherence on the basis of known nuclear 
data. In transforming the measurements, it was as- 
sumed that all the scattering was coherent and that 


'W. H. Keesom and J. de Smedt, Proc. Acad. Sci. Amsterdam 
25, 118 (1922); 26, 112 (1923). 

*K. Lark-Horovitz and E. P, Miller, Nature 146, 459 (1940). 

+A. Eisenstein and N. S. Gingrich, Phys. Rev. 58, 307 (1940). 

‘A. Eisenstein and N. S. Gingrich, Phys. Rev. 62, 261 (1942). 

* N.S. Gingrich, Revs. Modern Phys. 15, 90 (1943). 

* Henshaw, Hurst, and Pope, Phys. Rev. 92, 1229 (1953). 


the formula of Debye’ and of Zernicke and Prins*® 
could be applied to the scattering pattern. 

We have measured the scattering from liquid argon 
with higher statistical accuracy at 84°K, using 1.04 A 
neutrons, and have shown that the small-angle scat- 
tering is real and can be attributed to isotope incoher- 
ence arising from a large scattering cross section for 
A*®. The measured scattering pattern has been trans- 
formed by using the formula of Debye and of Zernicke 
and Prins, modified to allow for the incoherence. The 
radial distribution function which was calculated out 
to 20.0 A is an oscillating function whose amplitude 
decreases monotomically with increasing r. The posi- 
tions of the first density maximum and the point where 
the atomic density rises from zero are discussed in 
relation to some two-particle potentials for argon. 


APPARATUS 


The measurements of the angular distribution of 
scattered neutrons were made by using one of the Chalk 
River neutron spectrometers with the arm recording 
in the antiparallel rocking position and with the NaCl 
monochromating crystal set to diffract neutrons of 
wavelength 1.04 A. The liquid argon was held in the 
5 in. diameter cassette previously described.* The 
scattered intensities were measured at 84°K over the 


7P. Debye, Ann. Physik 46, 809 (1915). 
* F. Zernicke and J. Prins, Z. Physik 41, 184 (1927) 
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Fic. 1. The angular dis- 
tribution of 1.04 A neutrons 
scattered by liquid argon at 
at 84°K. The vertical bars 
at each point represent the 
statistics based solely on the 
total number of counts. 
Arrows A, B, C,and D show, 
respectively, the calculated 
zero-angle scattering for 
complete coherence, the 
zero-angle scattering extra- 
polated from the measure- 
ments at small angles, the 
extrapolated zero-angle 
scattering measured for the 
solid, and the level of 
the large-angle scattering. 
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angular range 5° to 70°. The total number of counts 
for a fixed number of monitor counts was recorded at 
about 60 equally spaced points in the above angular 
range. 

EXPERIMENTAL RESULTS 


The angular distribution of 1.04 A neutrons scattered 
by liquid argon at 84°K is shown in Fig. 1. The scattered 
intensities are corrected for background, resolution, 
double scattering and for change in the effective scat- 
tering volume with angle. The vertical bars shown on 
each point represent the statistical error based solely 
on the total number of counts. 

Because argon is a classical liquid, the small-angle 
coherent scattering should be accurately represented 
by the formula: 

Lo= NkTX7, (1) 


where Lo= zero angle structure factor, X 7= isothermal 
compressibility, and N=particle number density in 
atoms/cc. The arrow designated by A on the ordinate 
scale of Fig. 1 represents the zero-angle scattering calcu- 
lated from Eq. (1) if one assumes that all the scattering 
at large angles is coherent. The arrow B represents the 
extrapolation of the curve to zero angle while the arrow 
D represents the level of the large angle scattering. 
The arrow C represents an extrapolation to zero angle, 
of the measured small-angle scattering from the solid. 
These measurements confirm the existence of the small- 
angle scattering reported for liquid argon in our earlier 
publications.® 

It is seen from Fig. 1 that the measured small-angle 
scattering B is in excess of A, that predicted by Eq. (1). 
The zero-angle scattering for the solid is again much 
larger than the zero-angle scattering predicted from the 
above formula. It is to be noted that the observed zero- 
angle scattering for the solid is higher than that in the 
liquid even though the calculated zero-angle scattering 
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from Eq. (1) is smaller in the solid than in the liquid. 
This difference is probably due to the difference in bulk 
density between the solid crystals and the liquid which 
is of the order of 15%. 

Because the isothermal compressibility cannot ac 
count for the observed zero-angle scattering from the 
liquid and solid, it was concluded that this excess 
small-angle scattering is incoherent in origin. The 
height of B is a measure of the incoherent scattering 
cross section, while the height of D represents the total 
scattering cross section. The difference D—B is a 
measure of the free-atom coherent scattering cross 
section. 

The incoherent scattering may arise from three 
sources (a) impurity, (b) spin, or (c) isotope incoher 
ence. Measurements were check that the 
incoherence was not caused by impurity. The argon 
supplied by the Matheson Company Limited*® was 
purified by passing it over uranium chips heated to 
950°C, over uranium chips heated to 250°C, and then 
through a trap immersed in liquid nitrogen before the 
gas was liquified in the cassette. The angular distri 
bution of neutrons scattered by this purified argon was 
measured and it was found that within experimental 
error the scattering pattern was the same as for the 
unpurified argon. Spin incoherence was considered 
improbable because A” is an even-even nucleus. Ac- 
cordingly, to determine whether the small-angle 
scattering could be attributed to isotope incoherence, 


made to 


the transmission cross section of argon gas enriched 
in A*® was measured. The analysis of the gas is given in 
Table I. 

The transmission of the gas was measured in a 32.5 
in. long cassette having a ,% in. internal diameter. A 

* This argon was stated to have a purity of 99.9%, the main 
impurity being nitrogen with the hydrogen and oxygen content 
each being less than 0.002%. 
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Fic. 2. The ratio of the incoherent to total scattering cross 
section for liquid argon calculated for three values of the A® 
scattering cross section is shown plotted against the scattering 
cross section of A®, The solid sloping lines represent the calculated 
ratios of incoherent to total scattering when one assumes that the 
signs of the scattering length of A®* and A® are the same, while 
the dotted lines represent the ratios when one assumes that the 
signs are opposite. The shaded area represents the limits for the 
ratio of incoherent to total scattering given by the ratio of small- 
angle to large-angle scattering of the liquid. 


side tube, which had a bulb of volume 0.26 cc attached 
to one end, was attached to the cassette. Two sheets of 
cadmium, 0.030 in. thick, each having a central hole 
} in. in diameter were attached one to each end of the 
cassette and defined the neutron beam. 

The break seal flask containing the argon, and the 
cassette, were attached to a vacuum system and the 
cassette was thoroughly evacuated. One end of the 
cassette was cooled to liquid helium temperature, and 
the argon allowed to solidify in the cassette. The 
volume of gas transferred, measured" at the completion 
of the transmission measurements, was 77.8+-1 cm! at 
NTP. 

The transmission of the gas sample was measured 
by using 1.04 A neutrons on one of the Chalk River 
neutron spectrometers set in the zero-angle position. 
The numbers of neutrons transmitted in one-minute 
intervals were recorded. A series of measurements were 
made with the side bulb at room temperature and then 
with the side bulb at liquid nitrogen temperature. The 
measurements were continued until about 10° counts 
had been accumulated for each condition. The measure- 
ments were repeated with 0.030 in. cadmium in the 
beam in order to correct for the epicadmium neutrons. 
The number transmitted through the cadmium was 
small amounting to less than 1% of those transmitted 
without the cadmium in the beam, The ratio of the 
transmission of the 1.04 A neutrons for the bulb at 
77.5°K and 293°K was 0.850. 

The transmission cross section for the argon was 
deduced from the measured value of the change in 
transmission of the sample with and without liquid 


J] should like to thank Mr. M. Tomlinson of the Radiation 
Chemistry Section at Chalk River for these measurements. 


Taste I. Analysis of argon gas enriched in A*. 


Isotope Molecular percent 


A® 82.46 
A* 0.33 
A* 16.63 
N4N* 0.49 
N4N15 0.06 
OO 0.03 


nitrogen on the side bulb, and the change in concen- 
tration of argon in the tube for these conditions. At 
293°K the pressure of argon in the cassette was calcu- 
lated from the volume of the cassette and the volume 
and analysis of the gas. The pressure of argon with the 
bulb at 77.5°K was taken as the vapor pressure of solid 
argon at that temperature. It was assumed that the 
amounts of oxygen and nitrogen in the cassette re- 
mained unchanged with change in temperature of the 
bulb because of their low partial pressures. The cross 
section deduced for the argon was 19.6 barns. 

The transmission cross section for a specimen of 
liquid argon at 86°K having normal isotopic concen- 
tration, was then measured for 1.08 A neutrons using 
a 5 in. thick liquid sample. The ratio of the transmission 
with the cassette full of liquid and evacuated was 0.77 
corresponding to a transmission cross section of 0.96 
barn. Subtracting 0.35 barn" for the absorption cross 
section of A” for 1.08 A neutrons, a value of 0.61 barn 
was assigned to the combined effect of the scattering 
cross section of A® and the total cross section of A**®. 
By a method of successive approximations, the total 
cross section of A** and the scattering cross section of 
A® was calculated. A value of 0.36 barn was deduced 
for the A® scattering cross section while 77+9 barns 
was found for the A* transmission cross section, which 
yields 734-9 barns for the scattering cross section when 
corrected for the absorption cross section.'* The various 
measured values of the cross sections of argon are listed 
in Table II. The scattering cross sections of A® were 
deduced from the measurements on normal argon by 
correcting the measurements for the cross section of 
A*®*®, The average of the scattering cross sections for 
A® is 0.45 barn. 


ANALYSIS OF THE MEASUREMENTS 


The relative signs of the scattering lengths of A” 
and A*® together with their respective cross sections 
determine the ratio of the incoherent to total scattering. 
This ratio is closely approximated by the ratio of zero- 
angle to large-angle scattering for a solid and, under 
certain conditions, for a liquid. 

The ratio of incoherent to total cross section is given 


"F.C, W. Colmer and D. J. Littler, Proc. Phys. Soc. (London) 
A63, 1175 (1950). 

2G. E. McMurtrie and D. P. Crawford, Phys. Rev. 77, 840 
(1950). 
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TABLE IT. Neutron cross section for argon (barns). 


Normal argon 
Reference Ca % 


0.628 


Colmer and Littler* 
Melkonian” 0.68 
Harris*® 0.8 
McReynolds 

McMurtrie and Crawford® 
Present paper 

Present paper 

Average 


0.96! 0.61 


* See reference 11. 

» EF. Melkonian, Phys. Rev 
© See reference 13. 

4A. W. McReynolds, Phys. Rev. 84, 969 (1951) 

* See reference 12. 

11.08 A neutrons. 

*® Average cross section from pile spectrum neutrons. 

» 1.04 A neutrons. 

* @, deduced for A* from the cross sections of normal argon and A* 


76, 1750 (1949) 
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Total 


where f;=isotopic concentration of A”, f= isotopic 
concentration of A*®, o;=scattering cross section of 
A”, and o2= scattering cross section of A**®. Using 0.36, 
0.40, and 0.47 barn for the scattering cross section of 
A”, the ratio of the incoherent to total scattering in 
natural argon was calculated for various values of the 
A*® scattering cross section in the range 63 to 80 barns. 
The ratios were calculated for the signs of the scattering 
lengths (a) the same and (b) opposite. The results are 
plotted against the A** scattering cross section in Fig. 
2. The dotted lines represent lines of constant A“ cross 
section in which the sign of the scattering lengths of 
A” and A* are opposite while the solid lines represent 
the results of the calculations assuming the same signs. 
The shaded band represents the limits of the measured 
ratio of incoherent to total scattering obtained from 
the ratio of the small-angle to large-angle scattering in 
the liquid. The horizontal limits of this shaded area 
represent the uncertainty in the A® scattering cross 
section. 

From the figure, it may be seen that if the scattering 
cross section of A* is taken as the average value (i.e., 
0.45 barn) given in Table II, then the measurements 
can only be fitted by assuming that the sign of the 
scattering lengths of A** and A® are the same. It would 
be just possible to fit the results by using a value of 
0.55 barn,” assuming opposite signs for the scattering 
lengths. This measurement appears to be high, however, 
and our conclusion is that the signs of the scattering 
lengths are similar. 

The conditions under which the measured angular 
distributions of the neutrons scattered from the liquid 
may be transformed to the atomic distribution have 
been discussed previously.*"* For an angular distri- 


8S. P. Harris, Phys. Rev. 80, 20 (1950). 
4 J). G. Hurst and D. G. Henshaw, Phys. Rev. 100, 994 (1955). 
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0.43 
0.55 


0.5+0.1 0.45+0.1 


0.36 


0.45 


bution consisting of a coherent and incoherent portion, 
the formula of Debye and of Zernicke and Prins applies 
only to the coherent portion. If it is assumed that the 
incoherent scattering is isotropic, the formula 
distribution the 
intensities may be written as: 


2r ¢* 
: f sie sin(rs)ds, (3) 


To 


con 


necting the atomic with scattered 


4nr*{ p(r) 7 po | 


where r=distance from an atom chosen 
p(r)=atomic density at a distance 7, po= mean atomic 
density of the liquid, s= (4m/\) sin(g/2), A 
wavelength, g=angle of scattering, i(s)=(/,—J,) 
I,(1—A), 7,= intensity of coherent scattering for the 
value s of the variable, J/= value of J, for s= «, and 


A= value of the incoherent scattering which is assumed 


as center, 


neutron 


to be isotropic ‘ 

A first method for calculating A is from Eq. (2) 
using measured values of the isotopic concentrations 
and cross sections, 

A second method is to extrapolate the scattering 
curve to zero angle. This zero-angle scattering, when 
corrected for the coherent small-angle scattering given 
by Eq. (1) and divided by the scattering at large angles, 
gives A, the ratio of the incoherent scattering to total 
scattering. 

A third method is based on the fact that for mono 
tomic liquids the atomic density is zero out to the 
nearest distance of approach of two atoms. The scat- 
tering curve of Fig. 1 was transformed to the atomic 
density distribution 49r’p(r) for r in the range 0 to 
3.4 A using Eq. (3). Three transforms were calculated, 
the first for a value of A= 0.300, the second for A= 0.325, 
and the third for A=0.350. Each transform was nor 
malized so that p(r)—+0 as r—+0 by choosing J,, such 
that Soe*s%i(s)ds, where Sinex is the last 
measured® value of s. In the first transform, the mean 


— 21’ po 


value of the atomic density was less than zero while 
that for the third was greater than zero. The second 
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Fic. 3. The transform 42r*[p(r)—po] for liquid argon. The smooth curve is —4mr*po, where po is the average 
density equal to 2.1310 atom per cubic angstrom. The main pattern is a series of smooth oscillations which 
decrease with increasing radius. Only small oscillations occur for r<3.0 A. These are certainly spurious. 


closely approximated to the zero of density which 
showed that the value of A=0.325 was the best fit to 
the results. This value of A agreed within experimental 
error with that calculated by Eq. (2) and with that 
obtained from an extrapolation of the small-angle 
scattering to zero angle. This was taken as evidence to 
show that the three methods are consistent. 


DISCUSSION OF RESULTS 


The radial distribution function 4:r°[p(r)— po | was 
calculated® by using 4=0.325 for 0<r<20.0 A in 
steps of 0.2 A. The result is shown in Fig. 3. For small 
r the function 42r*[_p(r)— po} oscillates about —42r’po, 
rising rapidly at 3.05 A to a maximum at 3.81 A. The 
small oscillations for r<3.0 A are certainly spurious 
and arise from experimental error and the relatively 
small range of s over which the measurements could be 
made. These oscillations presumably extend to larger 
r but their effect is small compared to the main density 
fluctuations. Beyond 3.0 A the curve oscillates about 
zero with an amplitude which decreases with increasing 
r. The amplitude falls from a value of 5.35 atoms/A at 
3.8 A to 0.65 atom/A at 19.3 A, thus showing that the 
degree of order in the liquid rapidly decreases with 
increasing radius. The spacing between peaks is nearly 
constant, changing from 3.2 A in the region of 5 A to 
3.0 A in the region of 18 A. 

The atomic density distribution is shown in Fig. 4 
together with the average atomic density 4r’po. The 
first maximum occurs at 3.86 A. The number of neigh- 
bors in the first shell of atoms may be calculated from 
an integration of this curve but there is some latitude 


The Fourier transforms were calculated on Ferut by the 
Computation Center, University of Toronto. 


in the choice of a criterion for the division of atoms into 
shells. If a symmetrical peak about the maximum in 
4nr’*p(r) is assumed, the number of neighbors is calcu- 
lated to be 8.5 while if a symmetrical peak is taken in 
the 4rp(r) curve, the number of neighbors is calculated 
to be 8.0 atoms. This number is somewhat lower than 
the 10.2 to 10.9 atoms found by x-rays‘ for liquid argon 
at 84.4°K but in agreement with the value found by 
neutrons® at 86.3°K. In solid argon, which is a face- 
centered cubic structure, there are 12 nearest neighbors 
while our measurements indicate that the liquid has 
about 8.2 atoms in the first shell for temperature very 
near the freezing point. On melting, there is a 14% 
change in density while the number of neighbors 
changes by ~32%, which indicates that the arrange- 
ment of atoms in argon changes during the solid to 
liquid transition. 

Because the potential energy per atom in the liquid 
may be calculated from a knowledge of the radial 
distribution function and the effective two-particle 
potential function of the liquid, it is of interest to deter- 
mine whether two-particle potentials generally assumed 
applicable to argon gas may be applied to the atoms in 
a liquid. The first maximum and the point where the 
density distribution rises from zero (density cutoff) 
are related to the minimum and the zero of the effective 
two-particle potential in the liquid. In a classical solid 
or solid having small zero-point motion, the spacing 
between nearest neighbors at absolute zero should 
approximately correspond to the minimum of the 
effective potential. For a liquid the first density 
maximum would be expected to be just outside the 
minimum of the potential. The density cutoff should 
lie in the region of the zero of the effective two-particle 
potential in the liquid. 
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An estimate of the position of this density cutoff 
relative to the zero of a two-particle potential function 
has been made by Lee-Whiting.’® He fitted a Morse 
potential to the Lennard-Jones 12:6 potential’? and 
calculated the wave-mechanical density for two argon 
atoms in the ground state, and in the fifth excited state 
which is just bound. The radius of the effective density 
zero for the ground state was 0.1 A greater than the 
zero of the potential while that for the fifth excited 
state was 0.05 A less than the potential zero. From these 
calculations it is possible to say that the density cutoff 
should lie within +0.1 A of the zero of the potential 
function. Thus by comparing the position of the first 
maximum and the position of the density cutoff with 
the spacing of the minimum and zero of two-particle 
potentials, it should be possible to determine how well 
these potentials represent the effective two-particle 
potential in a liquid. 

The nearest distance of approach for 2 atoms in the 
liquid is the point at which the radial distribution 
function is zero. In Fig. 4 the zero of density is found at 
3.05 A. The position of this zero is somewhat dependent 
upon the treatment of the diffraction curve before its 
transformation. In particular, it depends upon the 
value of A of Eq. (2) which gives the amount of scat- 
tering which is taken to be incoherent in origin. As 
was discussed earlier, the transform 49r’p(r) was calcu- 
lated for 3 values of A equal to 0,300, 0.325, and 0.350. 
The nearest distance of approach for two atoms was 
found at 3.02, A, 3.059 A, and 3.075 A, respectively, 
showing that this spacing is insensitive to the amount 
of incoherence assumed. The expected error from this 
would be ~ 1%. The estimated total error is then given 
as +2% by adding another +1% for uncertainty in 
the determination of the neutron wavelength. Using 
the limits given by these errors, the density zero is given 
as 3.05+0.06 A.'* The ratio of the spacing at the density 
zero to that at the density maximum is 0.79. Thus the 
bowl of the effective potential in the liquid is wider 
than that of the Lennard-Jones 12:6 potential where 
the ratio is 0.894. The width of the bowls of the other 
potential functions used to represent the two-particle 
potential of gaseous argon are also too narrow. 

16 G, E. Lee-Whiting (private communication). 

17, Whalley and W. G. Schneider, J. Chem. Phys. 23, 1644 
(1955). 

18 This value is somewhat smaller than the value of 3.24 A 
reported by Eisenstein and Gingrich‘ for liquid argon at 84,4°K. 
It is interesting to note that whereas they reported the first 
maximum in 4r*p(r) at 3.79 A, the analysis of Fig. 2 shows a 
peak at 3.86 A. Thus the peak reported here is slightly broader 
and the position of its maximum is more in accord with the 
measurements in the solid where the first density maximum is at 
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Fic. 4. The radial distribution function 49r*p(r) deduced from 
the curve of Fig. 3. The parabolic curve is the average atomic 
density 4rr’p(0), 


This conclusion is in agreement with that of Kihara!” 
who discussed the stability of a system of symmetrical 
particles in which the zero-point motion does not play 
an essential role. He concluded that in order that solid 
argon might be face-centered cubic, the real inter- 
molecular potential for a rare gas must have a wider 
bowl and a harder repulsive wall than the Lennard 
Jones 12:6 potential. 
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Note added in proof. 
that the position of the density cutoff lies well inside 
the zero of the two particle potentials given by Whalley 
and Schneider"’ while the first density maximum tends 
to lie at a spacing which is less than the position of the 


It should also be pointed out 


minimum of these potentials 


 T, Kihara, Revs. Modern Phys. 25, 831 (1953) 
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Using targets of H, D, Li, Be, C, Cu, and Sn, we have measured the energy distribution of scattered 


y rays at 45°, 90°, and 135 


In first approximation one would expect a scattering cross section given by 


the coherent addition of Thomson scattering amplitudes for Z free protons, Important deviations, probably 
of mesonic origin, are observed above 90 Mev. Below 70 Mev in complex nuclei there is an increase in cross 
section which probably results from nuclear resonance scattering. At small angles in the forward direction, 
we observe large numbers of inelastically scattered 7 rays, which apparently result from inner bremsstrahlung 


associated with electron pair production 


I, INTRODUCTION 

YCATTERING of x-rays by electrons has had two 

main objects: (a) the study of the interaction 
between free electrons and the electromagnetic field, 
thus checking the validity of Dirac’s equation in the 
region of experimentation, (b) the study of the electronic 
structure of complex systems, i.e., atoms, molecules, 
crystals, etc.'! The scattering by complex systems can 
in fact yield information of both types (a) and (6), and 
in particular it can separate the spin-dependent from 
the non-spin-dependent parts of the single-particle cross 
section, which are difficult to separate by observing the 
scattering by free particles. 

Scattering of y rays by complex nuclei and by 
hydrogen has parallel objectives: (a) the understanding 
of the interaction between the electromagnetic field and 
the free nucleons, (b) the study of nuclear structure. 
For the purpose of comparison, we will review briefly 
the findings of the atomic x-ray scattering. 

The scattering of a photon by a free electron is given 
by the Klein-Nishina equation. When Z electrons are 
grouped together in an atom their scattering depends 
also on the momentum transferred in the scattering, 
h( Ak), and the radius of the atom, a. In the high-energy, 
short-wavelength limit, when a(Ak)>>1, the scattering 
cross section is the incoherent sum of the Klein-Nishina 
cross sections for Z free electrons with the velocity dis- 
tribution they have in the atom. As we decrease the 
photon energy (or decrease the scattering angle) so that 
(Ak) decreases, elastic coherent scattering from the 
(Rayleigh) 
standing in the approximate ratio! Z? f*o7/[ Z(1 


whole assemblage becomes important, 


P own | 


* This work was supported in part by the joint program of the 
U. S. Atomic Energy Commission and the Office of Naval 
Research 

t Now at “Institute for Defense Analyses,” Pentagon, Wash 
ington 25, D.C 

t Now at California Institute of Technology, Pasadena, Cali- 
fornia 

§ Now at Research 
Company, Everett, Massachusetts 

!A. H. Compton and S$. K. Allison, X-Rays in Theory and 
Experiment (D. Van Nostrand Company, Inc., New York, 1935). 


Laboratories, AVCO Manufacturing 


to the inelastic scattering. Here 
1 imZ 
f= frosty) exp(—iak-x) 
Z i=l 
KW (%1,%2,° + + )dx dx, - - 


is the atomic form factor, op=}(e?/Mc*)*(1+-cos*@) the 
Thomson cross section, and oxy the Klein-Nishina 
cross section. When (Ak)a1, the scattering cross 
section approaches zero for a neutral atom, but for an 
ion approaches the Thomson value }(Z”e?/M’'c*)? 
X (1+-cos*@) for an object with net charge Z’e and total 
mass M’, 

The scattering of photons by nucleons differs from 
x-ray scattering by electrons in two important respects: 
First, the order of magnitude of the scattering cross 
section is smaller by (m/M)*=3X10~7, where m is the 
electron mass and M the nucleon mass, Second, although 
nucleons have spin 3, their structure gives rise to their 
anomalous magnetic moments and probably to other 
electromagnetic effects which will affect the scattering, 
so that the Klein-Nishina cross section should be correct 
only in the low-energy limit. 

For complex nuclei at very low energies the cross 
section should be the Thomson value for a rigid body 
of charge Ze and mass AM, 


da = }{ (Ze)?/AMc? (1+ cos’0)dQ. 


In a region around 20 Mev, where the y-ray energy 
is comparable with the nuclear binding energy, the 
scattering cross section becomes quite large because of 
the contribution of nuclear resonance scattering. 

As the energy becomes large compared with the 
nuclear binding energy, the nuclear resonance scat- 
tering decreases and one expects the scattering ampli- 
tude from individual protons in the nucleus to approach 
the free-particle limit. It can be shown? that the ampli- 
tude for elastic scattering by nuclei, for energies between 
80 and 150 Mev, approaches the Thomson value despite 
the anomalous magnetic moments of proton and 
nevtron, if one neglects the dispersive scattering which 
should be associated with the photoproduction of 


*R. Gomez, Ph.D. thesis, Massachusetts Institute of Tech 
nology, 1956 (unpublished). 
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mesons. The cross section is given in this case by 
elastic > Lf? (Akar, 


where f(Ak) is the form factor for the nuclear charge 
distribution, analogous to the atomic form factor. 

Any large deviation of the elastic scattering from the 
formula above has to be attributed to the internal 
structure of nucleons. Such deviations are expected 
because y rays are known to interact with nucleons, 
producing + mesons in large numbers. Gell-Mann et al.$ 
have shown by means of very general relations that the 
scattering cross section at 0° can be related to the 
total absorption cross section if this is known for all 
energies. They find, for example, that at meson 
threshold, around 135 Mev in the c.m. system, the 
scattering cross section at 0° for protons should be 
close to zero. Assuming specific models which agree 
with the data on photomeson production, it is possible 
to predict the scattering at all angles. 

The study of this mesonic “polarizability” is the main 
object of the experiment reported on this paper. 

The very small cross section (~10~-*' cm*) makes 
nuclear y-ray scattering experiments quite difficult. 
In the energy region below 2 Mev it is almost a hopeless 
task to observe nuclear scattering because of the very 
large scattering by atomic electrons. From 2 to 5 Mev 
it is still quite difficult but a subtraction is possible. 
Above 10 Mev and at angles greater than 30°, the 
collisive momentum in scattering is large enough so 
that the elastic (Rayleigh) scattering by the electron 
cloud becomes very small. The Compton scattering® by 
electrons is still appreciable, but owing to the great 
energy degradation suffered by the scattered photon it 
can easily be distinguished from a photon scattered by 
a nucleon. 

Nuclear scattering has been observed by Burkhardt® 
in the region from 1 to 3 Mev. Scattering by the giant 
dipole resonance’ was first observed by Dressel et al.,* 
and Stearns.® Fuller and Hayward" have done extensive 
work in the region from 4 to 28 Mev at 120° for elements 
heavier than Cu. They have been able to resolve the 
giant resonance into two peaks, one at the neutron 
threshold and the other at around 16 Mev. The existence 
of these two peaks was first predicted by Bethe and 
Ashkin." 


Above 50 Mev, nuclear scattering was first observed 

4 Gell-Mann, Goldberger, and Thirring, Phys. Rev. 95, 1612 
(1954). 

* Raman scattering is always negligible at energies higher than 
1 kev. 

6 The scattering in which one electron is left in an inbound state. 

6 J. Burkhardt, Phys. Rev. 100, 192 (1955) 

7M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948). 

® Dressel, Goldhaber, and Hanson, Phys. Rev. 77, 754 (1950), 

°M. B. Stearns, Phys. Rev. 87, 706 (1952). 

FE. G. Fuller and E. Hayward, Phys. Rev. 95, 1106 (1954). 

" H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley and Sons, Inc., New York, 1953), 
Vol. 1, p. 347. 
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by three of the authors” in a preliminary experiment 
on various elements from Li to Pb, at 90° and 135°. 
Recently Oxley and Telegdi’ have measured the Hy, 
cross section integrated from 25 to 95 Mev at different 
angles; their results seem to be in good agreement with 
the Klein-Nishina cross section except at angles smaller 
than 45°, 

This paper describes an experiment which is an 
extension of the one described in our preliminary report.” 
However, the reliability of the equipment and its cali- 
bration have been greatly improved. 

Photons of energies between 50 and 130 Mev were 
scattered by nuclei of various elements and the work 
was extended to include measurements at 45° in addi 
tion to 90° and 135°. The work has also been extended 
to include data on hydrogen and deuterium. The upper 
limit of y-ray energy was chosen below the r° photo 
production threshold ; otherwise photons resulting from 
the decay of r° mesons would have been confused with 
the scattered photons. The lower energy limit was set 
by the decreased sensitivity and resolution of the 
detector which was chosen primarily for its properties 
at the high energies. The range of angles was limited 
both by the detector geometry and, in the forward dire¢ 
tion, by a large number of photons probably resulting 
from radiative pair production, 

At the low energies, between 50 and 80 Mev, the 
binding of the nucleon in the nucleus shows up as an 
increased scattering, probably associated with electric 
dipole resonances in the nucleus,’"" As expected, no 
such increase in scattering was observed for hydrogen. 

Above 80 Mey, the scattering observed in this experi- 
ment can be interpreted as coming from essentially free 
protons and neutrons in nuclei of uniform density and 
radius R= 1.2A!10~" cm, provided one includes the 
mesonic polarizability of the nucleons. 


II. EXPERIMENT 
A. General Discussion 


These experiments were conducted in the brems- 
strahlung beam of the MIT ONR Synchrotron (Fig. 1). 
The maximum beam energy was held between 129 and 
132 Mev, which is just below the threshold for ® 
photoproduction. Consequently, there were no y rays 
from m° decays which might otherwise have been 
mistaken for scattered y rays. The energy distribution 
of scattered y rays was measured (using an energy 
sensitive counter with an effective energy resolution of 
about 15 percent), and was compared with the energy 
distribution in the incident beam. No attempt was 
made to observe recoil particles, or to measure the 
energy of individual y rays before scattering. Hence 
both elastic and inelastic events were accepted and 
were recorded, not in their initial energy groups, but in 


’ Pugh, Frisch, and Gomez, Phys. Rev, 95, 590 (1954). 
%C.L. Oxley and V. L. Telegdi, Phys. Rev. 100, 435 (1955), 
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their final energy groups after scattering. For most of 
our work the inelastic scattering is expected to be 
small, but an accurate interpretation of the data re- 
quires an estimate of the inelastic scattering. 

The cross section for nuclear y-ray scattering is small 
relative to photo nuclear reactions which are ordinarily 
observed. Differential cross sections range from 10 milli- 
microbarns (10~" cm*) for hydrogen to 80 microbarns 
for lead. The available beam intensity at the MIT 
ONR Synchrotron seldom exceeded 5X 10’ equivalent 
quanta/sec, Consequently the experiment was carried 
out using rather thick targets, up to 0.25 radiation 
length, and a large solid angle (~0.1 steradian). The 
counting rate ranged from 7 real events per hour with 
hydrogen to about 2 events per minute with heavier 
nuclei. 

Data were taken over a six month period. During 
most of the time the equipment was operated 24 hours 
a day. Typical runs were about 24 hours for one element 
at one angle. The beryllium data took about ten days 
of running time. The data on hydrogen required about 
two weeks per angle. 


B. y-Ray Source 


The y-ray beam is produced when electrons in the 
synchrotron, having reached their peak energy, are 
allowed to spiral in and strike an internal tungsten 
target. The magnetic field is so adjusted than an elec- 
tron which strikes the target at peak field has an energy 


FRISCH, 


AND JANES 
about 2 Mev less than the x° rest mass. The peak 
machine energy was calibrated by integrating the 
voltage induced in a carefully measured wire loop in the 
orbit gap of the machine. This loop, which was var- 
nished to the vacuum doughnut, was one inch wide and 
completely encircled the machine both above and 
below the electron orbit at the target radius. The 
energy calibration was also checked within a few Mev 
by measuring the peak energy of positrons produced in 
the beam. The machine energy was monitored regularly 
using both the voltage on the condenser bank and an 
electronic integrator on another wire loop. 

The duration of the y-ray burst is controlled by 
turning off the rf oscillator very slowly. During most 
of the experiment the oscillator was adjusted to stretch 
the beam out over a period of about 800 sec. This gave 
an energy spread between 129 and 132 Mev. 

During regular experimental runs the beam was 
monitored simultaneously by a thin-walled ionization 
chamber just behind the collimator and by a thick- 
walled chamber in front of a backstop at the far end 
of the room. Both chambers operated electronic 
integrators from which we read our total exposures. 
Both monitors were checked periodically against a 
standard thick-walled ionization chamber which dis- 
charged a low-leakage condenser whose voltage was 
read by a Victoreen type electrostatic voltmeter. The 
standard ionization chamber had been previously 
calibrated against the Illinois caliorimetric standard 
but as will be pointed out, this calibration is not used 
in calculating our absolute cross sections. 


C. Targets 


Targets were placed so as to intercept the entire 
beam. Thin targets were placed to bisect the angle 
between the incident and scattered beam, while targets 
whose thickness was comparable to or larger than the 
beam diameter were placed perpendicular to the beam. 
Appropriate corrections in the effective solid angle and 
self-absorption were computed for each geometry. 

The maximum tolerable target thickness which could 
be used without serious trouble from multiple events 
in the target was obtained experimentally. Large-angle 
multiple events which might spuriously increase the 
counting rate are most likely to arise from low-energy 
y rays, for which the counting rates are comparatively 
high. Hence a short run was usually sufficient to deter- 
mine the allowable target thickness. The regular 
targets used ranged from 0.25 radiation length at 
135° to 0.04 radiation length at 45°. Targets as thin as 
0.01 radiation length were used to test for multiple 
events in small-angle data. For runs which were particu- 
larly sensitive to background the targets were put in 
a helium atmosphere to reduce atmospheric scattering, 
and a clearing magnet was placed after the last col- 
limator to remove charged contaminants from the 
beam. The target-out counting rate was negligible in 
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all cases except for hydrogen, where a careful subtrac- 
tion had to be made for background from the empty 
container, which constituted between 30% and 50% 
of the total counting rate. 

The hydrogen target’ consisted of a 5-inch high, 
4-inch diameter cylindrical container in an evacuated 
chamber. The container, which could be used for 
hydrogen or deuterium, was refrigerated using cold He 
gas from a liquid helium Dewar. 

During the early stages of the experiment the target 
was in a preliminary state of design and the hydrogen 
was surrounded by a two-layer wall totaling 6 mils of 
beryllium copper. This was later reduced to 3 mils and 
finally, for the work at 45°, to a single wall amounting 
to just 0.7 mil of stainless steel. 


D. Detectors 


Figure 2 shows a close-up of the detecting apparatus. 
In this sketch the incident beam striking the target is 
perpendicular to the page. Scattered y rays from the 
target pass through a six-inch beryllium absorber and 
are detected by a conventional y-ray telescope, con- 
sisting of an anticoincidence counter A, a }-radiation- 
length lead converter, and two coincidence counters, B 
and C. The electron pair from the converter then enters 
a large glass tank of scintillation liquid D, which 
estimates the energy of the y ray by measuring the 
ionization loss in the liquid. The tank is completely 
painted on the inside with an emulsion of TiO, in 
waterglass except for clear spaces where 12 phototube 
light pipes are attached on the outside. The chief 
uncertainty in this energy determination arises from 
y rays radiated by members of the electron pair which 
can pass undetected out the back of the counter. 

An event occurring in the large counter (D) is 
recorded by a 9-channel pulse-height analyzer whenever 
it occurs in coincidence with events in B and C and no 
event is recorded by counter A. The bias in counters 
B and C is set to respond to all events showing at least 
twice minimum ionization in the counters. 

Determination of the scattered y-ray energies 
depends entirely on the analysis of pulse heights 
obtained from photomultipliers. Hence, it was essential 
to maintain a constant ratio between ionization losses 
and pulse height. It was found that the pulse-height 
distribution of cosmic ray traversals in the large counter 
provided a very convenient standard for comparison. 
Indeed, about a two-minute run (without looking for 
coincidences in the other counters) on cosmic-ray 
traversals of the large counter enabled us to estimate 
the over-all gain to about 1 percent. Thermal] variation 
in scintillator efficiency was probably the largest single 
factor producing pulse-height drift in the equipment. 
The worst drifts were of the order of a few percent per 
day and could be corrected easily. 


4 Janes, Hyman, and Strumski, Rev. Sci. Instr. (to be pub- 
lished). 
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E. Background 


In most respects the experiment was remarkably free 
of serious background problems. Targets were always 
chosen sufficiently thin so that multiple events in the 
target formed a negligible fraction of the total. In the 
case of hydrogen and deuterium it was necessary to 
subtract scattering by the empty container, but in all 
other cases the target-out background was completely 
negligible. 

Care was necessary to be sure that all target asso- 
ciated events were indeed scattered y rays. Heavy- 
particle charged events were ruled out by the Be 
absorber, which was thick enough to stop the most 
energetic available protons. 

The absorber also stopped low-energy electron events. 
Remaining electrons were screened out, first by the 
anticoincidence which was about 98% efficient and 
second by the double electron bias in the coincidence 
crystals. 

Neutron background is a common difficulty in y-ray 
experiments, but there was no evidence that neutrons 
contributed significantly to the counting rate. Attenu 
ation of the counting rate with lead absorbers was as 
expected for a pure y-ray beam. The use of a neutron- 
equivalent aluminum converter gave only the counting 
rate to be expected from its y-ray conversion coef 
ficient. Furthermore, a pulse-height analysis of accepted 
events in the coincidence crystals showed no indication 
of a large pulse-height group that might correspond to 
knock-on protons. 

By taking the data as a difference between con 
verter-in and converter-out counting rates we required 
that the conversion occur in the lead converter. 

Accidental events were apparently no serious problem, 
because the introduction of an appropriate delay in 
any signal from the coincidence telescope stopped the 
counting rate almost completely. There were, however, 
difficulties due to the accidental anticoincidence of real 
¥ rays. Because the bias on the anticoincidence counter 
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was set to respond to all single minimum events the for off-axis and diagonally incident y rays were made by 
counting rate in this crystal was often very large. This comparing the central and off-axis response for a }-cm- 
effect was normally less than 3% but a 20% correction diameter bremsstrahlung beam of different peak ener- 
was required in the case of hydrogen at 45°. The size gies. For our actual experimental geometries, the largest 
of this correction was determined by measuring the correction occurred at large pulse heights and did not 
fraction of time the anticoincidence was in effect.? exceed 20% in counting rate. 

In cases where a careful comparison was required Because we do not have a source of monoenergetic 7 
between scattering at different angles or between rays in this energy region, the central response of the 
elements, the data were taken in alternating order to counter was first obtained using a beam of magnetically 
eliminate any effects from changes in beam intensity or analyzed monoenergetic electrons. The electrons, pro- 
equipment stability. There was no indication that this duced in a converter in the bremsstrahlung beam, were 
precaution was necessary. counted before entering the counter so that both the 

absolute efficiency and pulse height response could be 
F. Calibration and Absolute Normalization measured. The absolute efficiency is especially im- 
= portant for low-energy electrons where scattering or 

The accuracy of our results, especially with regard  yadiation in the converter and coincidence crystals can 
to the energy dependence of the cross section, is result in failure to obtain the required coincidence. 
dependent on a prior understanding of the pulse-height Response curves [Fig. 3(a)] were taken for three dif- 
response of the large tank D. This response (for cen- ferent thicknesses of the converter using electrons of 
trally incident y rays) was studied experimentally in 12 different energies. From these data and the known 
considerable detail. Corrections to the central response y-ray to electron-pair cross sections, it is possible to 
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predict the response to incident y rays [ Fig. 3(b) ]. For 
instance, if P(Z,X,h) is the probability of obtaining a 
pulse height # from an electron of energy E which is 
incident on a converter of thickness X, then the pulse 
height response P’(/:,,E£,X,h) to be expected from a 
y ray of energy /, which splits into electrons of energy 
E and E,—E at a distance X from the back of the 
converter is given by 


P'(E,,E,X,h) = f P(E,X,W’)P(E,—E, X,h—W’)dh. 


These integrations were carried out numerically and 
for normalization the resulting curves were multiplied 
by the probability that a y ray of energy E, would 
materialize as indicated. The sum of normalized 
response curves for all possible ways of materialization 
in the actual converter gives the final response curve 
R(E,,h). The complete set of curves R(E,,h) which were 
actually used are shown in Fig. 3(c). These curves can 
be appropriately weighted to predict the response to a 
bremsstrahlung beam. The predicted response for an 
axially incident bremsstrahlung beam was checked 
experimentally for several peak energies using a 
narrow beam of y rays from the synchrotron, This com- 
parison is shown in Fig. 3(d). 

The pulse-height comparison is excellent but the 
counter showed about a 10% higher counting rate than 
expected. This discrepancy in absolute normalization 
has been arbitrarily removed in the comparison. The 
discrepancy could come from a number of sources 
including the absolute normalization of the beam inten- 
sity. However, we suspect that the most likely cause is 
a bias problem in the coincidence crystals. 

The bias is set to include almost all double minimum 
events, but because of Landau fluctuations in ionization 
one inevitably includes some of those events in which 
only one electron of the pair penetrates both coincidence 
crystals. (This difficulty is of course aggravated by any 
nonuniformities in the crystal response.) Single electron 
events of this type are not included in the prediction 
obtained from the electron calibration. Experimentally 
we find that when all single minimum events are 
included the counting rate increases by about 40%. 

We need to know the pulse-height response of the 
counter in order to interpret the scattering cross section 
as a function of energy, but we do not need to know 
either the absolute beam intensity or the absolute 
detection efficiency of the counter. The experimentally 
important quantity is the ratio, in each energy interval, 
between the number of + rays in the incident and scat- 
tered beams. This comparison is obtained by placing 
the counter directly in the bremsstrahlung beam. 
However, to obtain useful data one must scale the 
beam intensity down by about a factor of 10° from an 
intensity which can be recorded directly by our monitor 
to an intensity which can be handled by our counter. 
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In this way, the uncertainty in the scale factor becomes 
the only real uncertainty in the absolute normalization. 
This scaling was carried out using counters for a factor 
of 50 and ionization chambers for about a factor of 
2000. All comparisons were extrapolated to zero inten- 
sity in order to eliminate rate-dependent effects. The 
total error in the scale factor is probably less than + 7%. 


G. Analysis of the Data 


In an actual experiment, n(/,)dE,, the number of 
scattered y rays in the interval d/, of mean energy F, 
incident on the converter, is connected to the observed 
pulse-height distribution N(A)dé by the relation 


N(h) -f 


where R(E,,h) is the pulse-height response of the 
counter, described in the previous section, More than 
half the y rays falling in any pulse-height channel come 
from within a 15-Mev interval. This narrow response 
is obtained despite the apparently broad response curves 
R(E,,h). It is due to a combination of a counter response 
which is sharp on the high pulse-height side and a 
counting rate which is a rapidly falling function of 
energy. In this way, for any given channel, the lower 
energy photons do not contribute, and there are so few 
photons of higher energy that their contribution is quite 
small. Each experimental point has an effective energy 
width between 10 and 15 Mev, and the statistical errors 
shown are those of the corresponding pulse-height 
channels. 


n(E,)R(E,, A)dE,, 


Ill. RESULTS 
A. Hydrogen 


For hydrogen and deuterium we have plotted the 
ratio between the observed yield of scattered y rays per 
steradian and the expected yield based on the Klein- 
Nishina cross section for a particle of protonic mass. 
For the purpose of this discussion we have also indicated 
the ratio ap/axn (dashed line). ap is the Klein-Nishina 
cross section as modified by Powell'® to include the 
proton anomalous magnetic moment, 

The statistical errors are sufficiently large that the 
points at 90° and 135° [Fig 4 (a) and (b) | could fit 
either op or oxy. At 45° [ Fig. 4(c) | the observed yields 
do not agree with either theory. Below 80 Mev there 
is an excess yield which is probably not of nuclear 
origin, but appears to be associated with radiative pair 
production. This will be discussed later, together with 
the results from complex nuclei. Above 100 Mev the 
data suggest rather strongly that the cross section is 
less than either op or oxw. There are several reasons to 
believe this drop is real: (1) At forward angles experi 
mental error would be likely to increase rather than 


'6 J. L. Powell, Phys. Rev. 75, 32 (1949), 
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decrease observed yields. (2) The data for complex 
nuclei show a similar drop. (3) Theoretically, Gell-Mann 
and Goldberger'® have used meson photoproduction 
data to show by means of dispersion relations that the 
scattering cross section at 0° should be very small near 
meson threshold. Thus it is not surprising to see a 
decrease in the 45° cross section in the energy range 
from 100 to 135 Mev 

Less time was spent in obtaining the deuterium data 
[ Fig. 4(d) ] and the statistics on it are quite poor, 


B. Complex Nuclei 


The data obtained with complex nuclei are displayed 
in Fig. 5. To allow a convenient comparison between 
elements, we have plotted the ratio between the 
observed number of scattered y rays in each energy 
interval and the number expected on the basis of an 
energy-independent cross section given by Z*(e?/Mc*)* 
< (14+-cos*@). This cross section corresponds to the 
Thomson scattering one would expect from Z free 
protons in a point nucleus. 

As we have previously remarked, because of the finite 
nuclear size the elastic scattering should be reduced by 
the form factor f*(Ak-R). As an aid in evaluating the 

1M. Gell-Mann and M. L. Goldberger, Proceedings of the 1954 


Glasgow Conference on Nuclear and Meson Physics (Pergamon 
Press, London, 1955). 
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data we have plotted the form factor, the light line in 
each graph, for a uniform spherical nucleus of radius 
1.2A'X10-" cm. For comparison with the heavier 
elements, where the result is strongly affected by nuclear 
radius, we have plotted the form factors for two other 
radii. The plotted form factors are essentially inde- 
pendent of detailed nuclear shape. The form factor 
becomes strongly shape-dependent only for large 
momentum transfers where the elastic scattering is a 
small fraction of the total. 

In this experiment one expects to find a certain 
amount of inelastic scattering superimposed on the 
elastic scattering. If we use a simple approximation 
inherited from atomic x-ray scattering, then the cross 
section for this inelastic scattering would be (1-/*)oxw. 
The heavy line above each of the form factor curves 
indicates how much the observed result would be 
increased by the addition of these inelastic events. This 
line was calculated allowing for both the Compton 
degradation of scattered y rays and the momentum 
spread of protons in the nucleus. 

The inelastic scattering is quite sensitive to nucleon- 
nucleon correlations in the nucleus. The (1—f?) ap- 
proximation, which is correct only in the case of zero 
correlation, is probably a much worse estimate for 
nuclei than for the atomic case. Even the correlation 
introduced by the exclusion principle can have an 
important effect, because many appropriate final states 
are occupied. A rough calculation suggests that about 
half the inelastic scattering implied by the (1—f?) 
will not occur because of the exclusion principle. On the 
other hand, if we make the reasonable assumption that 
we should use the Powell cross section instead of oxy 
and secondly include an additional Powell-type cross 
section for the neutrons, we might regain most of that 
factor of two. 

In any case the inelastic scattering is a fairly small 
correction, and for the purpose of the following discus- 
sion we shall use elastic scattering plus (1—f*) as a 
reference cross section, indicated by the heavy lines in 
Fig. 5. It will be referred to as the modified Thomson 
yield. We shall now proceed to discuss the data by 
comparing the experimental points with the modified 
Thomson yields shown in Fig. 5. 


1. 50 to 90 Mev 


In the region from 50 to 90 Mev the observed yields 
are larger at 90° and 135° and much larger at 45° than 
the modified Thomson yields. 

In complex elements one expects scattering from the 
excited states of the nucleus. Such scattering is pre- 
dominantly electric dipole and would be expected to 
have the same angular dependence as the Thomson 
scattering. At 90° and 135° the excess yield is propor- 
tional to the Thomson and can probably be attributed 
to this resonance scattering. A comparison was made 
of our low-energy results on copper with those obtained 
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by Fuller and Hayward.” Because their highest energy 
point at 28 Mev has a large statistical error, the extra- 
polation to our lowest point at 40 Mev is very uncer- 
tain; but within the errors the two experiments agree. 

The very large excess observed for low y-ray energies 
at 45° appears to be in part of a very different origin, 
although it presumably contains the nuclear resonance 


This effect was studied in several 


scattering as well. 
ways. 


(a) The yield was linear in target thickness. 
(b) The excess yield (above the yield found around 
135°) was found to have a very strep angular depend 


ence—roughly like 6*, Figure 6(a) shows this angular 


dependence for two energy groups of 7 rays. 
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(c) The low-energy yields were also studied as a 
function of peak energy of the bremsstrahlung beam to 
determine whether they represented elastic or inelastic 
processes. Figure 6(b) shows some results of this study 
when the peak energy was reduced to 80 Mev. It is 
clear that removal of high-energy photons in the 
incident beam decreased the yield of low-energy scat- 
tered photons. We conclude that much of the excess 
yield comes from an inelastic process. 

(d) Finally in Fig. 5 it can be seen that at 45° these 
low-energy yields are very closely proportional to Z?. 

The behavior described above is consistent with the 
assumption that the y rays resulted from radiative pair 
production—a higher order process in which one 
electron of the pair radiates a y ray in the same Coulomb 
field in which it was produced. Since the process is 
proportional to Z’, as is the Thomson cross section, one 
should expect to see this inelastic process just as clearly 
in the hydrogen data, Fig. 4 (c) and (d), Within the 
statistics (after correcting for the giant resonance in all 
elements except hydrogen), this seems to be the case. 


2. 90 to 130 Mev 


In the region from 90 to 130 Mev it seems likely that 
resonance effects from the complex nucleus are small, 
so the observed deviations from the modified Thomson 
yield are assumed to be effects of nucleon structure. In 
particular, these deviations are interpreted as a modi- 
fication of the individual nucleon cross sections because 
of scattering associated with the virtual production of 
mesons. Experimentally, we find the most striking 
effect in light elements at 45°, for which the yields fall 
well below the modified Thomson values. There is also 
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an increase in the yield above the modified Thomson 
value at 135°. Figure 7(a) shows the data on beryllium 
plotted as a ratio to the modified Thomson value. The 
front-to-back asymmetry here is very clear. This effect 
can be simply interpreted as a result of interference 
between the Thomson electric dipole amplitude and a 
magnetic dipole amplitude associated with meson 
production. This effect is similar to what was observed 
with hydrogen. One expects the effect to be more 
pronounced in complex nuclei because both neutrons 
and protons can contribute to the meson-associated 
scattering while only the protons contribute to the 
Thomson component. 

It would be interesting to determine whether this 
front-to-back asymmetry persisted in heavier elements. 
Unfortunately, the form factor for backward scattering 
by elements much heavier than carbon is so small that 
no useful data could be obtained. The form factor at 
45°, however, is still quite close to unity even for copper. 
We therefore took a long run at 45° on copper. The 
data (Figs. 5) are not conclusive but suggest that the 
forward cross section is still low. 

Figures 5 also show a long run on copper at 90°. This 
run was undertaken in the hope that we might be able 
to obtain an independent determination of the electro- 
magnetic radius. The 90° angle was chosen because it 
was found that in light elements the deviation from the 
Thomson cross section due to mesonic effects was small 
at this angle. Copper was chosen because at 90° the 
nuclear size of copper makes the scattering a sharp 
function of radius for our particular wavelength of y 
rays. There is no indication that the data are in disa- 
greement with other determinations giving an effective 
radius of 1.244 10~-" cm. 
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The run on Sn at 135° was taken to investigate 
nucleon-nucleon correlations in the complex nucleus. 
The cross section for inelastic scattering in this energy 
range can be sharply decreased below the predicted 
value if there are strong repulsive correlations in the 
motion of nucleons in the nucleus. On the other hand, the 
cross section would be increased if nuclei were composed 
of tightly bound sub-units. To make this test a nucleus 
whose form factor is almost zero at high energies was 
chosen. The remaining counts should then come from 
incoherent scattering. Before this run began, a routine 
target-out run was taken. However, in this run the 
total counting rate in the high-energy channels was so 
low that a really long target-out run should have been 
taken. This was not done, and so the slight excess of 
counts above the predicted value in the high-energy 
channels should not be taken too seriously. Further- 
more, this is a case where the uncertainties inherent in 
the prediction of the inelastic scattering are very 
important. 


IV. THEORY AND DISCUSSION 


A. Nonpolarizable Nucleon Approximation 


1. Scattering by a Free Proton 


The Klein-Nishina and Powell'® cross sections for the 
energy region of interest here are plotted in Fig. 8. 
Powell’s calculation should give the most reliable 
estimate of scattering by a nonpolarizable proton. His 
calculation uses the Dirac Hamiltonian with a term 
for a point anomalous magnetic moment added. At our 
collision momenta the form factor for this anomalous 
moment should be almost unity. According to the 
Stanford electron-scattering data,!? the over-all form 
factor for the proton should never be less than 0.93 in 
this experiment. 
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17 R, W. McAllister and R. Hofstadter, Phys. Rev. 102, 851 
(1956). 
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2. Scattering by Complex Nuclei 


In Sec. III we compared the elastic scattering from 
complex nuclei with the Thomson cross section for Z 
free protons, appropriately modified by a form factor. 
Use of this modified Thomson value as the expected 
cross section involved two assumptions (apart from the 
mesonic polarizability of the nucleons). 


(a) The protons can be treated as free in the inter- 
mediate state for energies above about 85 Mev. 

(b) Despite the anomalous magnetic moment and the 
large recoil of the protons in the intermediate states, the 
coherent scattering amplitude is approximately pure 
Thomson (again apart from mesonic polarizability). 


We have no theoretical justification for the first 
assumption. However, the fact that the excess scattering 
at low energies approaches the modified Thomson limit 
quite rapidly in the 50- to 80-Mev region suggests that 
interaction with the complex nucleus is not very 
important above 80 Mev. In the theoretical treatment? 
this allows us to use second-order perturbation theory 
with unperturbed plane waves in the intermediate 
states, i.e., the impulse approximation. We thus neglect 
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processes in which protons are scattered in an inter- 
mediate state, We get the usual form factor f*(Ak- R) as 
a measure of the probability that the momentum of the 
proton can be absorbed in a return to the initial state 
wave function. (The final state is the same as the initia] 
state for coherent scattering.) 

For the atomic case, Brown and Woodward!* found 
this approximation valid, provided /? is not very small 
compared with unity. In this experiment [*n.(45°, 130 
Mev) = 0.80, and f*p.(135°, 130 Mev) =0.12. 

The second assumption is in agreement with the 
result of a second order perturbation calculation carried 
out by one of the authors? using the Dirac Hamiltonian 
with the Pauli anomalous moment term added, For all 
nuclei in which the sum of the nucleon spins is zero, it 
was found that the Thomson cross section multiplied 
by the simple form factor f? is exactly correct up to and 
including terms of order (p/Mc)*? and (k/Mc)* (where 
p is the momentum of the nucleon in the nucleus, and 
k is the momentum of the y ray). For other nuclei 
where spins do not cancel, one cannot neglect terms 
containing o. An upper limit placed on these terms 
indicates that they do not exceed the fraction (Ak/ZMc)? 
times the Thomson cross section. Even for Be this 
fraction is only about 10%. Thus the enhancement by 
coherence of the spin-independent part of the single- 
particle scattering amplitude makes Thomson scattering 
the major part of nuclear scattering, even though the 
anomalos moment causes the free-particle cross section 
to differ appreciably from the Thomson cross section at 
these energies. 


B. Nucleon Polarizability 


1. Classical Calculation 


One can get a qualitative picture of the scattering 
anomaly near meson threshold from a purely classical] 
point of view. It is well known that nucleons can absorb 
y rays through both magnetic dipole or electric dipole 
absorption. It follows that, if the nucleons have the 
necessary polarizability for absorption, they must also 
be able to scatter, 

The case of the magnetic-dipole scattering is par- 
ticularly clear. The absorption passes through a par- 
ticular resonant state. Since both the maximum cross 
section and the energy width of this state have been 
measured, the resonance is completely determined, and 
one can predict the magnetic-dipole scattering ampli- 
tude as a function of energy. The value of the amplitude 
obtained in this way is in qualitative agreement with 
experiment. This magnetic-dipole scattering will inter- 
fere with the Thomson amplitude, which is electric 
dipole. The pattern of magnetic-dipole scattering is 
identical with electric-dipole scattering except that the 
role of the electric and magnetic vectors are inter- 
changed. In the forward direction the amplitudes will 


*G. E. Brown and J. B. Woodward, Proc. Roy. Soc. (London) 
A65, 977 (1952). 
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subtract because the magnetic-dipole scattering results 
from the low-energy tail of a resonance dispersion curve 
while the Thomson scattering is the free-particle limit 
and is phased like the high-energy tail of a dispersion 
curve. (See Fig. 9.) Likewise there is reinforcement in 
the backward direction. 

If the electric-dipole meson production is associated 
with a simple electric polarizability of the meson- 
nucleon system (which seems compatible with the usual 
interpretation of photomeson observations), then the 
elect ric-dipole phase is also determined and will subtract 
from the Thomson amplitude at all angles. It is harder 
to make a good model for the electric-dipole scattering 
because no definite resonance appears to be involved. 
However, the classical dispersion relation can be used 
to obtain an estimate of the electric dipole amplitude. 

If we normalize the Thomson scattering amplitude to 
1 and let Aw be the magnetic dipole amplitude and Ag 
be the electric dipole amplitude, then we obtain an 
angular distribution given by 


da/dQ= [ (1—Ag)*+A au’ |(1+cos*0) 
—4A y(1—A gx) cosé. 


According to this simple model of polarizable nucleons, 
one could account for scattering by complex nuclei 
simply by including the anomalous amplitudes from 
the neutrons in a coherent addition of amplitudes. 
Because of charge independence these should be the 
same as the corresponding amplitudes from the proton. 
Since there is no Thomson scattering by neutrons, one 
would then expect the ratio of the anomalous ampli- 
tudes to the Thomson amplitude to be about twice as 
great for complex nuclei as for hydrogen. 


2. Quantum Calculation 

Feld" has carried out a nonrelativistic calculation for 
protons which is the quantum equivalent of our classical 
interpretation of the magnetic-dipole scattering. Using 
the same matrix elements and wave functions which 
account satisfactorily for meson production, he has 
calculated that part of the scattering which goes 
through the T=}, S= } state of the proton-meson 
system. He obtains about the same size anomaly with 
the same qualitative features, but his angular distri- 
bution for the non-spin-flip part is given by 

da /dQ= [1+ (5/4)A uy? ](1+0s"0) — 4A xy cosd. 
This differs from the classical result only in that Ay? 
has been replaced by (5/4)A x’. The Feld calculation 
also obtains a spin-flip portion of the polarization 
scattering which is given by 
da/dQ= $A 47 sin’6. 

This term does not exceed 3% of the Thomson cross 


section below meson threshold. To our accuracy it can 
be ignored. 
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No such calculation has been made for the electric 
dipole amplitudes. 

In order to combine any theoretical information on 
polarization scattering amplitudes with calculated scat- 
tering by nonpolarizable nucleons, it is, of course, 
necessary to know the phase of all the amplitudes 
involved, Unfortunately, this information is not con- 
tained in the Powell calculation. A more detailed dis- 
cussion of this problem is given in the next section. 


C. Dispersion Relation 


The recent quantum formulation of the dispersion 
relation enables one to predict the forward scattering 
amplitude if the total y-ray absorption cross section is 
known as a function of energy. This technique has 
several applications to the present experiment. 


1. Application to Proton Scattering 


Gell-Mann and Goldberger*:'® have used the disper- 
sion relations to predict the forward cross section for 
hydrogen and, using specific models, have estimated the 
cross section as a function of angle. They find that the 
forward-scattering amplitude f(v) is given by: 


S(v) = filve’-e+-f2(v)ia: (e’Xe), 
where 


y * dv'a(v’) 
filv) = Ag+ f , 
dre dy v?—v—ite 
and 
4 dv'a(v’) 


y 
folv) =Ay+ J . 
2m Jy (vp? —v—ie) 


fi(v) is that part of the forward scattering amplitude 
which corresponds to the classical Kramers-Kronig??! 
dispersion relation, and the o(v) it contains is just the 
total y-ray absorption cross section. f2(v) contains Aypy, 
which represents scattering by the anomalous magnetic 
dipole. However, @ is not a simple cross section but is 
given by ¢= 4(0,—0,), where a, is the absorption cross 
section for circularly polarized photons with spin 
parallel to the nucleon spin and a, is the corresponding 
cross section for the antiparallel case. Below meson 
threshold there is very little contribution from f(y) 
except from the term A,v. Using averaged data from 
Cornell University, Massachusetts Institute of Tech- 
nology, California Institute of Technology, and Uni- 
versity of Illinois, we obtain slightly smaller values for 
the integral in /;(v) than are given by Gell-Mann et al. 
At meson threshold we obtain f;(v)/Ao=0.45, ie., a 
forward-scattering intensity (0.45)? times the Thomson 
value. 

We would like to use the dispersion relation to obtain 
a theoretical estimate of the proton scattering as a 

*”R. Kamers, Atti. congr. intern. fisici 2, 545 (1927). 

“RR. Kronig, J. Opt. Soc. Am. 12, 547 (1926). 


OF 


50 


\ 


Hine ident \ 
4 
“ 


fa, 


Fic. 9. Destructive interference of Thomson and magnetic 
polarization scattering in the forward direction. An electromag 
netic wave is incident from the left on a proton of charge ée and 
mass M, The electric field causes an acceleration a, in phase with 
the incident & (since the proton is free). The magnetic field 
induces a magnetic moment, which is equivalent to accelerating 
a magnetic charge with av. The phase of ay is 180° different from 
that of the incident H/, since the magnetic-dipole resonance cor 
responding to the excited state of the proton occurs at a much 
higher frequency. The fields radiated in the forward direction are 
shown on the right, with phases corresponding to a distance from 
the proton of an integral number of wavelengths. The interference 
is destructive in the forward direction and constructive in the 
backward direction. 


function of angle. The recoil is small in our energy 
region, so we will use the nonrelativistic approximation 
and evaluate separately the contribution to f,(v) from 
the various multipoles taken in the center-of-mass 
system. The integral can be computed for each multi 
pole separately according to its contribution in meson 
production. Thus f;(v) will be broken into several parts, 
and we will have 
filv) Ao 


1 -Apn(v) 7 Anm(y), 


where A g(v) and A y(v) are the anomalous electric and 
magnetic scattering amplitudes. At threshold, for 
example, we obtain A g=0.23 and Ay=0.29, The con 
tribution from higher multipoles appears to be neg 
ligible. [ Nole added in proof. 
to us by F. Low that our separate evaluation of A and 
Ax from the causality relations is not strictly correct, 
We note, however, that the value Ay=0.29 thus ob 
tained agrees, within the inaccuracy of application to 
0,24 


It has been pointed out 


our data, with the very approximate value A 4 
obtained from Feld’s expression." | 

Now we wish to use these quantities to modify the 
Powell calculation, To do this we know the 
phase of the various parts of the Powell cross section, 
D. Walecka has begun a calculation which should yield 
this information, and has already completed a calcu 
lation using the nonrelativistic interaction Hamiltonian 


must 


—¢€ é eh 
H int ‘ + ; Ap 
Mpc 2M pc? 


a: (9 XA) 
2M 


with relativistic kinematics. The resultant cross section 
(see Fig. 8) is about 20% higher than the Powell values 
at 130 Mev, showing that the nonrelativistic approxima 
tion is quite inadequate. However, we will try to use 
the calculation as a guide to the phases in the Powell 


cross section, Walecka’s calculation gave an in-phase 
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1 e 2 }2 
acs ( ——) —(1+cos')do, 
2\Mpce'] ki? 


which is the dominant term in the Klein-Nishina for- 
mula at these energies. All important terms involving 
the magnetic moment were either spin-flip or 90° out 
of phase. Analogously, the Powell calculation gives the 
Klein-Nishina cross section plus terms in the anomalous 
magnetic moment. We will therefore assume that oxy 
is the in-phase component of the Powell cross section, 
which is to be interfered with our anomalous amplitudes 
Ay and Ay, and that the remaining terms are either 
spin-flip or out of phase so that their cross section, the 
excess above oxw, can simply be added to the result. 
This procedure gives us the curves shown in Fig. 4 (a), 
(b), (c) which are labeled “Powell+ Dispersion.” If one 
lets \= —1 in the Powell formula, corresponding to a 
particle with no net magnetic moment, one obtains a 
cross section” which, in our energy range, is almost 
identical with the Klein-Nishina formula. This result 
suggests that the identification of the Klein-Nishina 
cross section as the zero-moment case is not a serious 
error. For an accurate calculation one would, of course, 
separate the Powell calculation into in-phase and out-of- 
phase parts of both the spin-flip and non-spin-flip 
R. Gomez and D. 


scattering. [Nolte added in proof. 
Walecka (Phys. Rev., to be published) have completed 
the exact breakup of the Powell cross section. ] We 
avoid doing this because we ignore polarization con- 
tributions to the spin-flip and out-of-phase components. 

It may be noted for the application of the dispersion 


relations that the Powell calculation makes no cor- 
rection to the amplitude at 0°, except one linear in v 
which can be identified with Aj. 


2. Application to Complex Nuclei 


The application of the dispersion relation to complex 
nuclei is much more direct since we have shown that 
almost all the observed scattering is Thomson-like 
coherent scattering which has the same phase as fi(v). 
Unfortunately, the total absorption cross section is not 
adequately known. If, for the photon absorption cross 
section, we take the total meson production from a 
proton and multiply by the atomic mass number to 
include all neutrons and protons in the nucleus, we 
obtain approximately A g=0.45, As; =0.58, where the 
coherent Thomson amplitude is taken as one. The 
resulting distribution (solid lines) is plotted in Fig. 
7(b). This clearly predicts too little scattering at 90° 
and 135°. The situation can be improved either by 
decreasing Ag [the dashed lines, also plotted as 
“theory” in Fig. 7(a)] or increasing Aw (the dotted 
lines). 


#S. B. Batdorf and R. Thomas, Phys. Rev. 59, 621 (1941). 
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It would not be surprising if the Ag per nucleon were 
reduced in complex nuclei. The computed value of Ag 
receives a large contribution from the low-energy 
S-wave meson production, which is well known to be 
suppressed in complex nuclei. 

Similarly, it would not be surprising if the Aw per 
nucleon were increased in complex nuclei because the 
Ay receives its main contribution from a region well 
above threshold, and coherent meson production could 
give rise to an increase in the total absorption cross 
section. 


D. Relation to Antiproton Scattering 


Our interpretation of the data for complex nuclei has 
been based on neglect of nuclear interactions in the 
intermediate states, at least when the form factor is 
not too small. In the perturbation treatment, the 
Thomson scattering occurs primarily through virtual 
transitions to the negative energy states, equivalent to 
considering antiprotons to exist in the intermediate 
states. 

On the other hand, there is now some evidence for 
exceptionally strong interactions of antiprotons with 
nuclear matter. A more quantitative interpretation of 
y-ray scattering data in this energy region might yield 
information on the interaction of antiprotons within 
nuclei. 


E. Relation to Electron Scattering 


The information obtained in y-ray scattering is quite 
different from the information obtained in elastic elec- 
tron scattering.***4 The electron scattering measures 
almost exclusively the properties of the ground state 
of the scatterer ; the y-ray scattering is sensitive to both 
ground state and the excited states. 

In lowest order, electron scattering may be described 
as the emission of a single quantum by one charged 
particle and its absorption by the other. In order to 
involve an excited state of one of the scatterers, a two- 
quantum process must occur. This is much less probable 
than the one-quantum process. Furthermore, the 
quanta in the two-quantum process have a continuous 
spectrum of energies, and the amplitudes from the two 
sides of the resonance almost cancel out because they 
have opposite phase. A calculation by Drell and 
Ruderman” shows that this cancellation is extremely 
effective, so that resonances are not likely to produce 
more than a 0.1% effect in electron scattering. 

In y-ray scattering the two quanta have a unique 
energy, and the process is consequently very sensitive 
to resonant structure. 


*3 J. H. Fregau and R. Hofstadter, Phys. Rev. 99, 1503 (1955). 

% Holm, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 

%° S. D. Drell and M. A. Ruderman (to be published). 





NUCLEAR 


V. ACKNOWLEDGMENTS 


The authors wish to express their appreciation to 
L. S. Osborne for the initial suggestion of this experi- 
ment, and to him, S. D. Drell, B. T. Feld, F. Villars, 
A. Wattenberg, and V. F. Weisskopf for many ideas, 


PHYSICAL REVIEW VOLUME 


SCATTERING OF 


105, 


50- TO 130-MEV y RAYS 995 
calculations, and discussions. We are also very much 
indebted to D. Walecka for several difficult computa- 
tions, to J. L. Powell for sending us the details of his 
calculation, and to B. Richter and J. Russell for help 


in running the experiment. 


NUMBER 3 FEBRUARY 1, 1957 


Energies of Nuclei with Different Proton and Neutron Shells 
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Analysis of energies of nuclei in which protons and neutrons occupy different unfilled shells is made on the 
basis of the shell model. Good agreement of the calculated and experimental energies is obtained in the 
Sijodyy2 and the dy/2fr/2 regions. Parameters characterizing the nuclear interaction were determined. When 
these are used in the case of K® the right spin is obtained for the ground state. 


I. INTRODUCTION 


ECENTLY' binding energies of nuclei were calcu- 

lated on the basis of the shell model. In all the 
nuclei treated in this reference, the protons and the 
neutrons occupy the same unfilled shell. Thus, group 
theoretical methods could be used which simplified the 
calculation. In the present paper we deal with nuclei 
where the unfilled proton shell is different from the 
neutron unfilled shell. The same approach of reference 1 
is used also here. We investigate to what extent we can 
use the simple shell model in the calculation of energy 
levels. We first assume that the wave function of the 
nucleus is that of nucleons moving independently in a 
central field (the form of which is not specified); the 
total spin of each nucleon is a good quantum number 
(jj-coupling shell model wave function). We further 
assume that the potential energy of the system comes 
from a mutual interaction of the nucleons which is a 
general (unspecified) two body force. 

Obviously, this is not sufficient to carry out a mathe- 
matical evaluation of the energies. The first assumption 
fixes only the angular and spin part of the wave func- 
tions but nothing is assumed on the radial functions of 
the single nucleons. Moreover, the interaction of free 
nucleons is not very well known and it is certainly not 
known what interaction should be considered in shell 
model calculations. Therefore, in order to overcome this 
difficulty, we do not make any specific assumption on 
the two-body interaction (which might be an arbitrary 
mixture of various central forces, mutual spin-orbit 
interactions, and tensor forces as well as other possible 
velocity-dependent interactions). 


*On leave of absence at the Palmer Physical Laboratory, 
Princeton University, Princeton, New Jersey, during the academic 
year 1956-1957. 

'T. Talmi and R. Thieberger, Phys. Rev. 103, 718 (1956). 


The situation is analogous to that in atomic spec- 
troscopy. Although the interaction in that case is well 
known (the electrostatic repulsion of the electrons), the 
radial part of the wave functions is rather difficult to 
calculate, The usual procedure is to express the energy 
levels of a certain atom in terms of a number of parame 
ters. These are various radial integrals-of the Coulomb 
potential (Slater integrals). Usually, the number of 
levels is much bigger than the number of parameters. 
Therefore, a criterion to the validity of the theory (the 
configuration assignment, the coupling scheme, etc.) is 
whether values of the parameters can be found which 
satisfactorily reproduce the observed levels, Such values 
are usually determined by a least-squares fit. 

We use the same procedure also in the case of nuclear 
spectra. However, unlike the atomic case, only a few 
nuclear levels are definitely assigned a certain configura- 
tion. Therefore, there are usually more parameters than 
experimental data of a single nucleus. We can apply the 
method described above only if we take into considera 
tion a group of several nuclei, thereby increasing the 
number of data. In order to do this we have to postulate 
the way the parameters change in going from one nucleus 
to another. In the following we assume that the parame 
ters are the same for the group of all nuclei in which the 
same shells are being filled. This means that the po 
tential well which determines the single-nucleon wave 
functions is the same for all nuclei in one group. This 
assumption as well as the previous ones have been 
justified by previous results!” and by the results of the 
present work. This behavior of the parameters should be 
contrasted with the atomic case where the parameters 
change appreciably on going from one atom to the next. 
In most nuclei only the ground state can be assigned by 
the shell model a definite configuration. In order to 


*S. Goldstein and I. Talmi, Phys Rev. 102, 589 (1956) 
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utilize energies of ground states we have to consider 
binding energies of nuclei along with level spacings. 
Such an analysis is presented in reference 1 and is ex- 
tended in the present paper to other groups of nuclei. 

Because of the scarcity of experimental data it has 
been found possible to treat only two groups of nuclei. 
In the first group are nuclei with protons in the 51/2 shell 
and neutrons in the dy. shell, and in the second are 
nuclei with protons in the dj,» shell and neutrons in the 
fro Shell. As a result of the following analysis the 
interaction parameters are determined. There is a very 
good agreement between the energy values calculated 
with these parameters and the experimental energies. 
This shows that the shell model properly used is a good 
basis also for quantitative calculations in the region of 
nuclei treated here. 


II. METHOD OF CALCULATIONS 


Let us consider a nucleus in which m protons occupy 
the unfilled 7 shell whereas the neutron 7 shell is closed 
and the extra m neutrons occupy the unfilled 7’ shell. 
According to our assumptions, the energy of the closed 
shells is the same for all the nuclei considered and is 
equal to the binding energy of the preceding closed 
shells nucleus. This is the nucleus in which there are 
neither 7 protons nor j’ neutrons (although the neutron 
j shell is closed). We subtract its binding energy from 
the binding energies of the nuclei treated to obtain the 
contribution of the extra nucleons. Let E( 7”) denote the 
sum of kinetic energies, interaction with the closed 
shells and mutual interaction of the m j-protons (in- 
cluding the Coulomb energy) and V(j™,j’") denote the 
interaction between the m j-protons and m j’-neutrons. 
The kinetic energy and interaction with the closed shells 
of each 7’ neutron are the same; we write a; for the sum 
of these two terms. The last part to be considered in- 
cludes, therefore, na, and the mutual interaction of the 
n j’-neutrons to be denoted by V(j""). 

In order to utilize the results of reference 1, we assume 
that #(j™) has the same value as in the nuclei treated 
there (in these nuclei there were no j’ neutrons). 
Similarly, we make the same assumption on V(j’") so 
that the values of both these energies can be taken from 
the results of reference 1. However, we cannot take the 
value of ay from the previous work since in reference 1, 
the kinetic energy and interaction with the closed shells 
of a j’ neutron (denoted there by A) include also the 
interaction with the closed proton j shell. Therefore, we 
take in the following a, as a free parameter to be de- 
termined from the analysis of the experimental data. 
We can now take the equation 
(B.E. of nucleus treated) 

— (B.E. of preceding closed shells nucleus) 


E(j")+V(j",7'") + nay +V(j""), (1) 


and subtract from it the values of E(j™) and V(j’") 
taken from reference 1, The energy values thus obtained 
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will be equal to nay+V(j™,7’"). It should be mentioned 
that all the terms in the right-hand side of (1) are chosen 
to be positive when they lower the energy of the system. 
This convention is in accordance with our taking the 
binding energies of nuclei positive and will be kept 
throughout the paper. We can use the results of refer- 
ence 1 as described only if the proton configuration and 
the neutron configuration are in definite states with 
lowest seniority. In the following we shall see to what 
extent this is so and shall also treat in detail a case in 
which it is impossible to make this assumption. 

In order to carry out the analysis, we have to express 
the energy values obtained after the subtractions in 
terms of certain parameters. We then have to look for a 
set of values of these parameters which will reproduce 
the experimental values in all the known cases (with 
different m and n) to a high degree of accuracy. One 
parameter we have is a; and the other parameters 
should express the proton neutron interaction, V(j™,7’") 
can be written as a linear combination of the expectation 
values of interaction in the various states of the j-proton 
j'-neutron configuration. (These states are simply those 
obtained by coupling j and j’ to form all the possible 
values of the total J.) We take these expectation values 
as free parameters, denoted by V(j,j’,J)=Vy, to be 
determined from the analysis. 

The calculation of V(j™,j’") in terms of the parame- 
ters V , is straightforward. In considering a certain state 
of the nucleus we have only to know the amplitudes of 
the various states in which both the protons and the 
neutrons are in a definite state. Every actual state can 
be written as a linear combination of such states with 
‘mixing coefficients” : 


C(ay,J 1,002,J 2|a,J) 
KV" (aid 1) j""(a2J 2) J). 


‘ 


certain 


v(j",j'",a,J) = > 


aja2JiJ2 


(2) 


In this expression J; is the total spin of the protons, J, 
is that of the neutrons and J is the total spin of the 
nucleus; a1, a, and @ are additional quantum numbers 
which might be necessary to further specify the corre- 
sponding states. The mutual interaction considered is of 
the form 


m min 


a Ti 


k=l l=m+1 


where V,, is the interaction of a j proton and a j’ 
neutron. In order to calculate expectation values as 
well as nondiagonal matrix elements of this interaction, 
we have to find out the values of the following matrix 
element: 


(j™ (ard 1) 7’ "(2d 2)I |S View| (ar 1’) 7" (a2’ J 2’) J) 
=mn (3) 
K(j™ (and 1) 7" (a2 2) J | Vm, min | j™ (ar Ii’) 7j’"(a2’ Jo) J). 


The equality follows from the antisymmetry of the wave 
functions in the proton coordinates and in the neutron 
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coordinates (in this case there is no need to antisymme- 
trize between proton and neutron coordinates). Obvi- 
ously, J must have the same value on both sides of the 
nonvanishing matrix elements but J; and J, might be 
different from J,’ and J,’. 

As in the matrix element on the right-hand side of (3), 
the mth proton and (m+-n)th neutron are distinguished 
from the others we will better have the wave function 
built accordingly. This is easily done by using fractional 
parentage coefficients in the j" and j’" configurations. 
We write down the relevant antisymmetrical wave 
function in the following form: 


¥(j"a,J 1) = ' (j™ (BJ 1) ji} "ard 1) 
Bi Jit 
XV" "(Bi 1) jmJ1). (4) 


The other wave functions can be similarly expressed. 
With the help of this expression, we can obtain for the 
matrix element (3) the following form: 


mm SY (j™ (BJ) ji }jm™aJ1) 


BiBaJ 11S 22 
X (jira Li" BF) TVG" BaF 22)" F) jaa 2) 
(ja To! [j'"' (BoJ 22) j’ I’) 


X((Surf)Ii(To2f’)I oF |\Vm, men! (Surjt1 (S072 J). 
(5) 


Because of the orthogonality of the wave functions of 
the m—1 protons and n—1 neutrons, 6; and 2, J\, and 
Jo. must have the same values in both sides of the 
V m, m+n Matrix element. 

Now the (m, m+n) pair is explicitly separated from 
the other nucleons also in the wave functions, however, 
the corresponding jm and jm,’ are not directly coupled. 
In order to do it we should make a transformation to 
change the coupling scheme. In the wave function to the 
left of Vin, myn in (5) Jy, is coupled to j to produce J), J 22 
is coupled to 7’ to give J, and J; and J, are coupled to 
give the total J. Instead, we would like to use the 
scheme in which j is coupled to j’ to produce some J’, 
J\, is coupled to J22 to give some J\, and J’ and Jj, are 
coupled to give the total J. The transformation which 
should be used is defined with Wigner’s 9—J symbol* 
and in the notation of Racah and Fano‘ is written as 


(I urp)J iJ 227") J 2,J | (J: J22)J r2( jj’)J',J) 
=[ (2) +1) (2 o-+-1) (2S 2+ 1) (2I’+1) }} 
Sod " 


KX | J 2 j’ Jo}. 
Sagi Kod | 
+E. P. Wigner, “On the Matrices which Reduce the Kronecker 


Products of Representations of Simply Reducible Groups” 
(unpublished ) 
4A. Racah and U. Fano, /rreducible Tensorial Sets (Academic 


Press, Inc.. New York, to be published). 
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When we perform this transformation together with a 
similar transformation on the wave function to the 
right of Vin, min in (5), we obtain expression (5) in the 
form 


mn ¥ 


BiBaJiiJeaJial’ 
x (jman Ty Li"'(Bs I) VG" Bot 22) ja) eaJ 2) 


(jy! Jo! Ci" (Bo 22) jo! (QI +1) (2 2+ 1) 


ae (BJ) JJ} ian) 


« (21/41) (2S 2" +1) JA 2 +1) (2) +1) 
In) ig) 


[Ju , FA / 
| j' Ja\X | Jaq 7 Ji! 
L. 


XX | J 
Tus yy Ji 


2 | 
ee Ae a 
KC tn Sent ao V mn awl a Pn 4 (6) 


In this expression J,, must be the same on both sides 
because of the orthogonality of the wave functions with 
m—1 protons and n—1 neutrons. As Vx; is a scalar, J’ 
must have the same value on both sides. The expression 
of the interaction in terms of the parameters is now 
complete as the matrix elements which appear in (6) are 
exactly our parameters (j;j2’J’| Vi,2| jije’ J) = Var. 

It may be worthwhile to mention that it is more 
practical to use simpler expressions than (6), or rather 
construct them by steps. If the calculation is first done 
in the cases of a single 7’ neutron, the transformation is 
simpler, the 9—J symbol being replaced by a Racah 


coefficient® 4 


(j™aJ)7'J ge m+) j™(ay’J1')7'J) 


ey GBI) ji hima 1) 


BiJis 

K (ima Li's) ji’) 

K((Sirjm)I joer tT | Vin, met! (Ssrjm)J 1! fpr’ J) 
LS UO" BI wiJijma) 


BiJiit’ 

Kira’ T {in BI) jJ) 

* C(2I +1) (21 +1) (2 +1) 

XW i jJ 7; I IW fT 75 IVS’) 
XCjmjmet J’ | Vin mil jmimer J’). (7) 


Now if one has more j’ neutrons, one can first write the 
j’" neutron wave function in terms of fractional parent- 
age coefficients. Then one should perform the trans- 
formation with the Racah coefficient [similar to the 
derivation of (7) | with the values of J; and J,’ fixed. The 
expressions so obtained contain matrix elements of the 
type (7) previously calculated. 

In this manner we calculated all the matrix elements 
of the various cases used in the following analysis. The 
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TABLe I. Experimental and calculated energies of 51/2"d;/2" nuclei in Mev. 


Energy minus 
E(si;2") and 
V (daj2") 


B.E. minus 


N that of Si* 


Nucleus 


6.0 
15.91 
15.23 
15.15 
25.34 
24.81 


45iy" 
5iis™ 
uP? Jal 
oP J=2 
6P 4 
16517" 


6.00 
13.19 
7.83 
7.75 
15.22 
8.62 


fractional parentage coefficients, being those for identi- 
cal nucleons, could be easily calculated or taken from 
tables.® 


III. NUCLEI WITH s, PROTONS AND d; NEUTRONS 


In the nuclei treated in this section Z is between 14 
and 16 and N= A—Z is between 16 and 20. Known 
binding energies of nuclei in this region® are listed in 
column 2 of Table I. From these energies the binding 
energy Of Sie” has been subtracted. The values of 
E(sy2") and V (d3,."), as defined in the previous section, 

an now be taken from the results of reference 1.'No 
ambiguity occurs as in each of the present cases there 
is only one state of the neutrons, and obviously only 
one state of the protons, that can produce the total 
spin. The energies of column 2 from which E(5,,.") and 
V (ds/.") were subtracted are listed in column 3 of 
Table I. 

One parameter we have is ag—the sum of the kinetic 
energy of a ds. neutron and its interaction with the 
closed shells (of Si”). The other two parameters are the 
expectation values of the interaction in the states of an 
Si2 proton and a dy/. neutron with J/=1 and J=2, The 
expression of the interaction between the m 5/2. protons 
and n dy» neutrons in terms of V; and V2 in the various 
cases is listed in column 4. We can now use all the data 
to determine ay, V;, and V2 by a least-squares fit. We 
express maat V(Si2",do/2") in terms of aa, Vi, and V». 
These expressions are put equal to the energy values of 
column 3. We now look for the best values of the 
parameters (in the sense of least squares) which will 
solve these equations. The values so obtained are 

aa=6.61 Mev, V,=1.12 Mev, V2=0.98 Mev. 
The energy values calculated with these parameters are 
listed in column 5 of Table I. In order to see the 
agreement, columns 5 and 3 should be compared. The 
agreement is quite good, the root mean square deviation 
is about 0.12 Mev. 

Another possibility is to treat differently the binding 
energy data which are not very accurately known and 
the spacing between the J=1 and J=2 levels in P®. 

* A. R. Edmonds and B. H. Flowers, Proc. Roy. Soc. (London) 


A214, 515 (1952). 
* A. H. Wapstra, Physica 31, 367 (1955). 


Energy 
calculated 
with aa and 

Vi only 


6.64 
13.28 
7.69 


Energy calculated 
with aa, Vi, 


V (s1/2",day2") and V2 


6.61 
tee 13.22 
V; 7.73 
V2 7.59 
(3/4)Vi+-(5/4)V2 15.29 
(3/4)Vi+(5/4)V2 8.68 


15,28 
8.64 


This spacing’ (which is 0.077 Mev) should be equal to 
V,— V2 and could be used to fix one of these parameters 
in terms of the other. However, we do not know how 
pure is the configuration in this special case. A very good 
check could be supplied by measuring the level scheme 
of P™, In that nucleus the ground state configuration is 
Sij2(ds/2)* as compared to S$y/2d3;2 in P®. The ground 
states of both these nuclei have J=1, and if the 
configuration assignment we use is accurate the level 
with J=2 should lie the same height above the ground 
state in both cases. No calculation should be done in 
order to get this prediction. For any two-body force, the 
levels of a hole-hole configuration are spaced exactly as 
in the corresponding nucleon-nucleon configuration. 
Now in P® we have a 51/2 proton d3,. neutron configura- 
tion, whereas in P™ the configuration is that of a 51/2 
proton which at the same time is an 5,2 proton hole and 
a ds2 neutron hole. Hence the level order and spacing in 
these two cases must be the same. 

If we take the expression of maa+V (S1j2",d/2") in 
terms of ay, V;, and V2 and substitute V;—0.08 for V2, 
we can carry out the analysis of the data in a similar 
manner to that used before. Only in this case we should 
not consider any more the case of P®, J=2. The best 
values of the parameters obtained from this analysis are 


aa=6.64 and V,=1.05. 


The energies calculated with these values of the 
parameters are listed in column 6 of Table I. The 
agreement between these values and those listed in 
column 3 is quite good. The rms deviation, slightly 
smaller in this case, is about 0.1 Mev. The value of V2 is 
obtained in this case directly from V; and is V2=0.97. 

The parameters obtained can be used to calculate the 
binding energy of P**, In this case the value of the $1/2d3/2 
interaction is given by V (5/2, ds°, J=1)=(7/4)Vi 
+ (5/4)V». To this we have to add 3aq and also E(51/2) 
+ V (ds).*) =8.54 Mev as taken from reference 1. We find 
that the resulting value is 31.56 Mev with the first set of 
parameters and it is 31.51 Mev with the parameters 
obtained from the second analysis. This is the calculated 
value of the difference in binding energy between P* and 
Si®. Wapstra® gives for this difference the value 31.88 

7P. M. Endt and J. C. Kluyver, Revs. Modern Phys. 26, 95 


(1954). 
* A. H. Wapstra, Physica 21, 385 (1955). 





Tas Le ITI. Experimental and calculated energies of dy.” f7/2 nuclei in Mev. 
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999 


B.E. minus Energy minus 
that of S* E(daa™ 
14.53 
25.21 
32.79 
41.69 


Nucleus 


bs er 


Mev. However, the quoted error on the P* binding 
energy is 0.23 Mev. It is highly desirable to have a more 
accurate experimental value and compare it with the 
present model. 


IV. NUCLEI WITH d,,, PROTONS AND f,,, NEUTRONS 


The proton number Z in the nuclei to be now treated 
is between 16 and 20 and the neutron number is higher 
than 20. In this case we treat extra nucleons outside the 
closed shells of 16 protons and 20 neutrons. The nucleus 
with these shells closed is S* and all the binding energies 
used in the following will be binding energies of the 
nuclei treated minus that of S**. The known binding 
energies of nuclei in this group® are listed in column 2 of 
Tables II and III. In order to make the analysis, we 
have to subtract from the binding energies the values of 
E(d3;2") and V ( f7;2") taken from reference 1. There is no 
difficulty in taking E(d,,.") from that reference, as the 
agreement between calculated and experimental energies 
in the d3,2 shell is very good. The binding energies from 
which the appropriate E(d3,.”) have been subtracted are 
listed in column 3 of Tables II and III. The situation is 
more complicated in the f7/2 shell. In this case only the 
over-all agreement between calculated and experimental 
energies in reference 1 is good. ‘The rms deviation, 
although being only 0.579% of the energy range con- 
sidered is 0.75 Mev. Therefore, we are reluctant to take 
the value of V(f7/2") from the previous work. The only 
way which seems reasonable is first to consider cases in 
which V(f7/2") does not appear, namely those nuclei in 
which there is only one f7;2 neutron. 

The data for nuclei with a single f7;2 neutron are the 
binding energies Cl**, A®*, K*, and Ca‘ (listed in 
Table II) and the energies of three excited states in each 
of Cl* and K®.”.* The parameters that we have in this 
case are ay and the expectation values of the interaction 
in the four states of a dj. proton f7/2 neutron with 


(5/16) Vo+ (7/16) Va+ (9/16) V+ (11/16) V5 
(25/28) Vat (1/6) Vs+ (23/35) V+ (77/60) V5 
(5/8) Vat (7/8)Vs+ (9/8) Vet (11/8) V5 


Caleu 
lated 
energies 
6.18 
641 
7.86 
8.43 


Energy values 
in terms of 


V (dasa™, frs2) parameters 


J=2, 3, 4, 5. The expression of the interaction 
V (ds2™, fz/2") in terms of the parameters V y is given in 
column 4 of Tables IL and IIL. We have 10 experimental! 
energies and 5 parameters to be determined. This could 
be done in a straightforward manner. However, we 
know from a previous analysis’ that the level spacings 
in K® and Cl** are in excellent agreement with our 
assumptions and configuration assignments. In fact, the 
differences of our parameters Vy are exactly the level 
spacings in Cl** which has one d3/z. proton and one fy. 
neutron. From these the level spacings of the d5,2* f1/2 
configuration of K® can be found with formula (7) and 
vice versa. If we start from K, say, and calculate the 
levels of Cl** the agreement with the experimental re 
sults is excellent. The rms deviation in this agreement is 
less than 0.02 Mev (which is certainly better than 
anything we can get from an analysis of binding 
energies). We can, therefore, use these level spacings to 
determine differences of the Vy. Thus, we can express 
three of these parameters in terms of the fourth. We take 
as a free parameter (d3/2/7/2 J =2| V | dsj2fzj2 J = 2) = Vo. 
The others are given by? 
V3 Vs=V2—1.32, Ve=V2—0.70. 


V:—0.75, 


We are now left with two parameters—ay, and V»—and 
four experimental data which are the binding energies 
listed in Table II. In subtracting E(dy/.") (to get the 
values of column 3) there is no ambiguity in the cases of 
one, three, or four extra protons (m= 1, 3, 4) as there 
is only one possible state of the protons. In the case 
m= 2, we assume that the dy/.* proton configuration is in 
a J;=0 state. This assumption is justified by the results 
and is further discussed below. We now express the 
V (dyj2™, f7/2) interaction (written in terms of the Vy in 
column 4) in terms of V» and add to it a,; the expres 
sions so obtained are listed in column 5. They are now 
put equal to the energy values of column 3 and a least 


TasLe III. Experimental and calculated energies of dy_” 7/7 nuclei in Mev. 


Energy minus 


4(daja™) 


14.74 
16.17 
18.00 
19.93 


B.E. minus 
that of S* 


23.04 
35.06 
42.92 
53.17 


Nucleus 


17Cloe 
isAg” 
19K a2" 


20C a2” 


* Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955) 


V 
(5/16)Ve+ (7/16) Va+ (9/16) Va+ (11/16) V;, 
(5/8) Vat (7/8) Vat (9/8) V 4+ (11/8) Vs 
(15/16) V_-+ (21/16) V 3+ (27/16) V 4+ (33/16) V5 
(5/4) Vet (7/4) Vat (9/4) Vat (11/4)V is 


V ¢ fija*) 
inter 

action 
energy 


3.94 
3.35 
3.17 
4.08 


Energy values 
in terms of 


daja™, frja?) parameters 


1.55 
3.10 
4.66 
6.21 


lay+2V_ 
2ay+4Vs 
daz+O6V 2 
Lay BV, 





1000 S. GOLDSTEIN 
squares fit is done to determine the best values of a, and 
V2 which will solve these equations. 

The best values which result from the analysis are 


ay=4.39 Mev, V2=1.79 Mev, 


and consequently 


V,=1.04 Mev, V, and Vs=1.09 Mev. 


0.47 Mev, 


Putting these values into the expressions of column 5, 
we obtain the calculated energy values given in column 
6 of Table II. The agreement is seen to be very good, the 
rms deviation being about 0.07 Mev. This agreement 
can be best visualized by taking the values of a;+-mV o, 
obtained by equating the values of column 5 to those of 
column 3, and plotting them as a function of m. The 
four points lie very nicely on a straight line. 

The case of a single fy. neutron outside the closed 
shells of S** is the case of S*’. The binding energy of the 
last neutron should be equal to ay. The experimental 
value is rather poorly known. The difference in binding 
energy between S” and S* is given® as 5.00 Mev as 
compared to ay= 4.39 Mev. However, the error quoted 
is 0.32 Mev and, therefore, a more accurate measure- 
ment is required to find out whether or not there is 
agreement also in this case.f 

Having obtained reliable values for the a, and Vs, we 
can use them in the analysis of more complicated cases. 
We next consider nuclei in which there are two fy. 
neutrons. These nuclei are listed in Table III (column 
1), with their binding energies (column 2), these energies 
minus E(d3;.") (column 3), V(ds/2",f7/2”) expressed in 
terms of the Vy (column 4), and 2a/+ V (d3/2, fz/2") in 
terms of ay and V» (column 5). We can now take the 
values of 2ay+ V (ds/2™, fz/?) and subtract them from the 
corresponding energies of column 3, thus obtaining the 
value of V(f7/.*)—the interaction of the two f7/2. neu- 
trons, The results are given in column 6 of Table III. 
It is obvious that these results are not as good as in the 
cases of one fy. neutron. The various values obtained 
for V(fz*) do not coincide with the same degree of 
accuracy. Particularly bad is the case of Cl**. The 
quoted error on the binding energy measurements of 
this nucleus is 0,23 Mev in reference 8. It would be very 
helpful to have the experimental situation cleared up so 
that we will know whether the present model works also 
in this case or that there is a real deviation.t 

An important effect which we have not yet discussed 
is the possibility that in the states considered the proton 
configuration and the neutron configuration do not have 
a definite J; and J». If this would be the case the actual 
states will be mixtures of states with definite J; and J». 

t Note added in proof.—Recent measurements [H. Morinaga 
and E, Bleuler, Bull. Am. Phys. Soc. Ser. II, 1, 30 (1956) ] of the 
S*’ 8 decay give for the difference in binding energy of S*” and S* 
the value 4.48 Mev. 

t Note added in proof.-Recent measurement [Penning ef al., 
Phys. Rev. 104, 740 (1956) ] of the Cl” 8 decay gives a Cl™ binding 
energy lower by 0.49 Mev, thereby bringing the corresponding 
value in column 6 of Table III down to 3.45 Mev. 
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In the cases with only one fz: neutron, this could 
happen only in the d,*fz/2 configuration. The state 
with total spin J=7/2 can be obtained either by 
coupling J;=0 and J;=7/2 or by coupling J;=2 (of the 
dy? configuration) and J,=7/2. Similarly, in the cases 
with two fz. neutrons we could have in Cl** and K* 
both J;= 3/2, J2=0 and J;= 3/2, J2=2. In the case of 
the J=0 ground state of A” we could also have J;=0, 
J,=0 along with J;=2, J,=2. In fact, we can express 
the nondiagonal matrix element of the interaction be- 
tween such states in terms of the Vy by means of (6). 
Therefore, as a result of the previous analysis we know 
the actual values of the matrix elements. We could 
write down the matrices and diagonalize them. How- 
ever, in order to do that we have to know the energy 
differences of the J=0 and J=2 states in the d;,:? and 
fru? configurations. These energy differences are not 
known with certainty, but we know from the level 
schemes of even-even nuclei that this difference is quite 
big in comparison with the nondiagonal elements. There- 
fore, the mixing of such additional states and their 
contribution to the energy values will not be important. 
The situation is quite different in the case of K® which 
we will treat next in more detail. 


V. CASE OF K*? NUCLEUS 


The nuclei with three /7;2 neutrons can be treated in 


the same way as those with two extra neutrons. We take 
the difference of the binding energies of the nuclei con- 
sidered and that of S** and subtract from it the E(d3,;2.™) 
contribution. In the cases m= 3 and m=4, there is only 
one possible state of the protons, that with J;=3/2 and 
J,=0, respectively. In the other case, with m=2, the 
protons state with J;=2 can also contribute to the 
ground state. However, we do not consider this possi- 
bility because of the great difference in the energies of 
the states with J;=2 and J,;=0 of the d3,* configura- 
tion. The situation in this respect is the same as in the 
cases with two fz, neutrons. The values of 3a, 
+ V (ds/2”, fz/2°) is obtained by substituting the values of 
the parameters we obtained. Subtracting this value also 
we are left with V(/7/.*, J2=7/2)—the mutual inter- 
action of the three fz. neutrons. The value of 
V (frj2*, J2= 7/2) obtained from A“ is 3.00 Mev whereas 
we get 2.58 Mev from Ca®. 

The situation is more complicated in the case of K®. 
Although the spin of the protons can have the only 
value J,;=3/2, different states of the f7/.* neutron 
configuration can contribute to the ground state. In 
Ca® two levels are known," one with J,= 5/2 lying only 
0.38 Mev above the J,;=7/2 ground state and the other, 
presumably with J,;=3/2, at 0.61 Mev above the 
ground state. These two levels very probably belong to 
the f7:* configuration. In A“ and Ca® these levels 
cannot appreciably change the results as they cannot 

K Way et al., Nuclear Level Schemes, A=40—A = 92, Atomic 


Energy Commission Report TID-5300 (U. S. Government Print- 
ing Office, Washington, D. C., 1955). 
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combine with the J;=0 ground state of the proton 
configuration to produce the state with a total J=7/2. 
On the other hand, in K® we can obtain the J = 2 of the 
ground state’ by coupling to the J/;= 3/2 of the protons 
either of the spins J,= 7/2, J2=5/2, and J,= 3/2. It can 
immediately be seen that these various states might 
well contribute to the ground state by looking at the 
order of levels in K". If we take only the state with 

2=7/2and calculate V (d3/23, J: = 3/2; fr28, Jo=7/2; J) 
by inserting the values of our parameters Vs, we obtain 
a certain level order. The lowest level has then J = 3, the 
next has J=4, ¥ the third is a J=2 level and the 
highest has J=5. This is in disagreement with the 
experimental fact an the ground state spin of K* is 2. 

In order to obtain the right order of levels as well as 
the energy of the ground state, we take into account the 
various J, states mentioned above. For each possible 
value of J we write down the interaction matrix whose 
rows and columns are specified by the states with 
definite J, values. J;= 3/2 can couple with J;:=7/2 to 
give the total spin values J = 2, 3, 4, 5, with J,=5/2 the 
values J=1, 2, 3, 4, and with Jy=3/2 the values 
J=0, 1, 2, 3. We see that there is only one state with 
J=0 and J=5, two states with /=1 and J=4 whereas 
the matrices for the states with J/=2 and J=3 have 
each three rows and columns. The diagonal elements of 
these matrices are the sums of E(d3/.3, J)=3/2), of 
V(fr2,J2) and of V(d3,3 2; fr2*, Jo; J). The 


nondiagonal elements are ce the expressions 
(dsj38(3/2) fa®(J2) JX Veal days8(3/2) frp (J2’)J). 


These as well as the diagonal elements of the interaction, 
V (dsj, Js = 3/2; fry, Jo; J), can be expressed in terms 
of the Vy by means of (6). The values of Vy are taken 
from the previous analysis. E(d3;4, J;=3/2), which 
appears only in the diagonal elements is independent of 
J, and can be omitted from the matrices. We take the 
values of V (fr/2°,J2) — V (fr, J2= 7/2) from the experi- 
mentally observed level scheme of Ca“ and add them to 
the diagonal elements [ having these instead of V (/7/:',/2) 
in the diagonal elements does not change the diagonal- 
ization ]. The matrices thus calculated are given below 
for the various cases (energies in Mev): 


(d5/2(3/2)fr3(3/2)J =0| © V er| day(3/2)f1/24(3/2)J =0) 
+ V (fay2,3/2) —V (fr,7/2) =9.32 


(3/2 7/2 J=5|¥ Vail 3/2 7/2 J=5)=8.85 
(3/2 JoJ=1 |>- Viat [ b (fry, J 2) 
_ V (frj2*,7/2) Jb s240"|3/2 J,! Jz 1) 


3/2 5/2 


8.86 
0.47 


OF 1001 


NUCLEI 


4|20 VeetLV 


(3/2 J; J= 


8.36 
—().59 


212, Vert LY Cr 
—V (fr: 


(3/2 Ja J 
37/2) a 9° |3/2 


3/2 5/2 
8.04 


0.18 
(),29 


(3/2 Jz T=3|E Vat [ 


Je 


0.42 
0.36 
941. 


0.25 
9.31 
0.36 


8.60 
—(),25 
0.42 


Looking at these matrices, we see that in some cases 
the nondiagonal elements are smaller than the difference 
of the corresponding diagonal elements. In other cases, 
however, the reverse is true. In particular, in the cases 
of J=2 and J=3, the states with J,=5/2 and Jz=7/2 
are connected by a nondiagonal element much bigger 
than the difference of the corresponding diagonal ele 
ments. It is in such cases that we expect large changes in 
the energies due to the interaction. This is clearly seen 
in the results of the diagonalization. The secular equa 
tions of these matrices have been set and solved and the 


eigenvalues were found to be (in Mev) as follows 

0; 9,32, 
9.13, 8.00, 
9.89, 8.27, 7.97 
9,75, 9.29, 8.28, 
9.54, 8.06, 

af Bee; 

It is satisfactory to see that the ground state turns out 


of the J=2 We find the 
corresponding eigenvector of the matrix for J = 2 which 


to be one states. can now 


belongs to the eigenvalue 9.89 Mev. ‘The components of 
this vector are the 
We find 


” 


“mixing coefficients” of the ground 


State. 


Wor 0.74 (da (3/2) fj (7/2)2) 
+-0.65(d4)2'( 3/2) frj28(5/ 2)2) 


+-0.17p(daj2'(3/ 2) fr (3/2)2). (8) 
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Thus we see that the state with J;= 7/2 of the neutron 
configuration contributes 55% of the ground state, the 
state with J,=5/2 contributes 42%, whereas the state 
with J;= 3/2 contributes only 3%. The binding energy 
of K® (minus that of S*) can now be expressed as 
E(daj?, J:= 3/2) 4+ 3ay4+-V ( frj2,7/2)4+-9.89. By sub- 
tracting the sum of the first two terms and the fourth 
term from the experimental energy we obtain a value for 
V ( fxj*,7/2). The value thus obtained is 2.31 Mev. 

The present model accounts in this way for the ob- 
served spin of K® ground state without any modification 
or more adjustable parameters. The calculation gives 
also the level spacings in K®. Not much is known 
experimentally on this odd-odd nucleus so that a detailed 
study of its levels is highly desirable. A comparison of 
the experimental levels to those calculated here will 
indicate the accuracy of the model and of the interpre- 
tation of the low levels of Ca“ as belonging to the fz,’ 
configuration. 

As the magnetic moment of K* has been measured, it 
is interesting to calculate its value with the wave 
function (8). We know that magnetic moments are 
sensitive to small changes in the wave functions unlike 
the stationary character of the energy. The case of K®, 
where the wave function seems to be very well repre- 
sented by the jj-coupling scheme, is particularly signifi- 
cant. The magnetic moment calculated with the wave 
function W(dy;2°(3/2) fry2 J=4) is —1.67 nm, whereas 
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the experimental value is ~1.30 nm." Therefore, the 
calculation in the case of K® cannot be of too great 
importance. Still it is worthwhile to quote the results. 
The calculation is straightforward, as the g factor of a j” 
configuration of identical nucleons is equal to the g 
factor of one j nucleon. The magnetic moment in a 
state with definite J, and J; coupled to give a total J is 


1 
u=pJ =——L[ga(Ji-J)+g/(I2-J)] 
J+1 


1 
=———{¢,[J (J+1)4+Ji(it1)—J2Ja#1)] 
2(J+1) 


+g,LJ(J+1) —Ji\(Ii+1)+J2(J2+1) J}, (9) 


where ga=0.084 is the g factor of a ds. proton and 
gy= —0.547 is that of a f72 neutron (this formula is 
obtained from gJ=gaJi+g/J2 by multiplying scalarly 
with J). In the case of the wave function (8), there are 
obviously no cross terms and we just add the values of 
(9) obtained with Je=7/2, J2=5/2, and J2= 3/2 multi- 
plied by 0.55, 0.42, and 0.03, respectively. The result is 
Mg.s.= —1.38 nm in comparison with the experimental 
value" of fexp= — 1.14 nm. This is in better agreement 
than the value obtained with a state having J2=7/2 
only, which is —1.73 nm. 

"HH. E. Walchli, Oak Ridge National Laboratory Report, 
ORNL-1469, 1955 (unpublished), Suppl. 2. 
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Atomic Masses in the S— Ti Region from Precision Q-Value Measurements* 
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Masses of twenty-seven nuclides from S* to Ti have been computed from precision (error <20 kev) 
(Q-value measurements. A number of mass cycles occur which were used for statistical adjustment of the 
input data. The final masses, obtained by taking as a reference point the S* mass published by Nier and 
co-workers, are compared to the values measured with mass spectrographic and microwave methods. 


I. INTRODUCTION 


ASSES of light nuclei (up to and including S* 

and S*) computed from Q-value measurements 

have been given by Li, Whaling, Fowler, and Lauritsen! 
* This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S. Atomic Energy 


Commission. 
+ Present address: Physisch Laboratorium, Utrecht, Nether- 


lands 
' Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951) 


and by Li,’ and more recently by Wapstra.’ From recent 
accurate (errors <20 kev) Q-value measurements, it 
has now become possible to connect the masses of 
some twenty-five heavier nuclides (up to and including 
Ti**) to that of S*. The error limit of 20 kev adopted 
here is not so arbitrary as it seems. Thus, essentially 
only Q values obtained by magnetic-deflection methods 


2C. W. Li, Phys. Rev. 88, 1038 (1952). 
* A. H. Wapstra, Physica 21, 367 (1955); and 21, 385 (1955). 
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are used for the present computations, while most less 
precise range and pulse-height measurements are 
discarded. 


II. REACTIONS AND CYCLES 


The reactions used in this computation are given in 
Table I. If two or more measurements exist of the 
same reaction, the weighted average was taken, which 
is given in column 3, All errors were treated as random 
errors. Both internal and external errors were computed, 
and the larger of the two was assigned to the average 
in column 3. Actually, there were only two cases, 
A"(8-)K" and K"(6-)Ca®, where the external error 
exceeded the internal one, showing that, except for 
reactions, different measurements agreed 
within the experimental error. 

The mass links established by the reactions of Table I 
are shown in Fig. 1. Only reactions with experimental 
errors <20 kev have been included. Reactions which 
were measured also or exclusively at M. I. T. by mag- 
netic-deflection methods are represented by heavy lines. 
These constitute more than half of the total number of 
mass links. 


these to 
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Fic. 1. Mass links from Q-value precision (errors <20 kev) 
measurements in the S-Ti region. Reactions investigated also or 
exclusively at M.I.T. by magnetic deflection are represented by 
heavy lines. 


There exist a number of cycles which can be used as 
checks on the internal consistency of the data, These 
cycles and the corresponding closure errors are given 

1 Table II. The closure errors were computed with 


TaBLe I. Nuclear reaction energies used in evaluating masses. 


Weighted mean 


perimental QO value 
Reaction in Mev 


6.422 
8.64 

8.277 
1.863 
1.865 


+0011 
+002 
+0.010 
+0.008 
£0,015 
1.851 +0.007 
0.169 +0.003 
0.1691 40.0005 
0.1683 +0.004 
0.1670+0,0005 
6.354 +0.008 
0.714 +0.005 
7.783 +0.012 
3,026 +:0.008 
3.015 +0.015 
3.015 +0.011 
3.881 +0.008 
1.597 +0.004 
1.598 +0.002 
0.819 +0.015 
1.286 +0.010 
1.267 +0.020 
0.565 +0.005 
5.576 +0.010 
7.757 +0.008 
0.030 +0.002 | 
0.032 +0.002 { 
6.994 +0.007 
0.797 +0.007 | 
0.800 +0.010 { 
1.325 +0.015 
1.320 +0.020 
4.650 +0.010 
6.140 +0.009 
—1.22 +0.02 
4.002 +0.015 
3.545 +0.010 
1.985 +0.010 
1.523 +0.004 | 


. $2 (d,p)S* 
S*(n,7)S*# 
Cl (dja)S® 


( 1 (pya )S2 


_ $8(6-)CB 


. CP*(d,p)Cl* 
. C*(B-)A* 
a 7" (d a) S* 


. Cl7(p,a)S* 


. CP*(d,p)Cl* 

. CP"(p,n)A® 
A?"(E.C.)Cl#7* 

; K"(p,a)A*® 


. A®(p-)K* 

5. K®(d,p)K® 

. K®(n,y)K®(1) 
K#(1)—K#(0)" 
K@(1)—K*#(0)¢ 
K*(n,7)K®(2) 
K#(2)—K#(0)» 
K®(2)—K*(0)° 

. K®(6-)Ca® 

. Ca®(d,a)K%*4 

. Ca®(d,p)Ca® 

. K"(p,n)Ca® 

‘ K*" (p,a)A® 

. K®(6- )Ca*(0) 
K*#(g~)Ca®(1) 
Ca®(1)—Ca*(0)* 


of experi 


alves Adjusted O value 


in Me 


mental 0 \ 
in Mev 


6.420+0.008 
8.646+0.008 
8.277 +0,008 


1.857+0.006 1.857 40.006 


0.168 +-0.001 


3,021 +0.006 


1.598+-0.002 1.598+-0,002 
0.8154-0,002 


1.2824-0.009 


5.569 4-0.006 
7.764+0.006 


0.0314-0.002 
6.996 40.005 
0.799 +-0,005 


0.031 40,002 


0.798 +-0.006 
1.3234-0.012 1.319+0.011 


6.138+4-0.009 
1.209+-0.015 


3.528+4-0.025 
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Experimental QO value 
Reaction in Mev 


Ca®(pja)K™® 4+-0.007 
Ca*(d,p)Ca® 5. +0,010 
Ca®(pa)K® +0.008 
Sc#(8* )\Ca* 2.7 +0.020 
Ca“(d,p)Ca“ . +0.014 
Ca“ (p,a)K" 057 +0.010 
i(¢ r +0.005 
A" (g~)K"(1) +0.008 
7 4 rant +0.010 
antl) RO) +-0,005 
Sc# (Bt )Ca*(1) 5 +0.005 
Ca“(1)—Ca“(O)e 56 +0.004 
Ca*(1)—Ca*(0) 52 +0.020 
Ca“(d,p)\Ca” 5 +0.010 
+0.004 

Ca**(B)Sc** | 0.254 40.003 
+0.004 
Ti**(B+)Se* - Z aa 


34. Sc (p,n)Ti* +-0,004 


*From the end point of the continuous gamma spectrum measured by 
scintillation spectrometer 
* rom scintillation spectrometer measurements of gamma-ray energies 
from the Ca(n,p)K® reaction 
* From the K¥(d,p)K® reaction 
4 Proceeding to the lowest 7 =O state in K™ 
* From the Cat*(p,p’)Ca® reaction 
Measured by scintillation spectrometer 
From the Ca“(p,p’)\Ca reaction 
» References 
55 Almavist, Clarke, and Paul, Phys. Rev. 100, 1256/A) (1955). 
An 53 Anderson, Wheeler, and Watson, Phys. Rev, 90, 606 (1953). 
53 G,. A, Bartholomew and B. B. Kinsey, Can. J. Phys. 31, 927 
(1953 
48 J. L. Berggren and R. K, Osborne, Phys. Rev. 74, 1240(A) (1948) 
50 H. Brown and V. Perez-Mendez, Phys. Rev. 78, 649 (1950) 
50a J. A. Bruner and L, M, Langer, Phys. Rev. 79, 606 (1950), 
50b Brosi, Zeldes, and Ketelle, Phys. Rev, 79, 902(L) (1950 
55 Brugger, Bonner, and Marion, Phys. Rev. 100, 84 (1955) 
56 C. M. Braame, Ph.D. thesis, Utrecht, 1956 (unpublished) 
53 Buechner, Sperduto, Browne, and Bockelman, Phys. Rev. 91, 1502 
1953 
48 Cook, Langer, and Price, Phys. Rev. 74, 548 (1948), 
56 RK. B. Day, Phys. Rev, 102, 767 (1956), 


n—H'=0,78304+0.0009 Mey and n+H'—H?= 2,226 
t0.002 Mev taken from Wapstra.’ Apparently, none 
of the closure errors (except the last) exceeds the corre- 
sponding experimental error. 

As a next step, the closure errors were used to obtain 
the adjusted Q values given in column 4 of Table I. 
No complicated least-squares computations were neces- 
sary for these adjustments as the cycle pattern is still 
relatively simple. 


Tape II. Closure errors of nuclear cycles. 


Closure error 
Cycle (kev) 


S™(d,p)S™, S®(n,7)S™ 8 +23 

S*®(d,p)S®, Cl*(d,a)S®, Cl**(p,a)S® 2+16 

CH (pyn A", A (E.C.)CH 4415 

K*(d,p)K®, K*(n,y)K® 12412 

K*(d,%)K®, Ca®(p,a)K®, 

Ca®(d,)\Ca®, Ca®(pa)K® 3418 

Ca*(p,a)K®, K®(p")Ca®, 

Ca”(d,p)\Ca", K"(p,n)Ca®, 

Ca“(p,a)K", Ca®(d,p)Ca“ 30 +32 
. Sc#8(p,n Ti**, Ti8(B*)ScH 21410 
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(Continued). 





Weighted mean of experi- 
mental Q values Adjusted Q value 
in Mev in Mev 
one 0.120+-0.006 Br 
5.707 +0.008 Br 
—0.018+-0.007 Br 
Ha 
8.919+0.013 Br! 
— 1.054+0.010 Br 5 
1.232+4-0.021 = 
Kl 
1.292+-0,004 Se 
Br: 
1.156-+0.004 = 
Br § 
Ke 5 
0.2564-0.002 Ma 50 
Ma 53 
Te 50 
2.040 +-0.009 2.058 +-0.007 Ku 50 


— 2.841+0.007 Br 55 





56 Endt, Paris, Sperduto, and Buechner, Phys. Rev. 103, 961 (1956). 
52 L, Feldman and C. S. Wu, Phys. Rev. 87, 1091 (1952). 
50 L. Gross and D. R. Hamilton, Phys. Rev. 80, 484 (1950). 
Haskins, Duval, Cheng, and Kurbatov, Phys. Rev. 88, 876 (1952). 
B. H. Ketelle, Phys. Rev. 80, 758 (1950). 
Kinsey, Bartholomew, and Walker, Phys. Rev. 85, 1012 (1952), 
J. C. Kluyver and C. van der Leun, Physica 21, 604 (1955). 
S. Kono, J. Phys. Soc. (Japan) 10, 495 (1955). 
H. E, Kubitschek, Phys. Rev. 79, 23 (1950). 
Langer, Motz, and Price, Phys. Rev. 77, 798 (1950). 
Macklin, Feldman, Lidofsky, and Wu, Phys. Rev. 77, 137 (1950). 
L. Marquez, Phys. Rev. 92, 1511 (1953). 
Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 
Pohm, Waddell, and Jensen, Phys. Rev, 101, 1315 (1956), 
Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950), 
G,. E, Schrank and J. R. Richardson, Phys. Rev, 86, 248 (1952). 
Schwarzschild, Rustad, and Wu, Bull, Am. Phys. Soc. Ser. II, 1, 
30 (1956). 
A. Sperduto (unpublished work). 
Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 747 
(1951), 
Ter Pogossian, Cook, Porter, Morganstern, and Hudis, Phys. Rev. 
80, 360 (1950). 
Van Patter, Swann, Porter, and Mandeville, Phys. Rev. 103, 656 
(1956). 





III. MASSES 


Mass differences were computed from the adjusted 
QO values, using the masses given by Wapstra* for n, 
H', H’, and He‘. The mass excesses (M—A) given in 
the first two columns of Table III were finally found, 
starting from the S*® mass obtained by Quisenberry, 
Scolman, and Nier* with mass-spectroscopic methods. 
Although their value for the S* mass defect (16.5373 
+0,0008 Mev) is appreciably smaller than that com- 
puted from Q values by Wapstra (16.579+0.028 Mev) 
and by Li (16.5904-0.039 Mev), the accuracy of the 
mass-spectroscopic measurement is so much higher as 
to warrant its use in the present computations. Even if 
the error assigned to the mass-spectroscopic value were 
multiplied by a factor of 3,’ the mass-spectroscopic 
accuracy would still be superior. 

To arrive at the errors assigned to the masses, the 
errors in individual Q values were considered as random 
errors. Of course, this procedure is questionable, but it 
is the only possible one, since most authors do not 


‘ Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 
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state which part of the errors assigned by them is ran- 
dom and which part is systematic. 

The masses of stable nuclides thus obtained can be 
compared to the values measured by mass-spectroscopic 
methods, which are collected in column 3 of Table TII. 
The mass excesses in this column were computed from 
the original doublet measurements, using the values for 
the substandards H', D*, C”, and S® recently published 
by Nier.4 No measurements older than 1951 were 
included. In cases where two or more different doublets 
leading to the same nuclide were measured by one 
author, the average was taken. The error assigned to 
the average was, as usual, the larger of the internal and 
external errors. 

In a few cases (for example, S", Cl**, A®*, K", Ca*) 
there is excellent agreement between the various mass- 
spectroscopic mass values and also between these 
values and those obtained from Q values. Striking dis- 
agreement exists for K*, Ca‘, Ca", atid Ca“, No sys- 
tematic difference, however, seems to show between 
columns 2 and 3. 

Another comparison is possible with mass ratios or 
mass-difference ratios measured by microwave methods. 


TABLE III. Atomic mass excesses in the S— Ti region. 


From mass- 
spectroscopic 


data (mMU) 


From O values 
(Mev) (mMU) 


Refer 

ence 

—17.974 +0.046 
18.064 +0.025 
21.34540,040 Co5l 
21,35040.032) Og 53 
21.31340.009 Se 56 


Co 51 
Se 56 


~ 16.816 +.0.008 18.059 +.0.009 


—19,868 +0,016 21,337 40.019 


—19,856 
20.036 


0.009 
+.0.009 


— 18,489 +0,008 
~18.657 +-0,008 Co $1 


Og 53 


~ 20,035 +0.044 
— 20.017 40.012 

20.265 
— 22.363 


+0021 
+0.016 


18.870 +0.018 
—20,824+0.014 Co $1 


Og 53 


~22.418 40.046 
—22.408 4+.0,010 
19.936 
21.032 


+-0.020 
£0,021 


—18.564 
~19,584 


+0.017 
+-0,018 Ni 51 
Co $1 


~ 20,827 +0,080 

21,056 4+.0,027 
21.488 
25.209 
23.319 
22,472 
18.856 
23.926 


0.017 
+0,037 
+0,024 
£0,041 
£0,030 
0.023 


20.009 
23.474 
—21.714 
— 20.925 
— 17,558 
22.279 


+0.015 
+0.032 
+0.021 
£0,035 
4-0,026 
t:0.020 


~25.17140.040 CoS5l 


24.022 +0.026 
23,879 40,020 
~ 23.507 +0,081 
—25,.190 +0.033 
— 25.160 +0.020 


23.312 
25.183 


£0,024 
+0.033 


21.707 
~23,449 


40.021 
+0.028 


—24.279 
24,728 


+-0.038 
+-0.028 


— 22.608 
—~ 23,026 


+ 0.033 
£0,024 24.512 40.046 
~ 24.924 +.0,009 
~ 24.725 +0.030 
— 28.068 +0.024 
27.602 40.927 
— 30,585 +0.030 
29.562 40.033 
~ 25.237 40.035 
~ 26.675 40.031 
29.837 40,033 
27.627 40.034 


~ 23.023 
—26.136 
— 25.702 
— 28.480 
—27.527 
— 23.500 
— 24,839 
—27,783 
~—25.725 


£0.026 
+0.021 
£0,023 
+-0.026 
+0.028 
+0.030 
+0,027 
+0.028 
40.029 


27.932 40.034 
27.580 +0.052 
30.790 +0,059 


29.963 +-0.041 


* Lowest T =O state. 
» References: 


Co 51 
1° $2 
A 56 
Ni 51 
Og 53 
Se 56 


Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951), 

W. H. Johnson, Phys. Rev. 88, 1213(L) (1952). 

H, Liebl and H. Ewald, Z. Naturforsch. lla, 406 (1956). 

A. O. Nier and T. R. Roberts, Phys. Rev, 81, 507 (1951). 

K. Ogata and H. Matsuda, Phys. Rev. 89, 27 (1953). 

Schinstedt, Ewald, Liebl, and Sauermann, Z. Naturforsch. lla, 216 
(1956). 
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IV. Mass ratios computed from Q-values and 
measured by microwave methods. 


TABLE 


Refer- 


ence*® 


Microwave 
measurements 


From Q-value 
masses 


Mo 55 
Ge 56 
Mo 55 
56 
48 
49 


0.9696909 
0.9696884 
0,.9412462 
0,9412435 
0.9459801 
0,.9459775 
0,9459781 
0.9459803 : 54 
0,9512250 
0.9512189 
2.993825 

1.001761 

1.002260 

1.001680 


$1/Ss 0.9696894 +4 3 
Su/su 
$12/Sé 
S12 /Su 
ce/c 
Ci4/Cy 
Ces/Cpt 
cece 


0,.9412447 + 6 


0.9459760 4 3 


0,9512202 4 § 


§)/(S"* —S™) 


: 2.993471 
Crs) /(cy 


+42 
(cys Cy) 1.002104 +20 
+ 800 


+ 400 


* References 


» 48 Townes, Merritt, and Wright, Phys. Rev. 73, 1334 (1948), 
49 Gilbert, Roberts, and Griswold, Phys. Rev. 76, 1723 (1949) 
» 51 Wentink, Koski, and Cohen, Phys. Rev. 81, 948 (1951), 
» 54 Geschwind, Gunther-Mohr, and Townes, Revs. Modern Phys. 26, 
444 (1954). 
54 W. A, Hardy, as quoted in Ge 54, 
53 Honig, Stitch, and Mandel, Phys. Rev. 92, 901 (1953) 
54 Honig, Mandel, Stitch, and Townes, Phys. Rev. 96, 629 (1954 
55 L. C. Aamodt and P, C, Fletcher, Phys, Rev, 98, 1317 (1955) 
55 R.C, Mockler and G. R. Bird, Phys. Rev. 98, 1837 (1955) 
S. Geschwind (private communication) 


These are collected in Table IV. On the whole, the 
agreement is very good, well within the experimental 


errors, except for the measurement involving S*. 

In principle, a comparison would also be possible 
with the masses recently computed by Wapstra’ from 
Q values and from mass-spectroscopic and microwave 
data, However, he only had at his disposal preliminary 
numbers for some Q values which are now known more 
accurately, while the crucial link, the Q value of the 
K"(p,a)A* reaction, was still missing. Thus, there is 
little point in comparing our masses with those of 
Wapstra. 

IV. CONCLUSIONS 


In the foregoing chapters, it is shown that the masses 
of twenty-seven nuclides in the S—Ti region can be 
linked to that of S® through precision Q-value 
measurements. 

It must be stressed that the Q-value network used 
for the present computations is still rather loose (see 
Fig. 1). More measurements are necessary to strengthen 
the structure. Useful checks would be provided by 
Q-value measurements [for example, of the (d,a) re- 
actions on K*®, K", Ca®, Ca®, and Ca“] and by in- 
vestigations of as many (a,p) reactions as possible. The 
(pa) (da), and (d,p) reactions on Sc*® would close 
cycles and would connect Sc** and Ti“ to the present 
system. The stable nuclides S* and A® are not yet 
included in Table III. A connection to S** would be 
provided by the S**(p,a)P® reaction, for which a suffi- 
ciently enriched S** target would have to be used, The 
Cl"(a,p)A” reaction would connect A”. Other 
possibilities would open up from the use of argon targets. 


to 





PHYSICAL REVIEW VOLUME 


105, 


NUMBER 3 FEBRUARY 1, 1957 


Isomeric State of W'*"+ 


A. J. Bureau anp C. L. Hammer 
Institute for Atomic Research and Department of Physics, Iowa State College, Ames, Iowa 
(Received August 20, 1956) 


An isomeric state of W'" is excited by a (y,n) reaction on W'* using the x-ray beam of the Iowa State 
College 75-Mev synchrotron. The energy and half-life of the isomeric state are found to be 36644 kev and 
14.44-0.3 microseconds, respectively. A measurement of the K-shell conversion coefficient yields a value 
of 0.30-+0.03. These experimental data suggest that the transition is of mixed multipole order, 28% £1+72% 
M2. This assignment is in agreement with the transition probabilities computed from Nilsson’s wave 
functions for the first excited state and the ground state of the W** nucleus. 


I, INTRODUCTION 


N recent years the shell model for nuclear forces 

which was proposed by Mayer' and others has 
enjoyed considerable success in predicting the observed 
islands of isomerism and the spins and parities of the 
single particle levels of most nuclei. However, there are 
some discrepancies between theory and experiment, 
notably for those nuclei which have large intrinsic 
quadrupole moments. Recently, calculations of the 
energy levels of nuclei as a function of the deformation 
of the nucleus have been made by Nilsson.? A com- 
parison’ between these calculations and the known 
ground state spins of the deformed nuclei has demon- 
strated the success of Nilsson’s model. However, there 
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Fic, 1, Experimental arrangement, The Pb housing 
is interlaced with Cd sheeting. 


t Contribution No. 485. This work was performed in the Ames 
Laboratory of the U. S. Atomic Energy Commission. 

'Maria Mayer and D. Jensen, Elementary Theory of Nuclear 
Shell Structure (John Wiley and Sons, Inc., New York, 1955). 

*S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 


*B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 


(1955). 


is at present little experimental verification of the 
ability of this model to predict the spins and parities 
of the low-lying excited states. Since the existence of 
isomeric states in nuclei depends critically upon the 
spins and parities of neighboring states, it is evident 
that a search for isomers in the region of the deformed 
nuclei will give rise to experimental evidence which can 
be used as an additional test of Nilsson’s model. 
Accordingly, a search for isomeric states in nuclei from 
Z=57 to Z=74, with half-lives greater than 5 micro- 
seconds, has been instituted. The x-ray beam of the 
Iowa State College 75-Mev synchrotron is used to excite 
the isomeric states. 

The purpose of this paper is to describe the experi- 
mental method adopted for the search and to report on 
the isomeric state found in W'*', Other isomeric states 
which have been found‘ will be the subject of another 
paper. 

An observation made by Vegors and Axel of an 
isomeric state arising from the x-ray bombardment of 
sodium tungstate has been previously reported.® How- 
ever, no effort was made to identify the element or the 
isotope, or to measure quantitatively the conversion 
coefficient associated with the isomer. 


Il. EXPERIMENTAL METHOD 


The Iowa State College synchrotron is a pulsed 
machine which can be made to deliver a 60-millimicro- 
second burst® of x-ray radiation, fifty-two times per 
second. This accelerator is therefore ideal to use for 
the production of short-lived activities, because an 
accurate time base is achieved simultaneously with the 
limitation of the intense x-ray radiation from the 
synchrotron to a short interval of time. The geometry 
used for the bombardment of the various tungsten 
targets is shown in Fig. 1. The counter consists of a 
standard 1.5-inch diameter, 1-inch thick Harshaw 
Nal(TI) crystal optically attached to the center of a 
three-inch DuMont 6363 photomultiplier tube. The 
photomultiplier tube is gated off during the entire 


‘Stewart, Bureau, and Hammer, Bull. Am. Phys. Soc. Ser. IT, 
1, 206 (1956). 

5S. H. Vegors, Jr., and P. Axel, Phys. Rev. 101, 1067 (1956). 

*C. L. Hammer and A. J. Bureau, Rev. Sci. Instr. 26, 594 and 
598 (1955). 
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acceleration cycle of the synchrotron, including the 
x-ray burst, by pulsing the second dynode to the 
potential of the photosurface. This gating avoids any 
excessively large signals which result from scattered 
radiation during the acceleration cycle. However, it is 
found that the Nal crystal fluoresces for approximately 
15 microseconds after the intense x-ray burst. It is 
therefore doubtful that this method could be used to 
measure isomeric transitions with half-lives of less than 
five microseconds. 

The principal background encountered in this experi- 
ment is due to gamma rays which result from neutron 
capture by the Nal crystal and the surrounding ma- 
terials. Since the neutrons have a definite moderation 
time, this background has an apparent half-life of 
approximately 400 microseconds. Moreover, the neu- 
trons that become absorbed by the Nal crystal give 
rise to a spectral distribution centered about 135 kev. 
Figure 2 shows the pulse-height distribution of the 
background radiation which occurred within the first 
200 microseconds after the x-ray beam burst, before 
adequate neutron shielding was used. Also in this figure 


TABLE I. Half-life measurements. 


microseconds) 


Half-life 
Previously reported 


Our measurements values 


94+0.3 8.5 


9541 
8.8+1 


Isotope 


Zn? 


305+6 287415 


is shown the pulse-height distribution obtained by 
exposing the Nal crystal to thermal neutrons from a 
Po-Be source embedded in paraffin. This background 
is reduced to a reasonable level by the boric acid and 
cadmium shown in Fig. 1. (Also see Fig. 3.) 

Three different pulse-height analyzers are used in this 
experiment. One, a 234-channel cathode ray oscilloscope 
pulse-height discriminator,’ is used to determine the 
energy of the gamma rays. In addition, because this 
analyzer employs a cathode ray oscilloscope as its 
basic component, it is possible to convert the 234 pulse- 
height channels into 234 time channels by merely 
starting a calibrated sweep at the time the x-ray burst 
occurs. It is possible to measure half-lives in a range 
from one microsecond to ten milliseconds with this 
instrument. When this analyzer is used to measure 
half-lives, a single-channel pulse-height discriminator 
is used to preselect the energy of the gamma ray under 
investigation, 

In order to test the validity of this method of meas- 
uring half-lives, the metastable siates in Zn” and Y™ 
were excited by the x-ray beam. The results of these 


7 Hunt, Rhinehart, Weber, and Zaffarano, Rev. Sci. Instr. 25, 
268 (1954) 
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Fic. 2, Background radiation spectrum 
half-life measurements and previously reported values®:* 
are summarized in Table I. 

The third pulse-height analyzer is a conventional 
ten-channel pulse-height discriminator which is used 
to follow the yield of the gamma rays as a function of 
the peak energy of the synchrotron. All three pulse- 
height selectors are electronically gated to accept pulses 
only during a time interval corresponding to several 
half-lives of the activity being measured. This second 
gating system reduces the effects of any long-lived 
activity induced in the target or surrounding materials 
by the x-ray beam, 

III, RESULTS 


A. Energy and Half-Life Measurement 


The spectrum of the activity obtained by bombarding 
a five-mil tungsten target is shown in Fig. 3. The 
neutron-induced activity is kept essentially constant 
during a background run by using a 5-mil Au target in 
place of the W target. The broad peak shown at channel 
60 is due to backscattering of the 366-kev gamma ray 
from the walls of the lead housing, while the small 
peak shown at channel 13 is the escape peak associated 
with the tungsten x-ray. The pulse-height analyzer is 
calibrated by using the known 425-kev and 174-kev 
y rays and the 26,.2-kev x-ray that arise from the decay 
of Sb!**,8 and the 357-kev, 300-kev and 82-kev y rays 
that arise from the decay of Ba™.” The calibration 
curve is shown in Fig. 4. The gamma-ray energy was 
thus determined to be 366-+4 kev. An exhaustive search 
for additional gamma-ray activity from the tungsten 
target with half-lives between 5 and 
1 hour, and energies from 20 kev to 2 Mev, yielded 
negative results. It is therefore necessary to conclude 


microseconds 


* Hollander, Perlman, and Seaborg, Revs. Modern Phys. 25, 
469 (1953) 


* Hayward, Hoppers, and Ernst, Phys. Rev. 93, 916(A) (1954) 
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Fic. 3. W™ spectrum. 


that either the 366-kev state is metastable or that there 
exists a metastable state which decays to the 366-kev 
state by internal conversion in the K shell. However, 
if this latter case were true, the ratio of the intensities 
of the tungsten x-ray to the 366-kev 7 ray would have 
to be >1. A measurement of this ratio, which is de- 
scribed in part B of this section, gives a value of 0.3, 
thereby determining that the 366-kev gamma ray arises 
from an isomeric transition. 

At least four half-life determinations (extended over 
five half-lives) were made using both the tungsten x-ray 











a | | 
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Fic. 4, Energy calibration curve. 


and the 366-kev y ray. All of these measurements agree 
within five percent. The result was 14.4+0.3 micro- 
seconds, 

The measurements of the energy of the gamma ray 
and the half-life of the transition are in good agreement 
with the recent values of 368+5 kev and 14.7+0.5 
microseconds obtained by Vegors and Axel.’ 


B. Conversion Coefficient 


Since the K x-rays coming from the target represent 
the decay of the isomeric state via internal conversion, 
it is possible to obtain a direct measure of the conversion 
coefficient by comparing the intensity of the x-rays to 
the intensity of the y rays. However, this is a difficult 
measurement because of absorption by the target and 
Compton scattering in the target and surrounding 
materials. It is possible to measure the effects of the 
target on the observed intensity ratio by increasing 
the target thickness. If, for example, the target thick- 
ness is increased and no effect is observed on the ratio," 
one would conclude that the effects of target thickness 
are negligible. Accordingly, both five- and ten-mil tung- 
sten targets were bombarded and the ratio of the 
intensities was obtained. Three separate measurements 


TABLE IT. Intensity ratio measurements. 


Conversion 
coefficient (ax)w 


0.31 
0.30 


Intensity ratio for Intensity ratio 
5-mil tungsten or Ba 


0.96-4+0.01 
0.94-40.02 


1.08+-0.02 
1.03+0.02 


were made and in no case did the ratio differ by more 
than five percent. Since the 5-mil target is used for all 
subsequent measurements, no correction is made for 
the target effects. 

The effects of the crystal efficiency and Compton 
scattering on the intensity ratio can be obtained in a 
single measurement if a source whose decay scheme is 
well known is substituted for the tungsten target and 
the intensities of the various gamma rays are measured. 
A Ba™ source is ideal for this purpose since it emits a 
300-kev y ray and a 357-kev y ray, each in coincidence 
with an 82-kev y ray.’ The higher energy y rays com- 
pare favorably with the energy of the 366-kev vy ray 
from tungsten while the 82-kev y ray compares favor- 
ably with the energy of the tungsten x-ray. Unfortu- 
nately, the 82-kev y ray is converted and the conversion 
coefficient is not well known. The reported value’ of 
3.5 seems too high to agree with any pure multipole 
order or any reasonable admixture. A measurement of 
the conversion coefficient, using the method of in- 


”S. H. Vegors, Jr., and P. Axel (private communication). 

't This would also be the case if the targets were opaque to both 
the x-ray and the y ray. However, this does not apply here since 
the total aheerstion coefficient for 366-kev rays passing through 
W is only 3.5 cm. Thus, only 10% of these y rays are absorbed 
by 10 mils of W. 
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tensities employed by Hayward, Hoppers, and Ernst,’ 
yields a value of 2.6. This value compares favorably 
with the values (including the effect of screening) 
quoted in Rose’s tables’? for an M1+£2 transition. 
A Ba™ point source was used for this measurement and 
care was taken to remove all materials from the vicinity 
of the source and counter in order to avoid back 
scattering of the y rays. Bell’s curves for crystal 
efficiency and peak-to-total ratio” were used to obtain 
an estimate of the crystal efficiency. In an attempt to 
obtain some experimental verification for these curves, 
the conversion coefficient was computed by using both 
the number of y rays under the photoelectric peaks and 
the total number of y rays. Both calculations agreed 
within the range of statistical error. The measured 
value of 2.6 is used in the measurement of the conversion 
coefficient for the 366-kev transition in tungsten. 

To measure the effects of Compton scattering on the 
conversion coefficient for the 366-kev transition in tung- 
sten, a Ba™ source was deposited in the shape of the 
x-ray beam at the target position on a thin aluminum 
backing. The source was then placed in the target 
holder and the ratio of the intensity of the 82-kev 


TABLE ITI. Conversion coefficients. 


F\ Mi E2 M2 E3 
1.310 0.14 3.5X10™ 0.41 0.10 


y ray to the total intensity of the 300-kev and 357-kev 
y rays was measured. The conversion coefficient (ax )w 
for the 366-kev transition in tungsten is then given by 


the relationship, 
Rw 


. —, 1 
Rusl1+ (a). J ss 


(ax)w= 


where Rw= intensity ratio for tungsten x-ray to y ray, 
corrected for fluorescence yield, and Rp,= intensity 
ratio for Ba y rays as described above. Table I 
summarizes the results of these measurements. 

It is estimated that a reasonable error for (ax)w is 
approximately 10%. Table III lists the values of the 
conversion coefficients taken from Rose’s tables" for 
various multipole orders interpolated for Z=74 and 
E= 366 kev. 

The energy and half-life of the tungsten isomer 
are consistent with a transition which is predomi- 
nantly M2.'* The observed conversion coefficient (see 


2M. E. Rose and G. H. Goertzel, Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Appendix 4. 

13P. R, Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. 5. 

M4 Rose, Goertzel, and Perry, Oak Ridge National Laboratory 
Report ORNL-1023 (unpublished). 

16M. Goldhaber and A. W. Sunyar, in Beta- and Gamma-Ray 
Spectroscopy, edited by K. Siegbahn (Interscience Publishers, Inc., 
New York, 1955), Chap. 16, Sec, IT. 
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Fic. 5. Critical absorption of tungsten x-ray. The energy 
corresponding to the K absorption edge for Er and,Tm is shown 
at the top of the graph. 


Table III) can therefore be explained most reasonably 
by a 28% E1+72% M2 admixture, although an 
admixture consisting of 659, M2+-359% E3 cannot be 
ruled out on the basis of this experiment. However, a 
“fast” E3 component has never been experimentally 
observed, whereas an inhibited £1 component is com 
monly observed for nuclei with large deformations.'*"’ 


C. Identification of the Isotope 


Since the x-ray bombarding energy is above the 
(y,2n) and (y,p) threshold for tungsten, it is necessary 


THRESHOLD MEASUREMENTS 
(i) wé 

(2) Cu® (y.n ) Cue 

(3) Be® (yp) Li® 
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Fic. 6. Activation curve for the tungsten gamma ray. The peak 
energy of the x-ray beam in Mev is given by E=1.53X —0.51 


© J. O. Rasmussen and D. Strominger, Bull. Am. Phys. Soc. 
Ser. IT, 1, 206 (1956). 
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Fic. 7. W spectrum (a), A comparison of the energy spectrum 
obtained from a 5-mil metal W target and a W'™ oxide target. 
(b), A comparison of the energy spectrum obtained from a W'* 
oxide target and a W'™ oxide target. 


to perform separate measurements to establish which 
element and isotope contains the isomeric state. Figure 5 
shows the results obtained from a critical absorption 
experiment on the x-ray activity observed in the tung- 
sten target. The abscissa represents the various ab- 
sorbers used while the ordinate is proportional to the 
number of transmitted x-rays. The dashed line is the 
expected absorption curve for the Ta x-ray while the 
solid line is the expected curve for the W x-ray. 

Figure 6 shows the yield of the 366-kev gamma ray 
as a function of the peak energy of the x-ray beam. 
The standards used for this measurement are the known 
thresholds for the Cu®(y,n)Cu® and Be*(y,p)Li® re- 
actions.'* 

The results of the measurements shown in Figs. 5 
and 6 clearly indicate a (yn) reaction. The known 
energy level schemes for W'*, W'*, and W'™,” coupled 
with the fact that the isomeric state arises from a 
(ym) reaction in a tungsten isotope, eliminates all 
isotopes but W'*' and W'*. Figure 7 shows the spec- 
trum obtained on the ten channel pulse height analyzer 
by bombarding separated isotopes of W'*? and W'*. 
For comparison purposes, the spectrum obtained for 
the 5-mil tungsten target is also shown in Fig. 7. The 
results shown in Figs. 5, 6, and 7 clearly establish the 
fact that the isomeric state is in W"*!. 


IV. COMPARISON TO THEORY 


The energy levels which have been calculated by 
Nilsson® for nuclei with an odd number of neutrons are 


11. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
408 (1954). 

Murray, Boehm, Marmier, and DuMond, Phys. Rev. 97, 
1007 (1955). 
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Fic. 8. Spectra for nuclei with an odd number of neutrons 
from N=82 to N=126 as a function of the nuclear deforma- 
tion 4. 


shown in Fig. 8. The predicted ground state spin of W'*!, 
assuming a deformation 0.2, is the iis. (Q2=9/2) (+) 
(No. 49) level shown in the figure. This spin assignment 
is also consistent with the decay scheme of W'*!.8 The 
only choice of a first excited single particle state which 
agrees both with the results of this experiment and the 
theoretical predictions is the fr, (Q=7/2) (—) (No. 41) 
level shown in Fig. 8. This would mean that the excited 
nucleus prefers to have two neutrons in the 2=9/2 (+-) 
state, leaving behind a hole in the Q2=7/2 (—) state. 
With this interpretation, the inhibited E1 transition 
observed in this experiment can be explained as follows. 
At small deformations, the isomeric transition in ques- 
tion is between a pure 4)3/2 state and a mixture of the 
hg. and the fr nucleonic states. Hence, |Aj|>2 and 
the £1 transition is forbidden. In the limit of large 
deformations, the components of the orbital angular 
momentum A, and spin 2, along the axis of symmetry 
of the nucleus, are individually good quantum numbers. 
In this limit, the initial and final states for the isomeric 
transition have opposite spin components 2, and the £1 
transition is again forbidden. Even for intermediate 
deformations, a calculation shows that the theoretical 
transition rate remains quite small. In particular, for 
the deformation 6=0.2, the £1 rate for the 7/2 (—) to 
the 9/2 (+-) transition is inhibited relative to the corre- 
sponding spherical independent-particle model result 
computed by Moszkowski™ by a factor of 10~*. How- 
ever, small changes in the coefficients of Nilsson’s wave 
functions could easily change this result by a factor 
of 10**, For example, a 5% change of the coefficient of 
one of the wave functions causes the £1 transition 
probability to vanish. 

”S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 


edited by K. Siegbahn (Interscience Publishers, Inc., New York, 
1955), Chap. 13. 
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An explanation must also be given for the fact that 
no rotational level is found in the observed spectrum. 
With the above interpretation, the rotational level 
would be expected to have a spin of 11/2 (+). The 
transition to this state from the 7/2 (—) state would, 
therefore, also be predominantly of multipole order M2. 
The ratio, Rr, of the transition probabilities for the 
emission of a given multipole radiation from a state, 4, 
to two different members, f and /’, of a rotational family 
is given by*! 

° E Pp (7,, L, Ki, Ky—Ki\ Ii, L, 17, Ky)? 

‘ | a (Iq, L, Ky Ky—-Kil Ly L, 1p, Ky)* 


*! Alaga, Alder, Bohr, and Mottelson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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where E= energy of the emitted gamma ray, / = total 
angular momentum, L= multipole order, K =the com- 
ponent of / along the symmetry axis of the nucleus, and 
the bracketed quantities are the Clebsch-Gordan coefli- 
cients for the addition of angular momenta. For L= 2 
and for a rotational state of energy greater than 120 kev, 
the ratio of the transition probabilities is less than eight 
percent. It is improbable that such a weak transition 
could be observed in the presence of the background 
produced by the Compton scattering of the 366-kev 
¥ rays. 
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Decay of 2.7-Hour Sr°*} 
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The decay of 2.7-hr Sr, produced as a fission product activity, has been studied using the scintillation 
method, Gamma rays of energy 0.23+0.02, 0.444.0.04, and 1.37+0.05 Mev were found, with relative in 
tensities of 0.039+0.004, 0.045+0.004 and 1.00, respectively. Beta-ray spectrometry using anthracene and 
beta-gamma coincidence studies indicate a major beta of 0.5454-0.05 Mev in coincidence with the 1.37-Mev 
gamma ray. Comparison with 4 beta measurements indicate a branching ratio of 904:10% leading to the 


1.37-Mev excited state (logft= 4.3). 


I. INTRODUCTION 


HE 2.7-hr fission product Sr” activity has been 

reported by Gétte,! who determined its half-life 
by observing the production of the 3.5-hr Y” daughter 
activity from uranium fission. Since the time of these 
early measurements, no further information on the 
decay characteristics of this nuclide has appeared in 
the literature. Because of this lack of detailed infor- 
mation a study was undertaken to determine the decay 
scheme, using the scintillation method. 


Il. EXPERIMENT AND RESULTS 


Source Preparation 


Samples of short-lived strontium fission-product 
activity were prepared by making short-time irradi- 
ations of uranyl nitrate in a high-flux facility of the 


MTR. The strontium chemical fraction was then 


obtained and samples mounted for observation. Since 
9.7-hr Sr“ was also present in the samples and the 


t Work performed under the auspices of the U. S. Atomic 


Energy Commission. 
1H. Gétte, Naturwiss. 28, 496 (1941). 


decay of the two strontium activities gives rise to 
55-min Y" and 3.5-hr Y”, activity was observed with a 
minimum time delay following the chemical separation. 


Gamma-Ray Measurements 


The scintillation gamma detectors used were cylinders 
of Nal(Tl), 3 inches in diameter and 3 inches long, 
mounted on DuMont type 6363 photomultipliers 
mounted in the manner described by Lazar and Klema? 
to produce the conditions for good gamma ray spec- 
troscopy. Sources were mounted 3 ¢m from the surface 
of the detector on the central axis and a 1,6-g/cm? 
polystyrene absorber used to remove the beta rays. 
The detector assembly was housed in a “graded” lead 
shield with inside dimensions of 121224 inches. 
Pulse analysis was accomplished by using a 20-channel 
pulse sorter of the type designed by Bell, Kelley, and 
Goss,’ operated in conjunction with a 100-channel 
automatic readout system designed at this laboratory, 

Figure 1 shows the pulse spectrum of the gamma 


*\N. H. Lazar and E, D. Klema, Phys, Rev. 98, 710 (1955), 
* Bell, Kelley, and Goss, Oak Ridge National Laboratory Report 
ORNL-1278, 1951 (unpublished) 





Rg. L. 


Sr GAMMAS ON 
3°X3" Nol 
3 cm 
(6 g/cm* absorber 


+4--— - -—— +--+ 





NIE) @€ C/SEC 











| | PULSE HEIGHT 
| 


~ 400 600 600 

















IL 
| 
| 


1000 1200 


Fic. 1. Gamma-ray spectrum from Sr® source observed 3 cm from 
Nal (TI) crystal 3 inches in diameter and 3 inches long. 


radiation identified with the decay of the 2.7-hr Sr® 
activity and the analysis. This spectrum was obtained 
by subtraction of 9.7-hr Sr” and the 55-min Y” and 
3.5-hr Y” daughter activities present in the gross 
samples. The spectral “shapes” used for this purpose 
were obtained from samples of strontium and yttrium 
prepared from gross fission products and measured in 
the same geometrical configuration. 

Repeated measurement of the gross spectrum of the 
strontium chemical fraction indicated that three 
principal gamma rays of energy 0.23+0.02, 0.44+0.04 
and 1.37+0.05 Mev all followed a decay period of 
2.740.2 hr. Energy calibration of the scintillation 
spectrometer was obtained by comparison with the 
1.11-Mev gamma ray of Zn® for the 1.37-Mev gamma 
ray and the 0,478-Mev gamma ray of Be’ for the two 
lower energy gamma rays. These calibration sources 
were used as internal standards, measuring the stand- 
ards and the Sr source simultaneously, in order to 
minimize the errors due to gain shift from variations in 
counting rate and spectral content. 

The relative intensities of the gamma rays were 
obtained by successive subtraction of pulse-height 
distributions representing the response of the detector 
to monoenergetic radiation under the particular 
geometrical arrangement used in these measurements. 
The 0.23-Mev gamma of Te™, the 0.478-Mev gamma 
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of Be’ and the 1.38-Mev gamma of Na™ were used for 
this purpose. Relative emission rates for the gamma 
rays were then determined by the well-established 
method of Bell ef al.4 This involves integration under 
the full-energy peak of the pulse-height distribution 
for each gamma ray and correction for the ratio of peak 
area to total area obtained by careful measurement of 
the response of the detector to monoenergetic radiation 
as a function of gamma-ray energy and source-detector 
configuration. Table I lists the measured gamma-ray 
energies, their relative intensities, and the values of 
the peak-to-total ratios used. The peak-to-total ratios 
were obtained from measurements in this laboratory 
and those of Bell et al.® 


Beta-Ray Measurements 


Beta-ray spectral measurements were obtained using 
a 1}-inch diameter by }-inch anthracene detector 
covered with a 1-mg/cm? aluminized Mylar reflector. 
Sources were prepared on thin films of rubber hydro- 
chloride with a total source thickness of less than 1 
mg/cm’. Energy calibration was achieved by com- 
parison with the 0.625-Mev conversion line in Ba!™, 

Subtraction of the beta spectra of Sr”, Y", and Y® 
from the gross spectrum indicated one major beta ray 
of approximately 0.55-Mev energy which followed a 
2.7-hr half-life. The spectra of the Sr and Y activities 
for subtraction were obtained from special sources 
prepared by chemical fractionation with a judicious 
choice of separation time to yield pure samples of these 
activities. Fermi analysis of a typical beta-ray spectrum 
of the Sr” beta thus obtained is shown in Fig. 2. This 
analysis yields an end-point energy of 0.545 Mev. The 
observation of low-intensity beta groups of higher 





0.545 Mev 
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Fig. 2. Fermi plot of the Sr® beta-ray spectrum. 


*P. R. Bell, in Beta- and Gamma-Ray Spectroscopy, edited by 
K. Siegbahn (Interscience Publishers, Inc., New York, 1955), 
Chap. V. 

*P. R. Bell (private communication). 
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energy was prohibited by the presence of the 3.5-Mev 
beta ray emitted in the decay of the 3.5-hr Y” daughter 
activity and the high-energy betas associated with the 
decay of the 9.7-hr Sr®. 


Coincidence Measurements 


To obtain beta-gamma coincidence spectra, a 3-inch 
by 3-inch Nal detector and the 1}-inch by }-inch 
anthracene detector were mounted with their axis in a 
horizontal line and with a spacing of 4.0 cm between 
the detectors. A “graded” backscatter shield was used 
to reduce false-coincidence effects from scattering 
between the two detectors. Polystyrene absorbers were 
used between the source and the gamma detector to 
stop the beta radiation and between the beta detector 
and source for the purpose of determining the gamma- 
ray contribution by difference measurement. The 
coincidence circuit used was of the “fast-slow” type 
which permits coincidence pulse-height analysis 
(2r=5X10~" sec). The coincidence spectrometer con- 
sisted of an automatic sliding-window single-channel 
analyzer operated in coincidence with the 100-channel 
machine. 

With the single-channel analyzer set to span the 
photoelectric peak of the 1.37-Mev gamma ray on the 
pulse distribution from the gamma detector, a spectrum 
of coincident beta radiation was obtained. A plot of this 
spectrum indicated only the presence of the 0.545-Mev 
beta ray. Likewise, observation of the gamma radiation 
in coincidence with the low-energy beta indicated only 
the presence of the 1.37-Mev gamma ray. No gamma 
radiation above the random background was observed 
coincident with beta radiation greater than 0.6 Mev. 
Gamma-gamma coincidence studies with two 3-inch 
3-inch Nal detectors mounted in a similar configu- 
ration gave no indication that either of the two low- 
energy gamma rays were coincident with one another 
or with the 1.37-Mev gamma ray. 

For the purpose of determining the beta-ray branch- 
ing ratio between the 1.37-Mev excited state and the 
ground state, comparison was made between the beta 
disintegration rate determined with a 4m flow pro- 
portional counter and the emission rate for the 1.37- 
Mev gamma ray. Sources were mounted on 0.1-mg/cm? 


TABLE I. Energies and intensities of Sr® gamma rays. 





Peak-to-total ratio 
used (h =3 cm) 


0.039+0.004 0,93 
0.045 +0.004 0.65 
1.00 0.33 


Intensity relative to 
1.37-Mev gamma ray 


Gamma-ray energy 
Mev 
0.2340.02 
0.44+0.04 
1.37+0.05 
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rubber hydrochloride films and the decay of the total 
beta activity followed for a sufficient time to permit 
accurate subtraction of the 9.7-hr Sr”, and the 
daughters—3.5-hr Y” and 57-day Y". The correspond- 
ing emission rate for the 1.37-Mev gamma ray was 
determined by measurement with a 3-inch 3-inch 
Nal detector, integrating under the photoelectric peak 
and correcting for peak-to-total area ratio, absorption 
in the beta shield, and detection efficiency for the 
geometry used. From these data a branching ratio of 
90+ 10° was obtained for beta transitions leading to 
the 1.37-Mev excited state. 


III, DISCUSSION 


On the basis of the experimental observations discussed 
above, the tentative decay scheme shown in Fig. 3 is 
proposed for the major characteristics of the decay of 
2.7-hr Sr”. The value of log ft for the 0.545-Mev beta 
ray, computed from the branching ratio, was found to 
be 4.3. If we assume an upper limit of 10% for the 
branching ratio of the ground state transition this 
yields a value of 7.1, indicating a first forbidden tran 
sition with a spin change of zero or one. The difficulty 
encountered in measuring the intensity of the ground 
state transition due to the presence of contaminant 
activities prevented any further interpretation in terms 
of the single-particle model. For this same reason we 
were unable to determine the origin of the two low 
energy gamma-rays, their indicated position in the 
level scheme being dictated largely by the results of 
the coincidence studies. 
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Atomic Masses in the Region Xenon to Europium* 
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A six-inch double-focusing mass spectrometer employing the peak matching method of measurement 
has been used to measure 36 atomic masses in the region 1305 A3154 and 54527563. Atomic masses of 
41 radioactive nuclei have then been calculated from mass differences derived from nuclear reaction and 
B-decay energies. Nucleon binding and pairing energies have been calculated from the resulting mass table. 
The effect of the shell closure at N = 82 on the systematics of nuclear binding and pairing energies has been 
investigated in greater detail than has previously been possible. The discontinuity in neutron binding 
energy, observed in reaction measurements and §-decay systematics, is shown to be caused by a decrease 
in binding energy of neutrons beyond N = 82 rather than a particular large binding energy at N =82. The 
systematic behavior of proton binding and pairing energies is also studied. The nucleon binding and pairing 
energy results show departures from uniformity in the region near N= 90. Electric quadrupole systematics 
have also indicated a change in nuclear structure in this region. The present atomic masses are also employed 
in the isotopic identification of several reactions, in the study of several natural alpha decays, and in the 
interpretation of several B-decay disintegration schemes. 


INTRODUCTION 


HIS paper presents the results of a portion of the 
program of mass measurement undertaken with 
double-focusing mass spectrometers developed at the 


University of Minnesota. Determinations of stable 
atomic masses in the region about the 20, 28, and 50 
proton and neutron shells have been reported,'~* The 
atomic mass measurements reported here deal with the 
mass region about the 82 neutron shell closure. Determi- 
nations of 36 atomic masses in the region A=130 to 
154 and Z=54 to 63 have been made by the doublet 
method, employing hydrocarbon comparison ions. By 
combining nuclear reaction Q-values and total 6-decay 
energies with the stable masses, the atomic masses of 
41 radioactive nuclei may be calculated. With these 
data it is possible to make a thorough study of the 
systematics of binding energies for nuclei in the neigh- 
borhood of the 82 neutron shell closure. 
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APPARATUS 


A 6-inch double-focusing mass spectrometer, con- 
structed according to the design of Johnson and Nier,*® 
was employed in this investigation. The combination 
of electrostatic and magnetic fields, shown schematically 
in Fig. 1, provides first- and second-order angle focusing 
and first-order energy focusing. This spectrometer has 
been described,’ and has been used to determine a 
Se number of atomic masses.'!~* However, instead of the 
original strip chart recording of data, the new null, 
peak-matching method of measurement is now em- 
ployed.** 


_ 60° MAGNETIC 
ANALYZER 


ELECTRON 
MULTIPLIER 


DOUBLET MASS DIFFERENCES 


Table I lists the mass doublets measured and the 
mass differences obtained. The final doublet mass 
difference is the unweighted average of the individual 


! Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951). 

? Collins, Nier, and Johnson, Phys. Rev. 86, 408 (1952). 

* Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954). 

*R. E. Halsted, Phys. Rev. 88, 666 (1952). 

5 Quisenberry, Scolman, and Nier, Phys. Rev. 104, 461 (1956). 
* E. G. Johnson and A. O. Nier, Phys. Rev. 91, 10 (1953). 

7 National Bureau of Standards Circular 522, 1953 (unpub- 


Fic. 1. A schematic diagram of the double-focusing mass 
spectrometer. R, is 7.427 in. and R» is 6.000 in. The accelerating 
voltage V, is about 7600 v and the deflection plate voltage Va is 
about 400 v. Typical slit dimensions are S,;=S_=0,0005 in., 
S_=0.020 in., and S;=0.010 in, Slits S, and S, are employed to 
adjust the ion beam so that it lies in the dispersion plane. Ions 
are formed by electron impact. Metals to be run are placed in 
an electrically heated furnace in the source and vaporized. The 
detection system beyond the collector slit Sg is a 10-stage silver- 
magnesium electron multiplier. An all-metal high vacuum source 
valve allows one to maintain a vacuum in the spectrometer tube 


while a change of sources is being made. 


* This research is supported by a joint program of the Office 
of Naval Research and the U. S. Atomic Energy Commission. 


lished). 
*C. F. Giese and T. L. Collins, Phys. Rev. 96, 823(A) (1954). 
* Quisenberry, Scolman, and Nier, Phys. Rev. 102, 1071 (1956). 
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TABLE I. Mass doublets. 


Mass difference 


Doublet* mM 


Cs5H,00;— Xe'™ 
C.H,o);— Ba™ 
CyoHi, — Xe™ 
CioHi2— Xe 
CioHi2.— Ba! 
CyHy —Cs'# 
CyHy - Xe™ 
CroHy, —_ Ba! 
C¥C,H),— Ba 
CioHie ~ Xess 
CioHi6— Ba! 
CioHig—Ce* 
C®C,Hi6— Ba"? 
CioHis— Ba! 
CioHis— Lal’* 
CioHis =— Ce 
CX oH is— La!” 
CipH 2p — Ce 
C\,Hy— Pr 
CioH22— Ce! 
CioH oe -~ Nd! 
C8C pHi = Ndi 
oH yF — Nd!“ 
‘10H ,5F —Sm'™ 
*10H 6 F — Nd 
‘10H, F — Nd“? 
C8C,H;F —Sm"™" 
C,4C,sH7F — Nd" 
CoH 02 —Nd' 
CyHO2— Sm! 
C\.H;— Eu! 
CuHy — EulO 
Ci2Hs— Sm! 
C8C,.Hj2- Eu'4oO' 
CyeHio ™ Sm! 


159.53 
156.24 
181.05 
189.79 
188.84 
196.66 
204.20 
205.36 +0.08 
207.40 +0.10 
218.055+0.025 
220.89 +0.09 
218.19 +0,.20 
223.08 +0.06 
236.03 +0.08 
234.17 +0.20 
234.89 +-0.20 
238.23 +0.06 
251.29 +0.06 
163.00 +0.03 
262.93 +0.07 
264.74 +0.03 
172.08 +0.10 
127.77 +0.07 
125.92 +0.09 
133.33 +019 
140.53 +0.06 
142.09 +0.03 
143.46 +0.06 
147.30 +0.07 
151.23 +0.07 
135.26 +0.17 
171.69 +0.19 
143.29 +0.13 
181.8 +0.4 

156.37 +0.15 


+0.03 
+0.20 
+0.04 
+0.05 
+0.12 
+0.07 
+0.05 


* Throughout this paper C, H, O, and F refer to C', H'!, O'8, and F", 
respectively. 

» All calculations in this paper have been carried out with more significant 
figures than are indicated by the magnitude of the error. Results listed in 
all tables have been rounded off to conform with the size of the error. 


runs. Five runs were recorded for most doublets. Each 
run is composed of 20 separate superpositions of the 
doublet constituents. No more than two runs on a 
particular doublet were made during any one day. 

For these measurements, the width at half-height of 
a typical ion peak corresponded to a Am/m of about 
one part in 14 000. In the mass range investigated this 
resolution is insufficient to completely resolve the C¥ 
satellite which contaminates to some extent most 
hydrocarbon ion peaks. For example, the hydrocarbon 
fragment C,H, is contaminated by the satellite 
C¥C,,1H,—~1. A procedure was devised to correct each 
doublet measurement for this unresolved satellite. The 
possibility of an error in this correction is sufficiently 
great so that it seemed proper to consider that the error 
in the correction be equal to the correction itself. The 
final error in the doublet measurement is the square 
root of the sum of the squares of the C™ correction 
error and the statistical standard error associated with 
the set of individual runs that yield the final result. 
Because of the addition of the essentially nonstatistical 
satellite error, the statistical limit of error on a typical 
doublet is somewhat less than the usual factor of about 
three times the standard error. Errors arising from 
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resistance calibration and leakage currents are small 


compared to the other errors and have been neglected. 


MASSES 


The atomic masses derived from the doublet data 
are listed in Table II. The typical accuracy of a stable 
mass value is about one part in two million; that is, 
approximately 0.075 mMU in this region. Secondary 


TABLE II. Atomic masses computed from doublet data in 
Table I together with a comparison with previous mass spectro- 
scopic values. 


Previous result® 
(amu) 


129,944 75 48> 


Present result® 


Isotope (amu) 


Xeln 
Ba™ 
Xe 
Xe!” 


129.944 81 +3 
129.948 10 +20 
130.946 70 +4 
131.946 11 +5 


130.946 7 
131.946 68 
131.946 05 +15» 
131.945 90 +12 
131.946 11549° 


+-4> 
+ 30° 


132.947 38 
Xe!* 133.947 99 
Ba'™ 133.946 83 
Bal 134.948 45 

1 

1 

1 


Cs! 


133.947 75 +10» 


Xels 35.950 419 135.950 17 +8» 
Balé 35.947 58 
Ce™ 35.950 28 
Ba!’ 136.949 06 
Bal* 137.948 73 
La 137.950 59 
Ces 137.949 87 
La! 138.950 20 
Cel@ 139,949 76 
Pr! 140,952 28 


137.948 4 


139.949 2 
140.951 3 
140.9509 
Cel? 
Nd!#® 
Nd'# 
Ndi“ 


141.954 41 
141.952 60 
142.955 02 
143.955 56 143.9559 
143.955 22 
143,955 7 


}-4«.! 
+ 208! 
143.957 41 + Ref 
144.958 14 
145.959 08. 
146.961 20 
147.963 49 


Sm 
Ndi4s 
Nadi6 
Sm!47 


Nadi# 


145.9589 44°! 
147.963 80 
147,964 4 
147.9609 
147.962 1 


+ 25°! (Ge) 
+ 4°.'(Se7) 
+-4° '(Ge™) 
+-6°:'(Se™) 


147,961 45 


Sm" 


148.964 15 
149.968 49 


Sm 
Ndi# 149.967 2 
149.968 2 
149.968 5 
149,963 5 


+ Se 1(Ti™) 
+-48.1( Ag?) 
+4"! 

Sm!” + Ref 


Eul™! 


149.964 57 
150.967 55 
150.967 51 
150.967 53 
151.967 67 


final 
Sm! 


151.967 04 
151.968 2 


t 25°: (Ge) 
+-6°:' (Se?) 

Eu 
Sm!“ 


152.969 2 


153.970 87 153.9707 +3! 


* Throughout this paper, when masses are given in amu, the errors refer 
to the last significant figure of the particular result. 

+R. E, Halsted, Phys, Rev, 88, 666 (1952) 

¢C. L. Kegley and H. E. Duckworth, Nature 167, 1025 (1951) 

4K. S. Quisenberry (private communication) 

« B. G, Hogg and H. FE, Duckworth, Can. J, Phys. 32, 65 (1954 

! Collins, Johnson, and Nier, Phys. Rev. 94, 398 (1954) 

«8. G. Hogg and H, EF. Duckworth, Can. J. Phys. 31, 942 (1953) 

b Duckworth, Kegley, Olson, and Stanford, Phys. Kev. 83, 1114 (1951). 

' Collins, Nier, and Johnson, Phys. Rev, 86, 408 (1952) 

) Masses derived from isotopic mass unit data, See Table V. 

& Derived from the CiusHs — Eu doublet. 

' Derived from the CisHis ~ BuO doublet 
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Fic. 2. Nuclear reaction and f-decay paths that were employed 
to calculate radioactive atomic masses. Solid circles indicate 
isotopes whose masses were determined in the present investi- 
gation. Open circles indicate the radioactive isotopes for which 
masses can be calculated. Connecting lines indicate available 
reaction and #-decay data. 


standard masses employed in these calculations are H! 
1,0081442+ 2,9 C= 12.003816748,? C®= 13.0074837 
+9, and F%=19,0044429+20 amu.” Included in 


Table IL are previously obtained mass spectroscopic 


values. 
Table ITI contains the atomic masses of 41 radioactive 


nuclei derived from stable atomic masses given in 


Table II together with mass differences from nuclear 
reaction Q values and B-decay energies, Figure 2 indi- 
cates the paths employed to calculate these mass 
differences. The majority of the reaction and 6-decay 
data were obtained from review articles by Van Patter 


Tapsie IIT. Atomic masses of radioactive nuclei which can be 
calculated from stable atomic masses using available mass differ- 
ences from nuclear reaction data and A-decay energies. 


Isotope Atomic masse amu Isotope Atomic mass amu 
140.954 08+ 11 
141.954 95+3» 
142.957 724-144 
142.956 20+ 144 
143.959 08+7 
143.958 754-7 
145,964 684-14° 
145.963 58412 
145.959 29+-6 
146.962 4243 
146.961 4443 
147.9044 +4¢ 
148.967 374-16” 
148.965 594-20¢ 
149.970 274-20 
150.967 644-13 
151.969 544-16 
152.9701 +4 
154.9738 +4 
154.9714 +4 


Nat 


Pri? 


Cs'™® 129.948 024-4* 
Cs”! 130.947 074-4 

Cs 131.948 104-20» Ce” 

Xe's 132.947 844-7 Pri 

Cs™ 133,949 064-7" Ce 

La™ 133.950 834-25 Pri“ 

Xe™ 134.949 934-10 Ce 

Cs 134.948 674-10 Pri 

Cs"* 135.950 6549 Sm" 
Xe"? 136.9546 +11° Nd"? 
Cs" 136.950 334-6 Pm"? 
(s'*8 137.953 934-10 Pm" 
Pri 137.9539 +3 Nad 
Ba'™ 138.952 714-5" Pm! 
Ce'™ 138.950 494-25 Pm'® 
Pr” 138.952 59+ 25° Sm! 
Nad'# 138.9570 +3¢ Eu! 
La” 139.953 794-6" Sm! 
Pri# 139,953 284.6" Sm!* 
La! 140.955 5244 Eul® 
Ce 140.952 904-3» 





* Derived from Xe mass 
>» Weighted average of two or more independent atomic masses. 


* Doubtful reaction or B-decay data 
4 Unweighted average of two or more independent atomic masses. 


® Scolman, Quisenberry, and Nier, Phys. Rev. 102, 1076 (1956). 
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and Whaling,” and King.” Table IV lists new and 
revised data not included in these review articles. The 
mass-energy conversion factor, 1 amu=931.141+0.010 
Mev," was employed. In several instances, the atomic 
mass of a particular radioactive nucleus is determined 
in more than one way. Generally, the several masses 
calculated for a given nucleus are in agreement. When 
the multiply determined masses were in agreement, a 
weighted average was used to obtain the final result. 
For Pr’ and Ce, where there was disagreement, an 
unweighted average was taken. 

To verify the accuracy of the stable masses, a number 
of consistency tests have been applied to the data. The 
correctness of the spectrometer calibration can be 
verified by measuring hydrocarbon ion doublets having 


TABLE IV. New and corrected mass differences derived 
from reaction and 6-decay data. 


4M mMU 


19 +04 

3.066+0,006 
3.919+0.011 
2.556+0.025 
0.621+-0.002 
2.319+0.013 
1.550+0.004 
5.92 +0.07 
6.69 +0.05 
6.27 +0.02 
5.7 +0.2 

1.87 +0.11 


Mass difference 


Cai — Xels 
Cs! ~ Balsé 
Ba!® — Ba" — 
Ba!” — Lal” 
Cell— pra 
pr'?— Nad 
Cela— pris 
Nd!4—Cel—4 
Sm'"*—Nd'#@—4 
Sm'*7—Nd'#—4 
Pm!” — Sm! 
Eu! — Sm! 


Reference 


* B. L. Robinson and R. W. Fink, Phys. Rev. 98, 231(A) (1955); 
Wapstra (unpublished): see A. H. Wapstra, Physica 21, 385 (1955), 
> J. L. Olsen and G. D. O' Kelley, Phys. Rev. 95, 1539 (1954), 

¢ Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 

4A. C, G. Mitchell and E. Hebb, Phys. Rev. 95, 727 (1954), estimated 
error, 

* This is a weighted average of the data given by R. W. King, Revs. 
Modern Phys. 26, 327 (1954) and J. T. Jones and E. N. Jensen, Phys. 
Rev, 97, 1031 (1955). 

' This is a weighted average of the data given by King (footnote e) and 
Pohm, Lewis, Talboy, and Jensen, Phys. Rev. 95, 1523 (1954), 

‘ Martin, Cork, and Burson, Phys. Rev. 99, 670(A) (1955). 

> Weighted average of data from Waldron, Schultz, and Kohman, 
Phys. Rev. 93, 254 (1954) and W. Porschen and W. Riezler, Z. Naturforsch 
9a, 701 (1954), 

'D. C, Dunlavey and G. T. Seaborg, Phys. Rev. 92, 206 (1953). 

1W. P. Jesse and J. Sadauskis, Phys. Rev. 78, 1 (1950). 

* V. K. Fischer, Phys. Rev. 96, 1549 (1954). 

1H. Kendall and L. Grodzins, Bull. Am. Phys, Soc. Ser. II, 1, 164 (1956). 


A. H. 


a mass difference of one hydrogen mass. Also, doublets 
that yield the C’—C" mass difference can be measured. 
Six measurements of the former doublet yielded 
1.00815+10 amu and five measurements of the latter 
yielded 1.00373410 amu. These values are in good 
agreement with the accepted values of 1.0081442+2 
and 1.0036670+ 12 amu, respectively. 

For elements where it was possible, the mass differ- 
ence between two isotopes differing by one mass number 
was directly measured. Such measurements test not 
only the instrument calibration but also the consistency 
of the doublet data. These results, called “isotopic 


"D. M. Van Patter and W. Whaling, Revs. Modern Phys. 26, 
402 (1954). 

2 R, W. King, Revs. Modern Phys. 26, 327 (1954). 

% Cohen, DuMond, Layton, and Rollett, Revs. Modern Phys. 
27, 363 (1955). 
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mass units,” are compared in Table V with similar 


differences computed from the previously listed doublet 
data. In all cases, the two independent measurements 
agree within the quoted error. The excellent agreement 
between the two methods of measurement allows one 
to extend the technique of isotopic mass units to the 
direct determination of atomic masses. This technique 
is of particular value for cases in which hydrocarbon 
doublet measurements are impossible. The present 
masses of Sm'* and Sm'® were determined in this 
manner, the calculation being based on the masses of 
Sm"? and Sm! derived from hydrocarbon doublet data. 

Mass differences, determined from the stable atomic 
masses, may be compared with mass differences deter- 
mined from Q values and total §-decay energies. The 
comparisons that can be made are listed in Table VI. 
The disagreement in the Ba™—Xe" difference is 
probably due to an error in the Ba™ mass. The doublet 
used to determine the Ba mass was particularly 
difficult to measure. The cause of the disagreement 
found for the Nd'!“— Ce mass difference is difficult to 
determine from the mass data. Other mass differences 
in this region, included several in one of the paths of 
the Nd'— Ce! reaction mass difference, are in agree- 
ment. 

DISCUSSION OF RESULTS 


Several features of nuclear structure in the region 
about the 82-neutron shell closure may be investigated 
by employing the mass values listed in Tables II and 
III. Of particular interest is the influence of the shell 
closure on the binding energy of the last nucleon. The 
mass data are also useful in the study of several alpha 
and 8 decays. 


Nucleon Binding Energies 


When atomic mass data are employed to calculate 
binding energies, one must recognize that the calculated 
binding energy is the total binding energy of the atom, 
the sum of the nuclear and the electronic binding. For 
quantities calculated in the following paragraphs, the 
electronic binding energy contribution is quite small 
and has been neglected. Numerical values for the 
nucleon binding energies to be discussed in this section 
are listed in Table VII. 

Information concerning the general characteristics of 
nuclear binding may be obtained from a study of the 
average binding energy per nucleon. A graphical repre- 
sentation of the average binding energy per nucleon of 
the stable nuclei from A= 102 to A= 155, as a function 
of A, is indicated in Fig. 3. Experimental errors are too 
small to be indicated. Even-A isotopes of each element 
are connected by a solid curve while the odd-A nuclei 
of all the elements in this region are connected by a 
dotted line. In general, the line connecting the even-A 
points is a smooth curve approximating a parabola.° 
Except for the isotopes of cerium, this behavior is 
evident in the present data. The average binding energy 
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TABLE V. Isotopic mass units compared with the mass difference 
determined from doublet data. 


Mass difference from 
doublets amu 


1,00189+ 5 
0.99940-+7 
1.00128+-9 
1,00060-+8 
1,00162+413 
0.999134 13 
1.00148 +10 
0.99968 + 10 
1,00242+ 10 
1.00054 + 12 
1,00258 +20 
1.00095 + 20 


Isotopic mass 
difference amu 


1.00187 
0.99942 
1.00132 
1.00053 
1.00154 
0.99919 
1.00157 
0.99975 
1.00243 
1.00056 
1.00278 
1.00082 
1.00025 
1.00271 
1.00042 
3.00338" 


Doublet 


Xe™ -_ Xe'™ 
Kel? Xe 
Cs * Xe 
Xe'™ -Cg'8 
Ba — Ba! 
Ba!4— Bas 
Ba"? — Ba! 
Ba!* — Ba"? 
Ndi — Ndi? 
Ndi“ . Nd'# 
Nd'46— Ndi 
Nd46— Nas 
Sm — Sm"? 
Sm! — Sm'44 
Sm! — Sm! 
Sm!#@— Sm'47 


3.00337 +7 


* A sum of the results of the previous three “isotopic mass units,” 


per nucleon of Ce is significantly lower than the curve 
passing through the three lighter cerium isotopes. 
Cerium is the only element that has stable isotopes 


TABLE VI. A comparison of mass differences determined mass 
spectroscopically with mass differences derived from nuclear 
reaction and f-decay energies. In cases where different nuclear 
reactions can be used, these are specified in Column 1, 


Mass difference in mMI 
Nuclear rd 


2.734-0.02 0.57 +0,20 
1,20+-0.48 0,08+0.50 
999.564-0.11 0.12+0.15 
1.364.0.03 0.10+0.10 
999 5440.20 0.07 40.30 
999 .464-0.12 0.10+0.15 
4.50+-0.25 0.154-0.30 
2.34+40.13 0.18+0.15 


Mass difference 


Ba! — Xe» 
Cs'#® — Xe'# — 1 
Ba!™* — (31% 
La'!® — Ba!#* — 1 
La!® — La! 
Ce! — La!® 
Cel? —~ Cem 
Pritt Ce 
Pri” (pf) 


Pri! — Cel 
Ce! (pg) 


Ce? — Pri! —] 2.1340.07 
Nd!#— Pri! —1 0.32 4-0.04 
Pr"! (d,p) Pri? 
Nd!# Pritt 1 
Pr!" (ny) Pr'@ 
Nd!“ — Nd'42— 1 


Nd'44— Ce? —1 
Ce4(8) 


Nd! — Ce? —1 
Pr" (d,p) Prt? 


Nd'#* Cel? 1 
Pr! (n,y) Pri@ 


Ndi4— (Cel —4 
Sm'47— Nd'#—4 
Nd!#— Sm!” — 1 
Sm!” — Sm!” — 1 
Sm (n,7~)Sm'#> 


Sm!# — Sm! — 1 
Sm! (n,7~)Sm'”* 


Present 


3.30+0.20 
1,28+0.13 
999 4440.10 
1.46+0.10 
999.61 +0.20 
999 .56+0.09 
4.65+0.09 
2.52+0.07 


2.524-0.07 2.58+0.11 0.064.013 


1.93+4-0.20 
0,6340,20 


0.204+-0,21 
0.3140.20 


0.324-0.04 $0.42+0.03 


2.534-0.08 
0.98+4-0.07 


O.11L+0.13 
0.374014 


2.424010 
0.6140.12 


0.6140.12 1.2 +0.3 0.6 +0.3 


0.614012 $1.02 


§.92+4-0.07 
6.27+0.02 
4.18+4-0.25 
+03 2.0 


0.114011 
0.09+0.11 
0.164+0.30 
0.4 


5.81+0.09 
6.184-0.11 
4.34+4-0.20 
0.424-0.20 24 


0.424-0.20 <0.51+0.06 


* Present mass difference minus nuclear mass difference in mMU 
b See reference 25 
¢ See reference 16, 
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Tasie VII. The average binding energy per nucleon, B.E./A, the binding energy of the last neutron B,, the binding energy of 


the last pair of neutrons Bz,, and the bindin 
calculate these values. All values listed in mMU. 


energy of the last proton B, for all nuclei for which there are sufficient data to 





B.E./A* Bs 


Isotope 


9.000 
9.045 
9,049 
9,036 
9.034 
9.020 
9.016 
8.985 +-0.008 
9,029 
9.036 
9,028 
9.033 
9.020 
9.023 
9.008 
9.010 
8.984 
9.022 
9.029 
9.030 
9.018 
9.024 
9.013 
9.015 
8.987 
8.994-4+-0.002 
8.996 
8.999 


uXer™ 
Xeq)™ 
Xen 
Xe)" 
X ego!" 


7.094-0.05 
9.584-0.07 
7,2440.09 
8.85+-0,08 
7.04+0.11 
8.5040.10 
48 +11 


16.684-0.06 
16.094-0.07 
15.544-0.05 


5.89+0.05 
6.74+0.20 
6.864-0.09 
6.934-0.09 
746+0.14 
7434-0.13 
8.24+-0.06 
8.8 +1.1 


9.95+-0.05 
7,9540.20 
9.704-0.20 
7.3140.09 
9,384-0.12 
7.0140.13 
9.3140.10 
5.38+0.11 


17.65+0.08 
16.684-0.12 
16.3240.11 


seBaz'™ 
Baze'” 
Bay! 
Ba7z,!* 
Bago! 
Bag," 
Bag,!** 
Bag;'” 
o7Laq7"™ 
Lag," 
Lag” 
Las 8.973 
Lag!" 8.961 
wCen'™® 8.992 
Cego'™* 8,995 
Cey'® 8,9904-0.002 
Cey'” 8,996 
Ces" 8.973 
Cen?” 8.963 
( “eas'@ 8.940 
Ces 8.931 
Cegs!* 8.893 


8.15+0.13 
8.70+0.10 
8.7640.12 
9.24+0.13 
9.734+0.11 
9.74+0.10 
9.374+0.10 


19.014-0.25 

18.204-0.14 
7.364013 
9 864-0.13 
7.514010 
9.314+0.10 
5.0140.09 


17.224-0.12 
16.82+0.12 
6.61+0.21 


6.68+0.10 
7.0640.8 


9,384-0.20 
5.394+0.09 
7.264-0.07 12,65+40.07 

18.4 +0.3 

8.2 +0.3 
8.59+0.09 
9.03 4+-0.07 
9.25+0.08 


8.3640.30 
9.7240.25 
§.84+-0.07 
7.48+40,07 
5.674+0.16 
7.634-0.16 


18.08+0.20 
13.324-0.09 


13.30+-0.25 
12.3640.17 


* Errors for this column are +0,001 mMU unless otherwise indicated, 


both above and below the shell closure at N= 82. This 
departure from uniformity for the average binding 
energy per nucleon results is undoubtedly due to the 
influence of the shell closure. The change in slope of the 
odd-A line that occurs at about A=139 is also un- 


AVERAGE BINDING ENERGY mMuU /A 


6800: 
100 5 124 132 
MASS NUMBER 
Fic. 3. Average binding energy per nucleon. Results for A <130 
were derived from mass measurements by Halsted; see refe- 
rence 4, 





Isotope B.E./A* Ba Bin Bp 





8.960+-0.002 

8.969+0.002 10.3 +0.4 
8.964 8.2940.25 
8.972 9.99+0.06 
8.953 6.31+0.04 
8.946 7.92+0.10 
8.927 6.2540.12 
8.895 

8.932+0.002 

8.953 


8.964 
8.947 
8.943 
8.926 
8.920 
8.897 
8.891 
8.865 
8.859 
8.898 
8.879+-0.003 
8.872 
8.841 
8.919 
8.905 
8.894 
8.893 
8.876 
8.874 
8.854 
8.855 
8.840+0.002 
8.836 
8.817+0.002 
8.849 
8.837 
8.840+0.002 
8.827 +0.002 


5.4 +0.3 

5.35+0.25 
5.62+0.07 
6.09-+0.04 
6.54+0.12 
7.12+0.08 


5.0 +0.4 

7.3540.12 
7,830.04 
8.08+0.10 
8.69+0.09 
8.77+0.20 


18.28+-0.25 
14.23+0.10 


10.47+0.11 
6.56+0.10 
8.44+0.12 
6.41+0.20 
8.04+0.20 
5.65+0.07 
7.92+0.07 
5,10+0.17 
7.8740.17 


15.00+0.07 
14.45+0.09 
13.56+-0.08 


9.3140.12 


12.97+0.09 

5.794-0.07 
6.2 +0.4 
6.04+0.20 
5.25+0.25 


13.82+-0.20 


16.102-0.11 
15.80+0.20 
14.85+0.20 
14.872-0.15 


7.07+0.07 
8.73+0.20 
6.3 +0.3 
8.57+0.20 
5.9140.15 
8.96+0.18 
6.6 +0.4 
8.2 +04 
6.0 +04 


8.14+-0.20 

8.3 +04 

9.17+0.20 
10.7740.25 


14.77+0.20 


5.18+0.15 
6.24+0.20 
6.6 +0.4 
7.6 +0.4 


6.98+0.20 
16.0 +0.4 
16.3 +0.5 


doubtedly associated with the shell closure. Earlier, 
less complete data by Hogg and Duckworth" also 
showed this change in slope. 

A more revealing study of the effect of shell closures 
on the binding energy systematics of nuclei may be 
made by investigation of the behavior of the binding 
energy of the last nucleon in the region near the shell 
closure. Binding energies of the last neutron B, in this 
region are known from (y,m) thresholds’ and (n,y)'* 
and (d,p) reactions.” Investigations by B-energy sys- 
tematics yield the change in neutron binding energy as 
the shell is traversed. All methods of measurement 
indicate that there is a discontinuity in B, of approxi- 
mately 2 mMU as the shell is crossed. 

By combining reaction and 6-decay data with the 
stable atomic mass data, the discontinuity in B, can be 
investigated in considerably greater detail than has 


“ B. G. Hogg and H. E. Duckworth, Can. tas oy 32, 65 (1954). 


* Sher, Halpern, and Mann, Phys. Rev. (1951). 

B. B. Kinsey and G. A. Bartholomew, fe. J. Phys. 31, 
1051 (1953). 

17N. S, Wall, Phys. Rev. 96, 664 (1954). 
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Fic. 4. An isometric 
view of the binding 
energy of the last neu 
tron B, plotted as a 
function of Z and N. 


previously been possible. The masses listed in Table II 
and Table III are employed to calculate 58 values for 
B, in the region A = 130 to 155. These neutron binding 
energies are plotted in Fig. 4. It is apparent that the 
discontinuity in binding energy is caused by a decrease 
in neutron binding energy for neutrons beyond N = 82 
rather than a particularly high binding energy at 
neutron 82. This decrease in B, is partic ularly notice- 
able for the elements cerium and praseodymium for 
which several binding energies, both above and below 
the shell closure, are available. In order to compare the 
change in B, determined from the present data with 
that obtained in previous investigations, one must 
compare the difference in binding between neighboring 
paired or unpaired neutrons; that is, V=81 to N=83 
or N=82 to N= 84. The present results yield an average 
decrease in B, of 2.15 mMU, a value in good agreement 
with previous results. This result, however, is not 
completely independent of the previous results because 
much of the experimental data employed previously is 
included in the present study. 

A somewhat simplified study of the variation in 
binding energy may be made by considering the binding 
energy of the last pair of neutrons Bz, in an even- 
neutron-number nucleus. These data, plotted in Fig. 5 
as a function of the neutron number N, rely more on 
stable masses and thus are less likely to change if mass 
differences, derived from reaction and 6-decay data, 
are modified. There is an approximately linear decrease 
in Bo, as the neutron number is increased. For a given 
neutron number, the Be, values increase as Z increases. 
The discontinuity in binding energy, caused by the 
shell closure, is again apparent in the data for cerium 
and praseodymium. There is a tendency for By, at 
neutron numbers 78, 82, 86, and 90 to be somewhat 
larger than might be expected from a linear extrapo- 
lation through the remaining data. One finds that these 
somewhat larger Bz, values correspond to an even 
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number of pairs of neutrons in a given shell. Although 
these variations are about equal in magnitude to the 
quoted errors, it seems quite likely that the effect is 
real because it appears so consistently. 

With the present table of masses, it is possible to 
calculate the binding energy of the last proton B, for 
47 nuclei in this region. With these data, shown in 
Fig. 6, a study of the effect of the neutron shell closure 
on the proton binding may be made, Generally, the 
B, values for a particular element increase as the 
neutron number increases. Also, even-Z elements have 
larger B, values than neighboring odd-Z elements, In 
the group of nuclei which display the discontinuity in 
B,, Ba™ is the only nucleus which does not obey the 
general trend of proton binding. Thus, the discontinuity 
in the atomic masses at the shell closure is directly due 
to the change in neutron binding. 


Nucleon Pairing Energies 


One can observe that the nucleon binding energy for 
protons or neutrons is greater for even Z or N, respec 
tively, than for odd Z or N. The pairing effect is the 
cause of this behavior. For every pair of like nucleons 
that are added to form a nucleus, the total binding 
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Fic. 6. The binding 
energy of the last proton 
B, in the nucleus. 
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energy ofgthe nucleus is increased by an amount P 
above the simple sum of the individual binding energies 
of each nucleon added. The excess binding energy 
P, called the pairing energy, can be calculated easily 
from the nucleon binding energy data. As an example, 
the neutron pairing energy P, of the last pair of 
neutrons in the nucleus (Z,N) is 


P,(Z,N)=B,(Z,N)—B,(Z, N—1), WN even. 


(1) 


It has been observed, in the light nuclei, that pairing 
energy increases as the total angular momentum quan- 
tum number of the level containing the pair increases,"* 
Measurements of nuclear spin indicate that the 2d, 
(shell model) energy level is filled to reach the 82- 
neutron shell closure, and that following the shell 
closure, the 2/7/2 level is filled. Thus one might expect 
an increase in neutron pairing energy beyond the 82 
neutron shell closure. Experimental pairing energies 
listed in Table VIII and shown graphically as a function 
of neutron number N in Fig. 7 do not indicate this 
predicted increase. The quoted errors are rather large 
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Fic. 7. The pairing energy of the last pair of neutrons 
P, in the nucleus. 


%*M,. G. Mayer and J. H. D. Jensen, Elementary Theory of 
Nuclear Shell Structure (John Wiley and Sons, Inc., New York, 
1955). 
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and“also, because three different masses are employed 
in the calculation, the possibility of undiscovered 
experimental errors is increased. For these reasons, few 
generalizations should be developed from these data. 

Proton pairing energies P, can be calculated for the 
even-Z elements. To obtain P, from atomic mass data 
one must consider the small change in the Coulomb 
energy of the three nuclei involved in the calculation. 
In this region the Coulomb correction is small and 
essentially constant, and therefore has been neglected 
in these calculations. The proton pairing energies that 
can be calculated from the mass data are found in 
Table IX and plotted as a function of the neutron 
number JN in Fig. 8. For reasons similar to those given 
in the preceding paragraph, few generalizations should 
be made from these data. 

Typical neutron and proton pairing energies in this 
region are of the order of 2 mMU. A similar average 
value for pairing energies has been found by Quisen- 
berry ef al.5 for the region near A=60. This average 
pairing energy is somewhat smaller than that found for 
the light nuclei. 


90 Neutron Binding Energy Anomaly 


A change in the nuclear structure in the neighborhood 
of 90 neutrons has been indicated by anomalies in the 
isotope shift,"* quadrupole moments,” and Coulomb 
excitation energy levels.”! In particular, a very large 
isotope shift, an increase in the quadrupole moment, 
and a sharp decrease in the rotational state energies 
has been observed between 88 and 90 neutrons. 

Mottelson and Nilsson* employ an ellipsoidal po- 


” P. Brix and H. Kopfermann, Phys. Rev. 85, 1050 (1952). 

* P, Brix, Z. Physik 132, 579 (1952). 

1 N. P. Heydenberg and G. M. Temmer, Phys. Rev. 100, 150 
(1955). 

#B. R. Mottelson and S. G. Nilsson, Phys. Rev. 99, 1615 
(1955). 
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tential with a spin-orbit force to calculate the indi- 
vidual-particle energy levels as a function of nuclear 
distortion. With this spectrum, the ground state equi- 
librium deformations are calculated for nuclei in the 
region N=82 to N=126. A sharp increase in nuclear 
deformation is predicted in going from 88 to 90 neu- 
trons, in agreement with the trend of deformation 
deduced from experimental data. 

Several abnormalities exist in the binding-energy 
data in the neighborhood of 90 neutrons. In Fig. 4, 
neutron binding energies for samarium nuclei from 
N=85 to N=93 are shown. There is a rather obvious 
increase in B, at N=90 (Sm!**), Although the quoted 
errors for B, are rather large, there is little doubt that 
the increase exists. The N=90 isotope of neodymium 
has a somewhat higher neutron binding compared with 
the systematics of the other even-N neodymium binding 
energies, but the increase is not as pronounced as that 
found for samarium. 

Figure 7 indicates a sharp increase in the neutron 
pairing energy following N= 86, with the maximum at 
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Fic. 8. The pairing energy of the last pair of protons 
P, in the nucleus. 


N=90. For isotopes of samarium and neodymium 
having equal neutron numbers, the neutron pairing 
energies for N= 86, 88, and 90 appear to be the same 
within the experimental errors. The neutron pairing 
energy of Sm! (N= 92) again falls to a value equal to 
that at N=86. The P, value for europium at N=90 
is also abnormally large. 

Proton binding and pairing energies also show a 
somewhat anomalous behavior in nuclei having neutron 
numbers near 90. Because of possible misinterpretation 
in the #-decay energy data for several promethium 
isotopes, these data are less reliable than the neutron 
data. Proton pairing energies for the nuclei of samarium 
having N=88 and N=89 are abnormally large; see 
Fig. 8. Unfortunately, there are insufficient data to 
calculate proton pairing energies for nuclei with N 
greater than 89. 


Reaction Assignments 


The neutron binding energy results can be employed 
to make isotopic assignments for several previously 
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Taste VIII. Pairing energy of the last pair of neutrons 
in the listed isotope. 


Neutron 
number 


Iso- 
tope 


Neutron 
number 


Is0- 


| 
tope P,in mMU P,. in mMU 


82 
M4 


Pri 
pri“ 


1.7 +0.3 
1.61+0.11 


78 
80 
82 


Xe!” 
Xel™ 
Xess 


2.49+-0.09 

1.6040.12 | 
1.41+0.15 
Nadi 
Nae 
Ndi 
Nad 


s4 1.87+0.16 
1.6 +0.3 

88 2.27+0,09 
2.7740.25 


Cs 
Cs 
Cs 


78 
80 
82 


18 +0.3 
2.074+0.15 
2.29+0.16 
Pm! 1.7 +0.6 


Ba 88 


Ba’ 


80 
82 


2.49+0.18 
1.80+.0.14 
1.65+0.20 
2.3 +04 
3.0440.25 
1.7 +0.6 


Sm 
Sm!” 
Sm! 
Sm! 


84 1.87+0.12 88 


90 


La™ 


Ce“ 
¢ ‘ein 
Ce 


82 
84 


1.4 +0.4 
1.64+0.10 


1.9540.20 | Eu'™ 90 2.3 +05 





unassigned (m,y) and (y,m) reactions. Sher, Halpern, 
and Mann!'® measured gamma-ray thresholds for the 
(yn) reaction for barium, finding thresholds of 6.80 
+0.20 and 8.55+0.25 Mev. The 8.55-Mev neutron 
binding energy is in agreement with the B, value for 
Ba'§ (8.67+.0.10 Mev). Thus, the target nucleus is 
Ba’, No unique prediction of target nucleus can be 
made for the other reaction. The threshold measure- 
ment (6.80+0,20 Mev) is not accurate enough to 
distinguish between the B, values found for Ba™® 
(6.85+0.12 Mev) and Ba™’ (6,99+-0.10 Mev). 

Kinsey and Bartholomew'® have reported eleven 
de-excitation gamma rays from the thermal-neutron 
capture reaction on barium. The gamma rays having 
energies 4.70+0,03 and 4.10+0.03 Mev have been 
assigned to the reaction Ba™*(n,y)Ba™ by Paris et al.™ 
Kinsey and Bartholomew tentatively assigned the 
gamma ray with the highest energy (9.23+0.07 Mev) 
to the reaction Ba™’(n,y)Ba"*, The mass data indicate 
that this gamma ray should be assigned to the reaction 
Ba™*(n,y)Ba™ having a Q-value 9.184-0.12 Mev found 
from mass data. The gamma rays with energies 7.18 
+0.06 and 6.68+0.06 Mev should probably be assigned 


TABLE IX. Pairing energy of the last pair of protons 
in the listed isotope. 


Neutron 
number 


Neutron Iso 
number P, in mMU tope 


ns P, in mMU 
2.274-0.14 Nad! 
1.8740.13 | Nd'# 
1.83+40.15 Ndi 
1.78+0.19 | Na 
2.304017 | Ndi 
1.49+0.11 
05 +1.1 


2.004+0,25 
2.214-0.08 
1,.99+-0,11 
2.064-0.17 
1.65+0.25 


76 
78 
79 
80 
81 
82 
83 


81 
82 
83 
84 
85 


Ba!” 
Ba! 
Ba! 
Ba! 
Ba!’ 
Ba! 
Ba! Sm!" 
Sm!” 
Sm!” 
Sm! 


86 2.3540.20 

87 2.1 +0.6 
3.1 40.3 
5.5 +04 


Ce” 
Cee 
Ce 


81 
82 
83 


1.6 +04 
1.91+0.13 
1.97+0.11 


bets) 
49 





* Paris, Buechner, and Endt, Phys. Rev. 100, 1317 (1955). 
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to the reactions Ba”*(n,y)Ba™’ (6.99+0.10 Mev) and 
Ba™(n,vy)Ba™® (6.854+0.12 Mev), respectively. A level 
with an excitation energy of 2.88 Mev™ has been re- 
ported in Ba!*. Good agreement with the mass data is 
obtained if the 5.744-0.03 Mev gamma ray found by 
Kinsey and Bartholomew is assigned to the Ba™ 
nucleus. This gamma ray must then feed the 2.88-Mev 
level. The total de-excitation energy of 8.62 Mev agrees 
well with the value of 8.674-0.10 Mev, derived from 
the mass data. Therefore this gamma ray is assigned 
to the Ba!’ (n,y)Ba™ reaction. 

Kinsey and Bartholomew'* have investigated the 
Sm!(n,vy)Sm'™ reaction and find the neutron binding 
energy in Sm' to be at least 7.894-0.06 Mev. Kubi- 
tschek and Dancoff,” investigating the same reaction, 
find the neutron binding energy to be 6.64-0.03 Mev. 
The mass data, yielding a B, value of 7.984-0.20 Mev, 
are consistent with the measurement of Kinsey and 
Bartholomew, and are also in agreement with the results 
of Adyasevich et al.** who infer the B, value of Sm'™ 
to be 8.0040.03 Mev. The possibility exists that 
Kubitschek and Dancoff measured the gamma ray 
from the reaction Sm!*(n,y)Sm'*, The mass data 
predict a gamma-ray energy of 6.140.4 Mev for this 
reaction, 

Radioactive Decay Energies 

Several radioactive nuclei in the rare earth region 
have sufficiently long half-lives so their natural abun- 
dance is large enough to permit a mass spectroscopic 
determination of their masses. The mass data then can 
be employed to study the decay schemes of these nuclei. 

Natural alpha activity has been observed for sa- 
marium”’ and neodymium,”*”* with the activity assigned 
to Sm'? and Nd", respectively. The mass differences, 
derived from the present mass measurements, predict 
alpha energies which agree with those observed directly. 
Although the mass data show that most of the naturally 
occurring neodymium and samarium isotopes have 
sufficient energy to be alpha active, the largest possible 
decay energy in each of these elements occurs in the 
isotope to which the activity is assigned. It is possible 
to infer from the mass data that an alpha decay from 
Ce to Ba™*® might be experimentally observable. 
The total available energy for this decay is 1.68+0.10 
Mev. 

The masses of the triple isobar at mass 138 were 
determined, The available energy calculated from the 
mass data for the decay of La™* to Ba™ is 1.73+0.20 
Mev and for the decay of La™* to Ce™® is 0.74+0.3 Mev. 


™ Langer, Duffield, and Stanley, Phys. Rev. 89, 907(A) (1953). 

* H. Kubitschek and S, M. Dancoff, Phys. Rev. 76, 531 (1949). 

*© Adyasevich, Grosher, and Demidov, Conf. Acad. USSR on 
Peaceful Use of Atomic Energy, Phys. Math. Sc., p. 270, July 
(1955). 

7 W. P. Jesse and J. Sadauskis, Phys. Rev. 78, 1 (1950). 

** Waldron, Schultz, and Kohman, Phys. Rev. 93, 254 (1954). 

*” W. Porschen and W. Riezler, Z. Naturforsch. 9A, 701 (1954). 
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Truchinetz and Pringle® found a 0.81-Mev and a 
1.43-Mev gamma ray following the decay of La™®, 
They show that the 1.43-Mev gamma ray is in coinci- 
dence with a barium x-ray while the 0.81-Mev gamma 
ray is not. The 1.43-Mev gamma ray is therefore 
assigned to the K capture to Ba"™* and the 0.81 Mev is 
assigned to a de-excitation of the Ce* nucleus following 
8 decay. From a measurement of the L/K capture ratio 
they conclude that the total available decay energy of 
La™* to Ba"™® is 1.594-0.04 Mev. Beta systematics were 
employed to predict the 6-decay energy to the 0.81-Mev 
level to be 5 to 10 kev. Glover and Watt* report a 6 
decay with an end point at 0.205 Mev, presumably 
followed by the 0.81 Mev de-excitation gamma ray in 
Ce™*, Thus, the total energy available for the decay 
to Ce™*® is at least 0.81 Mev and probably 1.01 Mev. 
Either of these values is in agreement with the meas 
urements of Mulholland and Kohman* who find a 
maximum #-decay energy of 1.00.2 Mev. 

The mass results agree in general with the decay 
scheme proposed for La'*, However, the agreement of 
the available energy for the decay to Ba™* from the 
mass results (1.73+0.20 Mev) with the available energy 
derived from a chain of reactions (1.71+0.19 Mev) 
suggests that the available decay energy for the La™* 
to Ba™* decay that was estimated by Truchinetz and 
Pringle might be somewhat low. 

Doubt whether Nd! is stable toward single 8 decay 
has existed for some time. Kohman® has shown by 
means of a semiempirical mass formula that Nd! is 
beyond the limit of beta stability. The measurement of 
the Nd'—Sm! mass difference by Hogg and Duck- 
worth" together with the Pm!— Sm!” mass difference 
5.30+0.15 Mev determined by Fischer can be em- 
ployed to show that the Nd!”—Pm! mass difference 
is —0.7+1.0 Mev. Hogg** has employed #-energy 
systematics to conclude that the Nd'®—Sm!® mass 
difference measured by Hogg and Duckworth may be 
too large by about 0.6 Mev. If account is taken of this, 
the Nd'®—Pm!™ mass difference becomes —1.3+1.0 
Mev and Nd! would be stable toward single 8 decay. 
The conclusion by Hogg can be experimentally verified 
with the present doublet data, Our Nd'—Sm!' mass 
difference of 3.654-0.10 Mev is somewhat lower than 
the mass difference assumed by Hogg, 4.0+0.8 Mev. 
When our mass difference is combined with the 
Pm!”—Sm!'™ value of Fischer, a Nd'®— Pm! mass 
difference of —1.65+-0.18 Mev is found. Thus Nd!” 
is stable toward single 8 decay. 
aan Turchinetz and R. W. Pringle, Phys. Rev. 103, 1000 
“ RN. Glover and D, E. Watt, Phil. Mag. (to be published). 
See note added in proof in reference 30. 

*G. I. Mulholland and T. P. Kohman, Phys. Rev. 87, 681 
(1952). 

® T. P. Kohman, Phys. Rev. 73, 16 (1948). 


“V_K. Fischer, Phys. Rev. 96, 1549 (1954). 
%* B. G. Hogg, Phys. Rev. 99, 175 (1955). 
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Energy Levels of Ca‘**t 


C. M. BraaAms* 
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The Ca*(d,p)Ca® and Ca“(p,p’)Ca® reactions were investigated with the MIT-ONR electrostatic 


generator and a magnetic broad-range spectrograph. Bombarding energies from 5.0 to 7.4 Mev were used 


targets were made of magnetically separated isotopes. The Q-value of the Ca"(d,p)Ca® ground-state 
transition is 5.711+0.010 Mev. Thirty excited states of Ca“ in the region below 3.43 Mev are well 


established. 


I. INTRODUCTION 
N two previous papers,':? which will be referred to 
as I and II, we have described experiments on the 
Ca (p,p’)Ca® and Ca®(d,p)Ca" reactions. The present 
paper deals with (d,p) and (p,p’) reactions on targets 
enriched in Ca* and Ca®, respectively. 

The B~ decay of K® and the Bt decay of Sc® are 
complex and yield information about the low-lying 
levels of Ca“. The results have been compiled by the 
Nuclear Data Project.’ The most detailed measurements 
on the decay of K* and Sc* are those by Lindqvist and 
Mitchell,*® but work by Nussbaum et al.° and by van 
Lieshout and Hayward’ disagrees with that by Lindqvist 
and Mitchell on several points. A level at 0.374 Mev is 
evident in the decay of Sc*; and, from conflicting re- 
ports, Way et al.’ have accepted a 1.05-Mev level, 
excited by electron capture in Sc*, 
prominent gamma rays accompanying the decay of K® 
have energies of 0.369 and 0.627 Mev, as measured by 
Lindqvist and Mitchell. From 8--decay energies and 
relative intensities of gamma rays, these authors con- 
clude that there is a cascade from 0.996 Mev via 0.627 


The two most 


t This work has been supported in part by the joint program of 
the Office of Naval Research and the U. S$. Atomic Energy 
Commission, 

* Present address 
lands 

1C, M. Braams, Phys. Rev. 101, 1764 (1956). 

2. M. Braams, Phys. Rev. 103, 1310 (1956). 

3 Nuclear Level Schemes, compiled by Way, King, McGinnis, 
and van Lieshout, Atomic Energy Commission Report TID 5300 
(U. S, Government Printing Office, Washington, D. C., 1955). 

‘T. Lindqvist and A. C. G. Mitchell, Phys. Rev. 95, 444 
(1954). 

5T, Lindqvist and A. C 
(1954). 

* Nussbaum, van Lieshout, and Wapstra, Phys. Rev. 92, 207 
(1953) and R. H, Nussbaum, Ph.D. thesis, Amsterdam, 1954 
(unpublished). 

7 R. van Lieshout and R. W. Hayward, quoted by K. Way et al., 
reference 3. 
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G. Mitchell, Phys. Rev. 95, 1535 


Mev to the ground state. They also find levels at 1.389 
and 1.608 Mev. 


II. EXPERIMENTAL RESULTS 


Our experimental techniques were similar to those 
described in other publications from this Laboratory 
(see I and II and references given there). The present 
work was done chiefly with the new broad-range spe 
trograph. Magnetically separated isotopes were used in 
the targets; the isotopes were supplied as CaCO y by 
the Oak Ridge National Laboratories. The material was 
At 825°C, the carbonate 
decomposed into CaO and CO,; and at about 2700°C, 
the oxide evaporated onto ba kings of thick platinum 
or thin Formvar reinforced with gold leaf. The abun 
dances of the isotopes in the enriched samples are listed 
in Table I. 

Surveys of 


heated in a tantalum boat 


the spectrum of from the 
Ca"*(d,p)Ca® reaction were taken with the 180-degree 


spectrograph with bombarding energies of 2.9 and 5.0 


protons 


Mev. Because of the presence of Ca® in the concen 
trated Ca", the proton groups from the excited states 
of Ca" interfered with the Ca“ spectrum in the region 
of excitation of Ca“ above 1.5 Mev (see Fig. 1 of ID) 
The groups from the ground state and four excited 
states of Ca“, however, fell between the groups from 
the ground state and the first excited state of Ca*!, so 
that the 
energies of these four levels could be measured. 


the ground-state Q-value and excitation 


TABLE I. Abundances of calcium isotopes in 
natural and enriched samples 


Sample Ca Cat? Ca® Cas Cat Ca 
Natural 


Ca® 
Ca" 


96.96 
35.44 
23.38 


0.64 
6417 
1.64 


0.145 
0.06 
67.95 


2.06 
0.32 
7.03 


0,003 
0,001 
<0.01 


0.185 
0.01 
<0.01 


*C. M. Braams, Phys. Rev. 95, 650(A) (1954). 
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Fic. 1, Protons from the Ca®(d,p)Ca® reaction observed with the broad-range spectrograph. 


When the broad-range spectrograph became avail- 
able, it was used to study the same reaction with 
bombarding energies of 5.0, 6.5, and 7.0 Mev. The 
protons were observed at 90 degrees to the incident 
beam. A part of the spectrum from the 5.0-Mev 
exposure is shown in Fig. 1. Although these spectra 
gave good evidence for fifteen levels between 1.5 and 
3.5 Mev, it appeared that, notwithstanding the high 
resolution of the new spectrograph, we could not 
obtain a clear picture of the level structure of Ca® from 
this reaction. Some groups were very weak or unde- 
tectable in one or two of the spectra; others were broad, 
and parts of the spectra were obscured by groups 
from Ca", 

We have therefore investigated also the reaction 
Ca“(p,p’)Ca®* which has the following advantages 
over the Ca"*(d,p)Ca® reaction: 

1. The presence of Ca® on the targets gives no 
difficulties in the region below the first excited state of 
that nuclide, which lies at 3.35 Mev. 

2. With the available bombarding energies, the pro- 
tons from inelastic scattering are less energetic than 
those from the (d,p) reaction, which has a ground-state 
Q-value of 5.71 Mev. Consequently, the resolution is 
better in the first case. 

3. Another consequence of the lower energies of the 
protons from inelastic scattering is that the region of 
excitation covered by this reaction is smaller than that 
covered by the (d,p) reaction. The same applies to the 
competing (p,m) and (d,n) reactions. Inasmuch as the 
states are formed via a compound nucleus, the in- 


tensities are therefore higher in (p,p’) reactions. How- 
ever, very strong groups appear in the (d,p) reaction, 
presumably when a stripping reaction with direct 
capture of the neutron in a single-particle state occurs. 
The large differences in intensities observed in (d,p) 
reactions are not favorable to the resolution, and, in 
addition, intense groups from (d,p) reactions from 
target contaminants are also troublesome. 

At the time when these experiments were done, a dis- 
advantage of the (p,p’) reaction was the presence of a 
high background of multiply scattered protons. This 
background has since been reduced by the installation 
of a better collimating system in the beam analyzer, 
after which two of our exposures were repeated by 
C. K. Bockelman. The results of these exposures are 
shown in Fig. 2. 

The excitation energies, as calculated from measure- 
ments on the Ca**(d,p)Ca® reaction with the 180-degree 
spectrograph and with the broad-range spectrograph 
and from measurements on the Ca“(p,p’)Ca** reac- 
tion with the broad-range spectrograph, are listed in 
Table II. The Q-value of the (d,p) reaction to the 
ground state of Ca® was found to be 5.711+0.010 Mev 
from measurements with the broad-range spectrograph. 


III. DISCUSSION 


The work by Lindqvist and Mitchell‘: on the decay 
of K® and Sc® is summarized in Fig. 3, in which also 
our measurements of the energies of the first five levels 
of Ca“ are shown. Except for the 0.24-Mev 8 group 
from K®* and the 0.39-Mev 8+ group from Sc, the 
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ndqvist and Mitenel) 


Fic. 3. Information about the low-lying energy levels of Ca“ 
obtained from 6 decay and charged-particle reactions 


measured # energies are in good agreement with our 
results. The manner in which the gamma rays from the 
decay of K® fit into the level scheme, however, must be 
reconsidered in view of our more accurate determina- 
tions of the excitation energies. The 0.627- and 0.369 
Mev gamma rays must form a cascade between our 
levels at 0.991 and 0.373 Mev and the ground state. 
While the relative intensities given by Lindqvist and 
Mitchel! support their assumption that the intermediate 


daesiteahiai 


Ca’ +p-p’ 


Ca” 


4. Energy levels of Ca®. 
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level lies at 0.627 Mev, other investigations’ show that 
the intensities of these two gamma rays are nearly 
equal. The 0.219-Mev transition fits very well between 
our levels at 0.593 and 0.373 Mev, but the 0.393- and 
1.00-Mev transitions can be interpreted in two ways: 
the former fits fairly well between the levels at 1.394 
and 0.991 Mev or between the levels at 0.991 and 0.593 
Mev, while the latter fits between the 0.993-Mev level 
and the ground state or between the 1.394- and the 
0.373-Mev levels. One has to consider the possible spin 
assignments in order to decide which interpretation is 
the most plausible one. 

Shell-model predictions, the ft values of the transi- 
tions from K* and Sc* to the ground state and the 
first two levels of Ca“, and angular distributions of 
proton groups from the Ca**(d,p)Ca® reaction,’ all sup- 
port the assignment of 3/2+ to K®, 7/2~- to Sc*, 
7/2> to Ca (0), 5/2> to Ca® (0.373), and 3/27 to 
Ca® (0.593). The allowed B~ transitions to Ca® (0.991) 
and Ca“ (1.394) indicate that these levels are 1/2t, 
3/2+, or 5/2+. Hence, the 1.394-Mev level can always 


Tase IL. Energy levels of Ca“. Where a figure is enclosed 
by parentheses, evidence for the existence of the level was 
not sufficient for positive identification, 


Ca**(d,p) 
180 
spectrograph 


0.377 
0.598 
0.995 
1.407 


Level 


Ca**(d,p) 
broad-range 
spectrograph 


0.374 
0.593 
0.991 
1.391 
(1.679)* 
1.904 
1.937 
1.959 
1.985 
2.050” 


2.103 


2.228 
2.248 


(2.424)* 
2.614 
2.678 > 

} 


(2.846)* 
2.881 
2.948» 

(3.044) 


3.101" 
3.293 


3.425 


Ca*(p,p’ 
broad-range 
spectrograph 


0.371 
0.591 
0,990 
1.394 
1.677 
1.903 
1.931 
1.956 


2.046 
2.067 
2.093 
(2.105) 
2.223 
2.248¢ 
(2.271)° 
2.407 
(2.004) 
2.671 
2.094 
2.751 
2.842 
(2.878) 
2.946 
3.026 
3.047 
3.073 
3.093 
3.193 
3.278 
3.292¢ 
(3.368)4 
(3.397)4 
3.418 


* Absent or weak at certain bombarding energies. 
» Not resolved from known level of Ca", 
* Not resolved from known level of Ca“. 
4 Not resolved from known level of Ca, 


Adopted value 


0.373 +0.003 
0.593 +0.003 
0.991 +0.003 
1.394 +0.004 
1.678 +0.004 
1.904 +0.004 
1.932 +0.004 
1.957 +0.004 
1.985 +0.005 
2.048 +0.005 
2.009 +0.005 
2.095 +0.005 
(2.107) +0,005 
2.225 +0.005 
2.250 +0.005 
(2.273) +-0.005 
2.409 +0.005 
2.607 +0.005 
2.673 +0.005 
2.696 +0.005 
2.753 +0.005 
2.844 +0.005 
2.880 +0.005 
2.947 +0.005 
3.027 +0.006 
3.047 +0.006 
3.074 +0.006 
3.094 +0.006 
3.194 +0.006 
3.279 +0.006 
3.293 40,006 
(3.369) +0.006 
(3.398) +0.006 
3.419 +0.006 


* Bockelman, Braams, Buechner, end Guthe, Phys. Rev. 99, 


655(A) (1955). 
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decay by an F1 transition to one of the lower levels in 
competition with an M1 or £2 transition to the 0.991- 
Mev level. It is very likely therefore that the 1.394-Mev 
level is de-excited by the 1.00-Mev gamma ray and the 
0.991-Mev level by the 0.393-Mev gamma ray. One 
must then assume a direct transition from the 0.593- 
Mev level to the ground state in order to account for 
the low intensity of the 0.219-Mev transition; it is 
possible that the 0.593-Mev gamma ray was not re- 
solved from the much stronger one of 0.627 Mev. 

We cannot fit the gamma rays of 0.25 and 0.84 Mev 
into our level scheme, but the evidence for their 
existence does not seem to be conclusive. It should be 
noted that the 0.25-Mev gamma ray can certainly not 
come from the same level as the 0.627-Mev gamma ray, 
as proposed by Lindqvist and Mitchell, because then 
these authors should also have observed it in the decay 
of K*. 

We conclude that the measurements by Lindqvist 
and Mitchell, except for those of two weak 6 groups 
and two weak gamma rays, are in fair agreement with 
our results but that their interpretations of the five 
gamma rays found in the decay of K® are probably 
in error. 

Our spectra show no evidence for a level at 1.05 Mev.’ 
We have been informed” that recent experiments by 
Hayward have also failed to confirm the existence of 
this level. 

It is interesting to compare the relative intensities 
of the proton groups from the (d,p) and (p,p’) reactions. 
These depend upon the bombarding energies, which 
were such that the excitation energy of the compound 


” R. van Lieshout (private communication). 
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nucleus was always much higher in the (d,p) reaction 
than in the (p,p’) reaction. There is no point therefore 
in making detailed comparisons, but we wish to mention 
two striking facts. The strongest group in all our 
Ca (d,p) spectra is that from the 2.050-Mev level; in 
the Ca“(p,p’) reaction, this group is of about average 
intensity. On the other hand, the 1.678-Mev level gives 
the highest peak in the (p,p’) spectra, except for the 
elastic group; whereas, the same level gives only a very 
weak group in the (d,p) reaction at the bombarding 
energies that we have used and at 90 degrees to the 
incident beam. The explanation could be that the 
2.050-Mev level is a single-particle state which is easily 
excited by a deuteron stripping reaction, while the 
1.678-Mev level has a high spin, so that it is more 
easily formed with Ca®, which has spin 7/2, as a target 
nucleus than with Ca, which has spin 0. One could 
think of the levels with spin 9/2, 11/2, and 15/2, which 
belong to the (f7/2)* multiplet. 

Two gamma rays which follow the capture of thermal 
neutrons in natural calcium and which are absent in 
the (n,y) spectrum of concentrated Ca” are tentatively 
ascribed!! to the Ca‘*(n,y)Ca® reaction. The resulting 
level scheme is shown in Fig. 4. 

The author wishes to thank the Elsevier Study Fund 
for a grant which made possible his stay at the Massa- 
chusetts Institute of Technology Professor W. W. 
Buechner and the staff of the Laboratory for help and 
advice, Dr. C. K. Bockelman for making several expo- 
sures, and W. A. Tripp, Sylvia G. Darrow, Estelle 
Freedman, and Janet L. Frothingham for scanning the 
photographic plates. 
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The experimental results on the inelastic scattering of 31-Mev protons by medium and heavy nuclei cannot 
be explained by compound nucleus processes. It is shown here that neither can they be explained by knock-on 
scattering taking place throughout the nuclear volume, since most of the protons that enter the nucleus are 
trapped into a compound nucleus by total internal reflection at the nuclear boundary, Good agreement 
with experiment is obtained on the assumption that the scattering is very largely due to target nucleons that 
can be treated as momentarily free in the extreme diffuse rim of the nucleus 


1. INTRODUCTION 


; VIDENCE, both experimental'* and theoretical,’ 
has been accumulating in recent years that the 


* This work was supported in part by the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t On leave of absence from Department of Physics, King’s 
College, London, England. 

t Holder of joint scholarship of C.A.P.E.S. and C.N. 
Government of Brazil. 

1 Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 101, 
507 (1956). 
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mean free path of nucleons in nuclear matter is least in 
the 20-60 Mev region. (The evidence is usually ex- 
pressed in terms of the imaginary part of the optical 
potential which is inversely proportional to the mean 
free path.) It might therefore be thought that compound 
92, 891 


2T. B. Taylor, Phys. Rev thesis, Cornell 


University, 1954 (unpublished) 

+A. M. Lane and C. F,. Wandel, Phys. Rev, 98, 1524 (1955); 
Morrison, Muirhead, and Murdoch, Phil. Mag. VII, 46, 795 
(1955); K. A. Brueckner, Phys. Rev. 103, 172 (1956). 


(1953); 
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nucleus formation is a particularly probable event in 
this energy region and that therefore the inelastic 
scattering of nucleons by nuclei in this region would be 
well described by the statistical theory of compound 
nucleus decay.4 This theory makes the following 
predictions: 


(a) The differential scattering cross section at a given 
energy is symmetrical about 90°. 

(b) The energy distribution of the scattering cross 
section at a given angle is Maxwellian. 

(c) The absolute cross section for inelastic proton 
scattering is very small, particularly for heavy elements, 
since the presence of the Coulomb barrier favors the 
emission of neutrons from the compound nucleus. 


When these predictions were tested by scattering 
31-Mev protons inelastically from medium and heavy 
elements, results in complete contradiction to the 
above were found, i.e., (a) the differential cross sections 
were strongly peaked forward; (b) the energy distribu- 
tion is nearly flat, and (c) the absolute cross section is 
about 250 mb, which is at least ten times as large as it 
should be according to the statistical theory. 

These properties are strongly reminiscent of two-body 
scattering and, while this does not of course mean that 
compound nucleus formation does not take place at all, 
it must mean that there are other processes which are of 
much greater importance. 

The above are the conclusions drawn by Eisberg and 
Igo from their experiments. They thereupon produced 
a qualitative theory, according to which inelastic proton 
scattering was due to two-body processes in the diffuse 
rim of the nucleus, while interactions between the 
incident proton and the target core would involve the 
whole nucleus, and hence lead to compound nucleus 
formation and subsequent neutron emission. 

A different explanation has been put forward by 
Hayakawa ef al.* According to them the scattering is 
due to knock-on processes taking place throughout the 
whole nuclear volume. They take a semiclassical ap- 
proximation, and trace the path of the incident proton 
into the nucleus, there being a coefficient of transmission 
and one of refraction at the nuclear boundary; the 
proton then scatters once inside the nucleus before re- 
emerging with a second refraction at the nuclear 
boundary. In their application to the results of Eisberg 
and Igo they make several simplifying assumptions, 
which enable them to do at least part of the work 
analytically, and the result is in very fair agreement 
with experiment. 

The present work is an attempt to decide between 
the two rival theories. To do this it was necessary to 
perform a calculation similar to that of Hayakawa et al., 
but omitting the above-mentioned simplifying assump- 


‘V. F. Weisskopf, Phys. Rev. 52, 295 (1937). 

*R. M. Eisberg and G. Igo, Phys. Rev. 93, 1039 (1954). 

* Hayakawa, Kawai, and Kikuchi, Progr. Theoret. Phys. Japan 
13, 415 (1955). 
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tions. This is done in Sec. 2 and the result is in complete 
disagreement with the experimental results. In Sec. 3 
we turn to the scattering by the diffuse rim and find 
that we must make a distinction here between the 
transition region in which the nuclear density drops 
from its maximum value to almost zero, and the part of 
the nuclear density which leaks out into the classically 
forbidden region. Our conclusion will be that it is only 
this latter which contributes significantly to the process 
under consideration. 


2. KNOCK-ON SCATTERING 
A. Method 


As we are concerned here with an effect due to the 
whole nuclear volume, we shall assume the nucleus to 
have a constant density and sharp boundary. We 
further assume that the interaction between the in- 
cident proton and the target is given by an averaged 
constant potential V=—Vo, together with an inter- 
action with individual nucleons of the target. The 
former leads to elastic and the latter to inelastic scatter- 
ing, and we shall assume for this latter the usual impulse 
approximation, i.e., that the two nucleons can be 
considered independent of the rest of the nucleus, while 
they are interacting. In this way we can use the experi- 
mental two-body scattering data. It turns out that the 
choice of numerical values for the constants is not 
critical. We have taken the nuclear potential radius to 
be given by R=1.35XA! in agreement with Saxon’s 
results! (lengths will be measured in units of 10~ cm), 
and the potential Vo=40 Mev. We use this value for 
both protons and neutrons, i.e., we ignore the Coulomb 
effect for protons. This is not as bad as it seems, because 
recent experiments,':’ have shown that the purely 
nuclear part of the potential is a good deal deeper for 
protons than for neutrons, so that after the addition of 
the Coulomb potential to the proton well, the two are 
not too different from each other. The value chosen is 
also a compromise between the correct value for the 
target nucleons and that for the incident proton. Be- 
cause of the velocity dependence of the potential,' these 
are not the same. It will be noticed that this potential 
is somewhat deeper than would be obtained from the 
degenerate gas model for the given radius, but there 
seems no good reason why this model should give the 
correct answer. We take the binding energy of the least 
bound nucleon to be 8 Mev. 

Because of the short wavelengths of the protons at 
this energy (A=1.2 outside the nucleus and A=0.8 
inside) we felt justified in using a semiclassical ap- 
proach. By this we mean that we let the proton follow 
a Coulomb trajectory outside the nucleus, but calculate 
the refraction and transmission coefficients at the 
nuclear boundary quantum mechanically. Inside the 
nucleus the proton follows a straight path until it is 
scattered. After the scattering it emerges from the 


7 Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 
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Fic. 1. The trajectory of a proton through the nucleus, @ is the 
total scattering angle. (The diagram is drawn for the special case, 
in which the initial and final trajectories are coplanar.) 


nucleus in the same way as it entered. (See Fig. 1.) 
The three scatterings need not of course take place in 
the same plane. The approach is basically the same as 
in reference 6, but there are important differences of 
detail. 

Because of the complexity of the problem we have 
made no attempt at an analytic formulation, but have 
instead traced trajectories through the nucleus. This 
has been done systematically (see Fig. 2), not by a 
Monte Carlo method—i.e., we split the incident beam 
into contributions of equal flux, j=1-5; scattering 
inside the nucleus was assumed to take place at equally 
probable scattering centers, k=1-5 (because of the 
short mean free path the number of protons traversing 
the whole nucleus unscattered is negligible); the 
scattered beam was analyzed into scattering angles in 
steps of 30°, /=1-6, as well as azimuthally in steps of 
90°, m=1-4; and lastly the energy of the scattered 
beam was analyzed into equally likely intervals, r= 1-6. 
Thus a total of 3600 rays had to be traced through the 
nucleus. Fortunately it turned out that only a small 
fraction of these contributed to knock-on scattering, 
since most of the rays led to compound nucleus forma 
tion. The final results, which are shown in Fig. 6, are 
actually based on 347 rays. These results are given for 
the scattering by Sn, for which all the calculations in 
this section were made. 


B. Detailed Calculation 


For the meaning of the angles referred to see Fig. 1. 
The relationship between @ and 8, given by the classical 
path equation, is 


Za(1—cos8)=2ER sin@(sinB—sin@), (2.1) 


where Z is the atomic number, a the fine structure 
constant, and E the kinetic energy of the incident 
proton. The refraction is governed by Snell’s law, 
which here follows simply from angular momentum 
conservation, 


k,, sind= ko sinas, (2.2) 


where k,, and ko are the wave numbers at infinity and 
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Fic. 2. The scanning scheme for knock-on scattering. 


inside the nucleus, respec tively.* At this point we did 
not use the averaged value of the potential V)=40 Mev, 
but instead used the exact experimental value! at the 
incident energy of 31 Mev, since the angle of refraction 
is rather sensitive to variations in Vo. 

To calculate the transmission coefficient, we assume 
the surface to be plane at the point of impact. It is 
clear that the approximation of a plane surface becomes 
worse as the angle of incidence a, increases, for, since 
the proton spends more time than it should in the strong 
part of the Coulomb field, the transmission coefficient 
will be smaller than it should be. We show below that it 
is possible to compensate partially for this. 

For a plane surface making angle # with the incident 
beam, it would appear that the effective momentum at 
infinity is kua@=k, cos8. However, when we then con- 
sider conservation of linear momentum parallel to the 
surface, we are led to the formula 

k,, sinB= ko sinay. (2.3) 

This is in contradiction with the correct law (2.2), for 
which it is necessary to take 

Rett k,, cosé. (2.4) 


This replacement of 8 by @ is equivalent to curving the 
surface away from the path and so make it more nearly 


spherical. The transmission coefficient T is then ob 
tained in standard fashion® with the help of Coulomb 
wave function tables,!® and the results are shown in Fig. 
3. The largest value of @ for which a classical trajectory 


enters the nucleus is 6=55°. It is clear then that the 
inclusion of a quantum mechanical leakage of the inci 
dent beam into the nucleus would not change the results 
significantly, since for angles larger than 55° the 
transmission coefficient is so small, It is also clear that 
at the energy considered the smoothing out of the 
nuclear boundary would not significantly increase the 
transmission coefficient, since it is already of the order 
0.8-0.9 for most 8. 

The method for calculating the differential cross 


section d*a/dudE, for the scattering of the incident 

‘This result is given in reference 6, but under much more 
restrictive conditions 

9 J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p, 358 

1. Bloch et al., Revs. Modern Phys. 23, 147 (1951); C.-E 
Fréberg, Revs. Modern Phys. 27, 399 (1955). 
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Fic. 3. Coulomb barrier transmission coefficient 
T as a function of angle 0. 


proton by a target nucleon into solid angle dw and final 
kinetic energy E, (in the laboratory system) was first 
developed by Goldberger," using the impulse approxi- 
mation and assuming that the two-body scattering 
cross-section inside nuclear matter is the same as for 
free particles of the saine relative momentum. At the 
energies concerned this is isotropic for p-p scattering 
and not far from isotropic for n-p scattering. The total 
two-body cross section is very nearly inversely pro- 
portional to the energy of the particles and the best fit 
to the data" is given by 


o"®=8/E, barns, o??=3/E, barns, (2.5) 
where FE, is the energy in the lab system in Mev. For the 
total cross section inside nuclear matter we can take 
either the value of Z;, corresponding to the lab energy of 
the incident particle" or else take into account also the 
energy of the target particle. The latter method is of 
course more correct, but it leads to considerably more 
complicated formulas. It is important to use it in 
estimating mean free paths, but at the energy with 
which we are dealing it gives almost identical results as 
the simpler method for the differential cross sections.® 
The result" is best expressed in terms of P;, P;, and Pp, 
the momenta of the incident and one of the final 
particles, and of the most energetic target particle, 
respectively : 


da 36 Py 


dudE,; 2nPyP? 


O-—2S, O—Pr<s, 
(2.6) 
(Py’-, *) /20, V- Pp2S, 
where 
O=|P,—P,|, S=('—P2+P/)/20, 
4M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 
1 Beretta, Villi, and Ferrari, Suppl. Nuovo cimento 12, 499 
(1954), 
4 This result is given incorrectly in both references 11 and 6. 
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and [see (2.5) ] 
&= (8N+3Z)/A. 


This is plotted for our case in Fig. 4. When (2.6) is 
integrated (the integration is troublesome, but not 
difficult) over all scattering angles, we obtain the 
energy distribution of the scattered particles, 


2Pr<P?, 


da 2 he 


dk, P?-\1-(1-(P2—P/)/P/}, 2P > P?. 


From this formula we obtain the division into energy 
intervals of equal probability, r=1-6. The average 
energy loss E;—E, is given by 


Ei da 
i) dE, . ha, 
Er dE; 


where Ey is the kinetic energy corresponding to 
momentum Py. It should be noted that the above 
formulation takes account of the exclusion principle, 
according to which the initial momentum of the target 
nucleon is less than Py and the final momenta of the 
two particles are both greater than Py. 

The question next arises whether a particle could 
scatter twice before emerging from the nucleus, or 
whether after two scatterings the particle has lost so 
much energy that it will be bound in the compound 
nucleus. This problem is not so simple as it seems, be- 
cause as long as the particle has sufficient kinetic 
energy, i.e., more than 40 Mev, to leave the nucleus at 
all, then the less kinetic energy it has, the longer is its 
mean free path and so the greater its chance of leaving 
the nucleus. This argument is correct for neutrons and 


}— 


(2.8) 














Ey (Mev ) 


Fic, 4. Differential scattering cross section for single scattering 
of 31-Mev photons in Sn. The sharp corners in the curve are a 
result of the exclusion principle. The energy is measured from the 
bottom of the well. 
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more detailed calculations, using (2.8), show that about 
half the neutrons which are knocked-on in the first 
collision and then suffer a further collision, leave the 
nucleus after that. Because of the Coulomb barrier this 
is not true for protons at this energy, and in fact we can 
assume that the number of protons leaving the nucleus 
after two collisions is negligible. 

We therefore take it that protons emerging from the 
first collision proceed along a straight path to the 
nuclear boundary, being attenuated on the way accord- 
ing to the usual exponential law associated with the 
correct mean free path. The transmission and refraction 
coefficients at the nuclear boundary are calculated as 
before, but it is clear that the lower the energy of the 
emerging protons, the less valid becomes the approxima- 
tion of a sharp nuclear boundary. For a more realistic 
model the transmission coefficients, as given in Fig. 5, 
would all be somewhat larger. However, and this is the 
crucial result of this calculation, the angle at which the 
transmission coefficient drops abruptly is practically 
independent of the sharpness of the nuclear boundary. 
This is the angle at which classically total internal 
reflection occurs, i.e., it is a function simply of the 
component of linear momentum of the particle per- 
pendicular to the boundary, and so is not a function of 
the sharpness of the boundary. Now for about 90% of 
the rays traced through the nucleus, the angle a; turns 
out to be larger than this critical angle. It is for this 
reason that the knock-on cross section comes out so 
small. 
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Fic. 5. Transmission coefficients for particles leaving the nucleus 
for energies r= 1-6, corresponding to kinetic energies 62, 55, 50, 
46,42, <40 Mev inside nuclear matter. 
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Fic. 6. Differential cross section for knock-on scattering 
of 31-Mev protons by Sn 


We can now see why the previous calculation® ob 
tained so much larger a cross section. Apart from some 
other approximations, which are more defensible or at 
least have less effect on the final result, it was assumed 
there that particles after the scattering take on the 
whole the shortest possible path out of the nucleus, 
This means of course that ay~0 for all rays, so that the 
reduction in the cross section due to total internal 
reflection never arises. 

The total scattering angle © is easily obtained for 
cases m=1 or 3, when the two refracting angles and the 
scattering angles are in the same plane. For m= 2 or 4, 
the geometry is more complicated, but nearly all the 
work can be done graphically. Lastly it must be re- 
membered that for cases where protons knock on 
protons the cross section must be counted twice, The 
final results are given in Fig. 6, where the error brackets 
indicate the uncertainties due to the small number of 
rays used, The total cross section is about 15 mb and so 
more than ten times smaller than the experimental one. 
Knock-on processes are therefore no more important 
than compound nucleus processes for inelastic proton 
scattering at this energy. 

The situation would be very different if we were 
discussing (p,n) reactions. Then the total internal 
reflection effect would be very much less important, 
double and maybe even triple scattering would have to 
be included in the knock-on cross section, and the 


compound nucleus cross section would of course be at 
least an order of magnitude larger. It is clear that a 
discussion of the (p,m) reaction along the lines of this 
paper would be a formidable undertaking. 


3. DIFFUSE RIM SCATTERING 


As the knock-on process does not lead to a large cross 
section, it is natural next to investigate the scattering 
by the diffuse rim of the nucleus. For this purpose we 
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Fic. 7, The Saxon potential! and the Hofstadter 
charge distribution" for Sn. 


compare the nuclear potential’ and the nuclear mass 
distribution which we take to be proportional to the 
nuclear charge distribution." Although this may not be 
absolutely correct, it is certainly a good approximation.'® 
We then see (Fig. 7) that even the surface region in 
which the density drops from its maximum value to 
almost zero is still well within the nuclear force field, 
and so the remarks we made about total internal 
reflection apply to this region too. To obtain scattering 
effects of any size we must therefore consider as targets 
those nucleons which have leaked out into the classically 
forbidden region and so are temporarily almost un- 
bound. In this region the Coulomb barrier is highest, 
and so the kinetic energy of the incident protons least. 
This of course leads to increased cross sections. That 
this region extends outwards to a fairly considerable 
distance (~1.7 A?) has been shown by inelastic cross 
section measurements at high energies.'® 

The momentum distribution of particles in the diffuse 
rim can be obtained by a Fourier analysis of the tail of 
the wave function. In this region the wave function is of 
course given by ~(r) = Ae~*’/r, where A is a normaliza- 
tion constant, and a= (2M B)'/h, where B is the binding 
energy of the least bound nucleons. This we take to be 
8 Mev. Now as far as the inelastically scattered protons 
are concerned, the scattering is due entirely to the tail 
of the wave function, and we therefore Fourier-analyze 
the function 


¥(r) =0, ¥(r)=Ae“/r, 


where Ro=1.4X A!. This is in accord with the impulse 
approximation, and the validity of this approach has 
been discussed by Austern ef al.'’ The result is 


r<Ro; r>Ro, (3.1) 


¥(k) = 


kat-+k 


“Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956). 
4 R. W. Williams, er: Rev. 98, 1387 and 1393 (1955); S. D. 


40 A 
(a sinkRo—k coskRo)e~*"*. (3.2) 
*) 


Drell, Phys. Rev. 100, 9 
(1956). 

Millburn, Birnbaum, Crandall, and Schecter, Phys. Rev. 95, 
1268 (1954). 

T Austern, Butler, and McManus, Phys. Rev. 92, 350 (1953). 


(1955); L. Wilets, Phys. Rev. 101, 1805 
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The scattering cross section is now obtained by a 
method very similar to that of Goldberger." There are 
two differences: (a) the momentum distribution of the 
target particles is not uniform up to a maximum, as is 
the case in a Fermi gas, but is given by p(k) = |y(k)|?, 
and (b) the Pauli principle is not operative in the 
diffuse rim. Instead we have the requirement that the 
final state of the target nucleus has more energy than 
the initial one, which is the ground state. 

Because of the algebraic complexity of ¥(k), we have 
replaced k*p(k), which is the expression that occurs in 
the integral for the scattering cross section, by a 
Gaussian function k* exp(—k?/K*). For K?= 4a’, this 
fits the exact expression well up to k2a. For larger 
values of k the Gaussian rapidly falls below the exact 
expression, but this is probably realistic physically, 
since the higher momenta are due to the sharp cutoff of 
the wave function at r= Ro. 

The normalization constant A is obtained from the 
experiments on electron scattering.’ These show that 
for a medium-sized nucleus about three nucleons are 
outside a radius Ro=1.4XA!. However, not all three 
will be effective for our purpose. Clearly nucleons at the 
back of the nucleus will not contribute to the scattering, 
and scattering from the front of the nucleus is likely to 
lead to compound nucleus formation. We shall therefore 
consider the number N of effective nucleons in the rim 
to be close to N=1. 

The differential scattering cross section can now be 
written down. It is given by 


da NéP,; 
—_=—___ exp(-5*/@), 
dQdE, wOKP; 


(3.3) 


where the notation is that of Eq. (2.6). The parameters 
K and N are not of course inflexibly given by the theory 
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Fic. 8. Differential cross section for diffuse-rim scattering of 
31-Mev protons by Sn. The experimental points are due to 
Eisberg and Igo.* 
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outlined so far, and in fact the actual values given above 
were chosen to give the best fit to the experimental 
results. These and the corresponding theoretical curves 
are plotted in Fig. 8. The agreement is very reasonable, 
especially when it is remembered that at small angles it 
was particularly difficult in the experiment considered 
to disentangle experimentally the inelastic from the 
elastic scattering and that we have ignored the Coulomb 
effect on the scattering angle. This again is most serious 
at small angles, being of the order 5-10°. The Coulomb 
effect on the energy of the scattered protons has of 
course been taken into account. The discrepancy at the 
Lywer end of the spectrum is due to the neglect of par- 
ticles that have leaked through the Coulomb barrier. 

Once the two parameters have been fixed for a par- 
ticular target nucleus and incident energy, we should be 
able to use the same parameters for different nuclei and 
different energies. By this we mean that K should be 
fitted as before, while N should be proportional to A}, 
since the number of effective nucleons is given by the 
rim area rather than by the whole surface area. There 
are no experimental results at different energies in the 
region 30-50 Mev, where our theory may be considered 
valid, but there are results'® for Ta, Au, and Pb at 31- 
Mev incident energy. The nuclides Au and Pb are not 
sufficiently different from each other in A and Z to give 
significantly different results on our theory, although 
they certainly give results different from those for Sn. 
In Fig. 9 we have compared the theoretical curves with 
the experiments for Pb, since the experimental results 
for Au are incomplete. The agreement is quite satis- 
factory except that the experimental cross sections are 
somewhat lower than the calculated ones. This may be 
due to the magic nature of the Pb nuclide, which would 
tend to reduce N and increase the binding energy of the 
least bound nucleons. The cross sections for Au that are 
available are actually slightly larger than the corre- 
sponding ones for Pb. The experimental cross sections 
for Ta are nearly identical with those for Sn, in spite of 
the fact that the A value of Ta is of course much nearer 
to that of Au. This may be due to the considerable 
asphericity of the Ta nucleus. 


IV. CONCLUSION 


We can summarize the results as follows. We have 
shown conclusively that knock-on processes taking 
place throughout the nuclear volume contribute only in 
a minor way to the inelastic proton scattering cross 
section. The same is undoubtedly true also of processes 
taking place via compound nucleus formation. It is 
difficult to escape the conclusion that the main effect 
must be due to scattering by almost free nucleons in the 
extreme rim of the nucleus. 

‘8G. Igo, thesis, University of California, 1953 (unpublished) ; 


University of California Radiation Laboratory Report UCRL- 
2242, 1953 (unpublished). 
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Fic. 9, Differential cross section for diffuse-rim 
scattering of 31-Mev protons by Pb. 


To obtain a quantitative estimate of this rim scatter- 
ing with at least some pretence at quantum mechanical 
rigor is extremely difficult and has in fact not been 
attempted. The present semiclassical calculation is 
based on an estimate of the momentum distribution of 
the nucleons in the extreme outer region and the 
number of nucleons in this region at any time. There 
are thus two free parameters, and the above conclusions 
are fortified by the reasonableness of the values of these 
with which we can fit the experimental results. We are 
aware of, but have not solved the difficulty that lies in 
a search after the momentum distribution of part of a 
quantum mechanical system. All we can say is that the 
experiments do seem to be measuring such a thing. 

Fortunately, neither the size of the two parameters, 
nor the functional form of the momentum distribution 
of the target nucleons is given very critically by the 
theory. Thus, for instance, almost identical results can 
be obtained with a distribution which is uniform up toa 
momentum corresponding to a kinetic energy of 6-7 
Mev and then vanishes. It is, however, not at all easy 
to see in what way to refine the theory so as to obtain 
more detailed information. Not only is it difficult to 
obtain numerical estimates of corrections to the theory, 
but we would certainly also have to include then the 
contributions from knock-on scattering and the very 
inexactly known compound nucleus processes. Perhaps 
the most important conclusion that we can draw is 
that the experiment investigates a very particular 
region of the nucleus, i.e., the extreme limit of the mass 
distribution, to the practical exclusion of all others. 

We should like to thank Professor V. F. Weisskopf 
for many helpful discussions. 
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A phenomenological model is considered where a nucleon is supposed to be “predissociated”’ into a virtual 
(A+K) or (2+K) combination. These components are realized in a “stripping” type collision with an 
incident pion. Reasonable parameters for the model are obtained from fitting to r~ +) measurements; 
the value of a corresponding r*+ measurement in this connection is pointed out. The “radius” of the 
(A+) system turns out to be of order 5X10“ cm. The same model can be applied to K production in 
6-Bey proton-nucleon bombardment; it yields one component of K’s with an extremely strong forward- 
backward peaking in the center-of-momentum system of the two nucleons. 


HE present note discusses some numerical! calcu- 

lations with the following simplified model: a 
nucleon is regarded as being to some extent “‘predis- 
sociated” into a virtual (A+-K) or (2+K) combination, 
with relative amplitudes a and 6. The A—Z mass 
difference is neglected, and each combination is associ- 
ated with the same internal momentum distribution 
g(k)\*. Production of real K, A, and 2 particles is 
effected by absorption of a r meson through three basic 
processes: r+K—>K, r+A-— 2 (or r+2Z-—A, which is 
the inverse), and r+Z-—>2, with respective amplitudes 
do, 4, and ad», The treatment is entirely phenomeno- 
logical in character,’ but the use of g(k) and the relative 
amplitudes allows a simple and fairly self-consistent 
interpretation of the following data: the relative 
charged to neutral and 2° to A° production in w-nucleon 
collisions, as well as the angular distributions and 
forward-to-back ratios*; also, the strongly peaked 
angular distribution found for & produced by 6-Bev 
protons.’ In terms of the model, the features of physical 
interest obtained from experimental comparison are 
the following: the predissociation into (2+K) seems 
only about 4 as likely as that into (A+); the ampli- 
tude for the process +A-—>K is comparable with and 
perhaps somewhat larger than that for either process 
of pion absorption by hyperons; a mean “radius” of 
the predissociated state is of order 5X10~" cm. The 
parameters obtained from m~+ p collisions can be used 
to estimate the hyperon production from the yet 
unobserved wt + p at comparable energies ; the measure- 
ment of this reaction would provide a check on the 
self-consistency of the model and allow a better determi- 
nation of its parameters. 

All higher-order processes like r+ p—A+ K+ nm are 
neglected; they are expected to become increasingly 
prevalent with ‘acreasing energy, so that the present 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission, 

t Permanent address: Purdue University, Lafayette, Indiana. 

'The corresponding field theoretical procedure has been 
described by Saul Barshay, Phys. Rev. 104, 853 (1956). 

* Budde, Chretien, Leitner, Samios, Schwartz, and Steinberger, 
Phys. Rev. 103, 1827 (1956). Fowler, Shutt, Thorndike, and 
Whittemore, Phys. Rev. 98, 121 (1954). 


* Osher, Moyer, and Parker, Bull. Am. Phys. Soc. Ser. II, 1, 
185 (1956) and private communication 


simple treatment is limited to energies not too far above 
threshold for A+K or 2+K production. It is thus 
appropriate to analysis of present r+ experiments 
but represents only a fraction of the total process 
initiated by 6-Bev protons. Its implications for the 
latter case are thus only of a qualitative nature. 


1, RELATIVE INTENSITIES OF FINAL STATES 


The relative intensities of the initial states are a* for 
(A+K) and #* for (2+); for a proton the latter is 
4(K*d°) and 4(K°S*), for a neutron 4(K°S°) and 
4(K*2~). Only the relative quantities a/8 and a2/do, 
4/9 will be of importance ; since those are all assumed 
to be real, no absolute magnitude signs will be used. 
Since few interference effects among final states will be 
considered, it is not necessary to consider the relative 
algebraic signs of the amplitude ratios or of the Clebsch- 
Gordan coefficients for isotopic spin, except in one 
special case: there the ambiguity of sign is explicitly 
introduced and determined by comparison with experi- 
ment. 

The intensity for r+K-—>K is proportional to a;’, 
with coefficients for isotopic spin combination of } for 
at+K°—>+K* and r-+Kt—K°® and } for r°+K°—R°, 
n+K*t—K*, For r+A-2, r+2Z-—A, the intensity is 
a;* for all cases, with no reduction factors; and for 
n+ Z-— 2, the intensity a,’ has a reduction factor of 4 
in all cases, except for r°+2°— 2°, which is forbidden. 

The K —x absorption results in a ‘‘stripping”’ reaction 
with the K particle projected forward in the center-of- 
mass system; the other absorption processes strip off 
the hyperon and leave the K going backwards in the 
center-of-mass system. We thus neglect interference 
between AK-forward and K-backward final states, even 
though the particles may be identical; this assumption 
is valid to the extent that the stripping momentum is 
large relative to the internal momentum of the predis- 
sociated state and seems to be in good accord with 
observation. With this approximation one obtains the 
relative intensities of final states shown in Table I. 
The corresponding final states for a pion incident on a 
neutron follow simply by the substitutions rte, 
Lteod~, peon, K°+K*, and 2°, A°, Dew", A®, 2°. 
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TaBLe I. Relative intensities of final states. 


Final states 
(K°A®)/(K®°)/(K*2~) 
(K*tA°)/(K*2°)/(K°E*) 
(K*t2*) (relative) 


Initial state 
x +p 
+p 
at+p 


* Here x = +1 depending on relative signs of amplitudes. 


By assuming 
(B/a)* = (a, /ao)? = (a2, ‘ao)* = +, (1 
s=+1 


(where x is defined in Table I), one can estimate from 
Table I the following ratios for ~— p: 


K*(forward)/K*(back) =0, 


K®(back)/K° (forward) ~0.15, (2) 
>~/(2°+A°) ~0.23 ; 


D°/A°= 0.15, 


for r++ p: 
K*(forward)/K* (back) ~0.3, (3) 


and for the total yields under comparable conditions: 
K*(a-+ p)/K* (xt + p) 0.3. (4) 


The ratios Eq. (2) are in satisfactory agreement with 
observation? at £,=1.4 Bev, if one takes into account 
that the estimated efficiency of observing A° and/or K° 
is about 50%. The only real disagreement is the obser- 
vation of about 15% K* (3 events) in the far forward 
direction ; and this cannot be interpreted on the present 
simple model for any choice of parameters. 

The ratios given in Eqs. (3) and (4) for r++ at the 
same energy have not been observed; their measure- 
ment would provide further information on the inter- 
ference effect for backward K production. Although 
the parameters Eq. (1) seem reasonable, it has not 
been established that they are unique in fitting observed 
ratios like Eq. (2). Trial calculations, however, have 
not revealed any parameter assignments substantially 
different from Eq. (1). Measurements of the ratios of 
Eqs. (3) and (4) would therefore be of great interest, 
to check the internal consistency of the model and to 
provide more definite values for its parameters. Of 
course Eqs. (3) and (4) can also be obtained from 
interactions of r~ mesons with neutrons in heavy nuclei, 
but the (K°+2~) product is harder to distinguish with 
certainty. 


2. ANGULAR DISTRIBUTION IN x+p INTERACTIONS 


To estimate angular distributions from the simple 
knock-on model, we shall be content with very crude 
approximations; in particular, certain relativistic effects 
are not very precisely treated. After transformation to 
the center-of-momentum system of the r+, the total 
momentum of the p must be apportioned between the 
K and A(2) of the predissociated state. Nonrelativisti- 
cally this division would be in proportion to the ratio 


Intensities, forward K 
4 (aay)*/ (2/9) (Pao)? /0 
4 (aao)*/(1/9) (Bao)? (2 9)(Bao)* 
(4/9) (Bao)? 


Intensities, backward K 


4 (Ga,)*/4 (Ba2)*/ (aa, 
‘ (Ba, 2 (aa, 2 4 (Bay 3 
(ady+ xBa2/./6)* 


xBao/1/ 6)" 


of the rest masses of the K and A(Z); relativistically, 
this division cannot be made without going into details 
of the A—K forces. For a phenomenological treatment 
we therefore take the angular distribution to be given 
by | g(Ak)|*, where 


Ak= K— fax, 
Ak K— fxx, 


(forward K’s) 


(backward K’s). 


(5) 


Here K is the K momentum in the center-of-momentum 
system, « is the incident pion momentum in the same 
system, and fx+f,=1 are the fractions of the proton 
momentum (—K) apportioned to the K and A(2). 
Nonrelativistically, fx=0.3, fx=0.7; when E,=1.4 
Bev, the center-of-momentum transformation 
B=0.6, y= 1.25, so that we may allow some deviation 
from these values for fx, fs. 
For simplicity in calculation we take 


has 


i g(k) |\?~exp(— ek’). (6) 
This can scarcely be correct for all k but may be a 
sufficient approximation over the range of interest. 
The angular dependence in the center-of-momentum 
system is then as* 
ettes Ka cont (7) 
where @ is the angle of K relative to x; the + sign and 
appropriate f are chosen for forward and backward K 
emission. The variation of f between forward and 
backward emission implies that the forward angular 
distribution should be more narrowly peaked than the 
backward distribution. This is not peculiar to the form 
Eq. (6) but would occur with any | g(k)|* that decreased 
monotonically with increasing k, provided f{,> fx. 
Actually, the measurements on r + pat £, = 1.4 Bev 
do not show any appreciable distinction between the 
forward and backward (average of K® and At) distri 
butions. This makes the determination of ¢ somewhat 
uncertain; but by weighting most heavily the forward 
K°®, where the statistics are best, one concludes that 


eKn~3 (8) 


In this case Kx=0.32 (Bev/c)*. The 
momentum given by Eq. (6) is of order (k*) 
and a corresponding “radius” of the predissociated 


mean square 


3/26: 


‘This distribution can be strongly peaked, since all orbital 
angular momentum values are taken into account. In the model 
of L. F. Landovitz and J. Leitner, Nuovo cimento 3, 1093 (1956), 
a severe restriction is imposed that J=4* for the total system, 
precluding the possibility of any very peaked angular distributions 
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A—K system is 
rh kh?) V~5 XK 10-" cm, (9) 
which seems not unreasonable. 


3. ANGULAR DISTRIBUTION IN p+), 
p+n INTERACTIONS 


The same model can be applied to describe one 
component of K, A production in nucleon-nucleon 
collisions at high energy. The nucleon at rest (its 
motion in a target nucleus may be ignored) is again 
predissociated into a K and A(Z); the dissociation is 
realized by absorption of a pion from the cloud sur- 
rounding the incident nucleon. A 6.2-Bey nucleon has 
y= (1—#*)"'=7.7; the energy of a pion moving with 
this velocity is £,=1.1 Bev, which is not far from the 
conditions considered above. We therefore assume the 
same parameters throughout. In the laboratory system, 
the incident pion transfers a momentum k,~ 1.1 Bev/c 
to either the K or A(2%), stripping it off with this 
momentum, and leaving the other component about at 
rest, 

According to Eqs. (6) and (8), the mean transverse 
momentum of the A—K system is ~0.33 Bev/c, while 
that parallel to k, is ~0.23 Bev/c. This latter is neg- 
lected in comparison with k,, and the momentum 
distribution of the w in the incident nucleon is entirely 


neglected as small relative to that of the A—K system. 
If we now transform to the center-of-momentum system 
of the two incident nucleons, the transverse momentum 
of the stripped particles is unchanged ; their longitudinal 


momenta are kx=0.1, —0.9 Bev/c, kaz= —0.6, —2.0 
Bev/c, according as the particle was stripped forward 
or left behind in the laboratory system. The most 
strongly peaked components are thus backwards in the 
center-of-momentum system. 

Of course there is a symmetrical forward peak, 
obtained by reversing the picture. We transform to a 
system where the incident nucleon is at rest, and the 
target nucleon impinges at 6.2 Bev from the opposite 
direction. Again we let the nucleon at rest be predis- 
sociated and subject to stripping. Then a repetition of 
the argument above shows a strong peaking in the 


PEASLEE 


center-of-momentum system of the two nucleons, this 
time in the direction of the originally incident nucleon. 
This is just a lengthy statement of the fact that a p-p 
collision must be symmetric in all respects in its center- 
of-momentum system. 

To estimate the degree of peaking of the K-meson 
component in the center-of-momentum system, we note 
that the mean value of cos@ for the strongly peaked 
component is of order [1+ (0.33/1.1)?}-*=0.95. If 
one takes a distribution such as (cos@)™, the value 
corresponding to (cos’@)'=0.95 is m~30. It is perhaps 
of interest to note that the corresponding A, 2 peak 
should be even sharper than the K peak ; this is because 
the A, 2 carry a larger fraction of the original longi- 
tudinal momentum, while having the same transverse 
momentum distribution as the K’s. There are, of course, 
many additional components in the total K production 
that are less strongly peaked, such as the higher-order 
processes p+p—-~K+A+N-+prm, etc.; and even the 
first-order process considered here has a second compo- 
nent that is much broader. 

One can estimate on this basis relative yields of 
strange particle pairs in p-p and n-p collisions by 
assuming a definite charge ratio r+/x°/m~ in the pion 
cloud surrounding a nucleon. For purposes of illustra- 
tion take this to be 5/3/1 for the proton and 1/3/5 for 
the neutron. Then with the parameters (1) a p-p 
collision has K°®/K*+=0.1, 2~/(A°+2°/2+=0.2/0.4/1. 
The appearance of 2~ is interesting in that it measures 
the amount of w~ (two or more pions effectively present) 
in the proton cloud; of course at least one w+ must 
accompany its production. For an n-p collision the 
yield ratios in the direction of the incident m are 
K+/K°=0.4, 2~/(2°+<A°)/Z+~0.7/0.7/1; in the oppo- 
site direction the ratios are conjugate. The total cross 
section for strange pair production is about equal in 
p-p and n-p collisions and is ~2fo,,, where o,, is the 
production cross section for x~ of comparable velocity 
on protons, and f is the effective number of pions in 
the cloud surrounding a nucleon. 

The author wishes to thank Professor Burton J. 
Moyer for suggesting this problem and for helpful 
discussions. 
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Thirty-five antiproton stars have been found in an emulsion 
stack exposed to a 700-Mev/c negative particle beam. Of these 
antiprotons, 21 annihilate in flight and three give large-angle 
scatters (@>15°, 7,;>50 Mev), while 14 annihilate at rest. From 
the interactions in flight we obtain the total cross section for 
antiproton interaction: op/o9=2.9+0.7, where oo=wR,? and 
Ro=1.210~4A! cm. This cross section was measured at an aver 
age antiproton energy of T= 140 Mev. 

We also find that the antiproton-nucleon annihilation proceeds 
primarily through pion production with occasional emission of K 
particles. On the average 5.3+0.4 pions are produced in the pri- 
mary process; of these, 1 pion is absorbed and 0.3 inelastically 
scattered. From the small fraction of pions absorbed, we conclude 
that the annihilation occurs mainly at the surface of the nucleus 
at a distance larger than the conventional radius. 

A total energy balance of particles emitted in the annihilation 


I, INTRODUCTION 


PROGRAM to detect and study antiprotons in 

emulsions was initiated'? concurrently with the 
counter experiment at the Berkeley Bevatron that 
demonstrated the existence of antiprotons.’ The first 
aim of the emulsion program was to provide the proof 
for the annihilation process. This was recently ac- 
complished‘ when the first star observed in the exposure 
discussed here gave a visible energy release greater than 
M ,<*. Once this proof was provided, the emphasis in 
this work was shifted to a study of the annihilation 
process and the antiproton interactions in nuclear 
emulsion. 

In the exposure to the 700-Mev/c negative-particle 
beam, which is now being studied, 35 antiproton stars 
have been found. The statistical analysis of these stars 
is discussed in this paper. 

We will show that the antiproton-nucleon annihila- 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

t Now at the University of Uppsala, Uppsala, Sweden. 

Now at the University of Bristol, Bristol, England. 

HH andack in part by a grant from the National Academy of 
Sciences. 

1 Chamberlain, Chupp, Goldhaber, Segre, Wiegand, Amaldi, 
Baroni, Castagnoli, Franzinetti, and Manfredini, Phys. Rev. 101, 
909 (1956), and Nuovo cimento 3, 447 (1956). 

2Stork, Birge, Haddock, Kerth, Peterson, Sandweiss, and 
Whitehead (unpublished). This exposure employed a separated 
beam using a beryllium absorber. Star 4-8 in our compilation came 
from this exposure. 

+ Chamberlain, Segre, Wiegand, and Ypsilantis, Phys. Rev. 100, 
947 (1955). 

4 Chamberlain, Chupp, Ekspong, Goldhaber, Goldhaber, Lof- 
gren, Segre, Wiegand, Amaldi, Baroni, Castagnoli, Franzinetti, 
and Manfredini, Phys. Rev, 102, 921 (1956). 


gives a ratio of charged to neutral pions consistent with charge 
independence. Conversely, assuming charge independence, we 
conclude that the energy going into electromagnetic radiation or 
neutrinos is small. 

Comparisons with the Fermi statistical model and the Lepore 
Neuman statistical model have been made. Good agreement with 
the experimental results on the annihilation process can be ob 
tained through appropriate choice of the interaction volume 
parameters. 

Several different estimates of the antiproton mass are in good 
agreement and suggest strongly that the antiproton mass is the 
same as the proton mass within an accuracy of 24%. 

A study of the elastic scattering of the antiprotons down to 
angles of 2° suggests a possible destructive interference between 
nuclear and Coulomb scattering. 


tion proceeds primarily through pion production, with 
occasional emission of K particles; on the average, 
5.3+0.4 pions are produced. Energy is then transferred 
to the nucleus as a secondary reaction involving the 
absorption of one pion and the inelastic scattering of 0.3 
pion, on the average. The small fraction of absorbed 
pions leads us to believe that the annihilation is pre- 
dominantly a surface phenomenon, Indeed, annihilation 
frequently occurs at a distance from the center of the 
nucleus that is greater than the conventional nuclear 
radius. This annihilation, occurring in the region of 
reduced nuclear density,’ is undoubtedly directly related 
to the large annihilation cross section observed for 
antiprotons.®’ This large cross section is confirmed by 
the results of our experiment. 

We have also evaluated the fraction of energy going 
into nucleons, charged pions, and K mesons, If the 
remaining energy is assumed to go into neutral pions, 
the ratio of r*:r® is consistent with charge independ- 
ence. Conversely, if charge independence holds in the 


antiproton-nucleon annihilation, we can conclude that 
radiation or 


the energy going into electromagnetic 
neutrinos must be small. 

A careful examination of the elastic scattering of the 
antiprotons suggests a possible destructive interference 
between nuclear and Coulomb scattering. 


*Hahn, Ravenhall, and Hofstadter, Phys. Rev. 101, 1131 
(1956); Melkanoff, Moszkowski, Nodvik, and Saxon, Phys. Rev. 
101, 507 (1956). 

* Chamberlain, Keller, Segre, Steiner, Wiegand, and Ypsilantis, 
Phys. Rev. 102, 1637 (1956). 

7 Brabant, Cork, Horwitz, Moyer, Murray, Wallace, and 
Wenzel, Phys. Rev. 101, 498 (1956). 
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Finally, theoretical calculations based on the Fermi 
statistical model have been made. We have computed 
the energy spectrum and the expected multiplicities of 
pions and K mesons for different choices of the only 
available parameter; the interaction volume 2. We 
find that the experimental data fit the calculation for 
{t= 12 (4/3)r(h/m,c)* | corresponding to an interaction 
radius of about 2.3h/m,c. Calculations have also been 
performed using the Lepore-Neuman model with similar 
results, 

In this paper the following topics will be discussed : 


II. Experimental Procedure 
A. Exposure at the Bevatron 
B. Scanning Procedure 
III], Measurements on the Primary Antiproton Tracks 
A. Antiproton Mass Estimates 
8. Antiproton Interaction Cross Section 
IV. Antiproton Annihilation Process 
A. Visible Energy Release in the Annihilation Stars 
B, Pion Spectrum 
C. Nuclear Excitation 
D, K-Meson Production in Annihilation Stars 
E. Angular Distribution of Pions 
F. Properties of Annihilation Stars 
G. Comparison with Statistical Theories 
H. Discussion on the “Annihilation Radius” 
Appendix I 
Appendix II 


Examples of Antiproton Annihilation Stars 
Evidence for K-Meson Production 
1. Event 3-3: Evidence for the production of a 
KR meson pair in the annihilation process 
2. Event 3-7; Evidence for the emission of one 
charged K meson from an annihilation star 
Appendix III. Annihilation Accompanied by K-Particle Produc 
tion and with Accountable Energy and Momentum 
Appendix IV. Measurements of Multiple Scattering on Steep 
Tracks 
A. The Grid-Coordinate Method 
B. The Surface-Angle Method 
Appendix V. The Lepore-Neuman Statistical Model 


II], EXPERIMENTAL PROCEDURE 
A. Exposure at the Bevatron 


Three stacks of nuclear emulsions were exposed in the 
700-Mev/c negative-particle beam at the Bevatron 
(Stacks 67, 68, and B), This momentum was chosen in 
order to obtain good visual discrimination between 
antiprotons and pions at the leading edge of our stacks. 
At this momentum protons are at twice minimum 
ionization, while pions are essentially at minimum 
ionization, The stack size (7 in. in beam direction by 4 
by 3 in.) was chosen to stop the antiprotons well inside 
the stack. Further details of the experimental setup are 
contained in a previous communication.‘ The exposure 
was remarkably successful in eliminating confusing 
background particles (protons). This was achieved by 
use of a clearing magnet and by both good collimation 
and momentum definition. Under these conditions we 
were able to find 35 antiprotons in these stacks despite 
a background of negative pions in the ratio of #~/p 
~5X 10°. 


ANTIPROTON COLLABORATION EXPERIMENT 


B. Scanning Procedure 


The good collimation and momentum definition per- 
mitted us to select antiproton tracks on the basis of 
grain density and angles of entrance relative to pions, at 
the leading edge of the stack. In addition to the above 
criteria, the identification of antiprotons was based on 
the terminal behavior and the range of the particle (the 
latter applies only to antiprotons coming to rest). 

The emulsions were scanned under 22 to 53X 
objectives with 10 eyepieces. The method of scanning 
was to traverse each sheet of emulsion perpendicular to 
the beam direction at about 4 mm from the leading edge. 
When a track at about twice minimum ionization and 
satisfying the angular entrance criteria was detected, it 
was followed until it either interacted in flight or came 
to the end of the range. 

The direction of the antiprotons was well collimated 
about 0° with a standard deviation of 0.9°+0.2°. The 
entrance directions are defined as the projected and dip 
angles measured relative to the mean pion direction at 
the point of entrance. The small cone of angular ac- 
ceptance enhanced the speed of scanning, as very few 
background tracks satisfied the selection criteria (see 
Table V, Sec. III B1). 

The plates were scanned in Berkeley and in Rome. 
Thirty-two stars were found in Berkeley, and three 
stars in Rome.* The first number of the code identifying 
each star refers to the workers by whom the star was 
found and analyzed. The workers are designated thus: 
at Berkeley, 1—-W. W. Chupp and S. Goldhaber; 
2.—-W. H. Barkas, H. H. Heckman and F. M. Smith; 
3.—A. G. Ekspong and G. Goldhaber ; 4.—R. W. Birge, 
D. H. Perkins, J. Sandweiss, D. H. Stork, and L. 
van Rossum; at Rome, 5.—E. Amaldi, G. Baroni, C. 
Castagnoli, C. Franzinetti, and A. Manfredini. 


Ill. MEASUREMENTS ON THE PRIMARY 
ANTIPROTON TRACKS 


A. Antiproton Mass Estimates 


The procedure we have used for finding antiproton 
tracks in the emulsion stacks constitutes a mass meas- 
urement. Because all the particles entering the emulsion 
stack at the same point have substantially the same 


momentum, the rate of energy loss—as determined 
from grain density of track——is a measure of the particle 
velocity and hence of its mass. Unfortunately, the 
measurement of grain density is rather subjective, and 
for a good mass determination it would have been 
necessary to normalize and stabilize the grain counting 
of each observer. Since this was not done, the initial 
grain counts did not provide the best estimates of the 
antiproton mass. 

The methods that were used are summarized in this 


* Three additional stars were found in other exposures. Two of 
these stars were found at Berkeley (Event 4-8—see reference 2; 
and event 4-10—see Table VIII(A)). One of these stars was found 
at Rome (event BR 1—see reference 1). 
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section, and—as will be seen—the results indicate that 
the particles being studied form a group whose mass is 
that of the proton. Some of the methods are applicable 
only to the particles that come to rest in the emulsion; 
these are the most reliable. 


1, Range vs Momentum 


The range of a particle for a given momentum is 
determined by the particle mass. In this experiment, the 
antiproton momenta are directly related to the points of 
entry of the particles into the emulsion stack, and can 
be determined from the trajectories in the magnetic 
fields as obtained from wire orbit measurements. 
Figure 1 shows the observed ranges plotted against the 
points of entry. The calculated ranges for particles of 
mass 0.95, 1.00, and 1.05 proton masses are shown as 
curves on the same plot. 

The experimental range straggling of +4% is too high 
to arise from Bohr straggling alone. However, the 
geometry of the exposure is such that a momentum 


TABLE I, Antiproton mass measurements by residual range 
and momentum. 


Mass 


Particle number (proton masses) 


2 0.995 
0.998 
1,025 
1.003 
1.017 
0.965 
1.012 
1.023 
1.006 
0.994 
1.023 
1.053 


1 
1 
1 
2 
2 
2 
3 
3 
3 
3 
4 
5 
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spread of approximately +1% is expected. The latter 
causes most of the observed range straggling. The 
apparent mass of each antiproton for which the range 
has been determined is listed in Table I, giving a mean 
of 1.010+0.006 proton masses; the error quoted is the 
statistical standard error. A conservative upper limit to 
the possible systematic error in the momentum de- 
termination is 2% resulting in a 3% uncertainty in the 
mass. Other possible sources of systematic error come 
from uncertainties in the emulsion density and in the 
range-momentum relationship employed.’ This type of 
measurement is the best of those performed up to now to 
show the uniqueness of the mass of the antiproton. 


2. Track Opacity vs Residual Range 


The mass of a particle can be determined also from its 
rate of energy loss and residual range. One of the ob- 


* Barkas, Heckman, and Smith, Bull. Am. Phys. Soc. Ser. II, 1, 
184 (1956); also Walter H. Barkas, University of California, 
Radiation Laboratory Report, UCRL-3384, April 1956 (un 
published). 
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Fic. 1. Antiproton ranges (experimental points) as a function of 
the point of entry in the stack. Calculated range-momentum 
curves (solid lines) for particles of 0.95M,, 1M,, and 1.05M,, 
respectively. 


jective measures of the rate of energy loss is the track 
opacity, or average fraction of the length of a track 
element occupied by silver grains. Calibration was 
achieved by making measurements of opacities of proton 
and deuteron tracks as a function of residual range in 
the same emulsion as the antiprotons. Because the rate 
of energy loss is a function of the range divided by the 
mass, the deuteron ranges have been divided by two and 
plotted with the protons and antiprotons in Fig. 2. The 
antiproton masses measured in this way are listed in 
Table II. Their average is 1.0094-0.027 proton masses. 


3. Grain Density vs Multiple Scattering 


For antiprotons that do not come to rest in the 
emulsion, the best mass estimate that we could make 
without invoking the momentum measurements is one 
derived from the observed grain density and multiple 
scattering. This method has been applied to a number of 
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versus residual range for protons, 
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Taste II. Antiproton masses measured by track opacity and 
residual range. 


Particle 
number 


Mass 
(proton 
masses) 0.93740.055 1.07740.048 1.02140,048 0.974010 0.9340.11 


TABLE IIL, Masses of antiprotons in units of the proton determined 
by grain density and multiple scattering. 


Particle 
number : 42 4-3 44 


Mass 
(proton 


masses ) 104401 1.104014 1004008 0.954008 0,98+40.11 


antiprotons, most of which annihilate in flight. The 
results are shown in Table III. The average mass 
obtained is 0.9994-0.043. 

By combining the results from Secs. 2 and 3 above, 
which do not depend on the particle momentum meas- 
urements, we obtain 1.004+-0.025 for the antiproton 
mass in units of the proton. Although we know of no 
large systematic errors in these measurements, past 
experience indicates that systematic errors of as much as 
3% may be present. 


B. Antiproton Interaction Cross Section 
1, Cross-Section Determination 


The method of scanning along the track of antiprotons 
permitted us to observe antiprotons from the point 
where they were selected (715230 Mev) up to the 
point where they interacted. In Stacks 67, 68, and B we 
have followed 35 p tracks. Of these antiprotons, 21 
annihilated in flight and three gave large-angle scatters 
(6> 15°, T,>50 Mev, see Table IV for details), while 14 
survived to the ends of their ranges, annihilating at rest. 
The total path length of p track followed was 300+ 30 
cm. The uncertainty arises from those tracks that left 
the stack, some of which might have been positive 
protons, and was estimated as follows: In addition to 
the 35 identified antiprotons, two particles satisfying the 
selection criteria came to rest with no visible stars and 
were assumed to be positive protons. We have assumed 
that the same fraction of those particles leaving the 
stack were also positive protons (see Table V_ for 
details). The corresponding mean free paths in emul- 


Taste IV. Observed nuclear scatters of antiprotons. 


Event Tp 
No (Mev) 


Scattering angle 
(degrees) 


AT» 
(Mev) 


3 82 53 
3-2* 163 47 
4» 224 16 


~ 0 (elastic) 
~31 (inelastic) 
~14 (inelastic) 


* Event 3-2 is given in detail in Appendix I 
bIn Event 1-4 the track leaves the stack before coming to rest; its 
identity as a g scatter is thus not definitely established 
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sions are Aganin= 14.3243.4 cm and Awe= 12.542.8 cm, 
where the errors are the statistical standard errors com- 
bined with the 10% uncertainty in the path length 
followed. These values of the mean free path are for the 
average kinetic energy 


ad dT," 020 1 dT\— 

t= f r3( | ) ar / | ( -) aT. 
20 dR 2« \dR 
This integration was carried out numerically over the 
observed path-length distribution as shown in Fig. 3(A), 
and gives T',= 140 Mev. Figure 3(B) gives the distribu- 
tion of annihilation and scattering events over the same 
energy interval. 

It is interesting to compare the resulting nuclear 
radius and nuclear cross section for antiproton inter- 
actions with the corresponding values obtained in this 
laboratory for Cu and Be with a counter technique at 
T,~500 Mev.® Our present value for the total cross 


TaBLe V. Details for tracks followed and antiproton interactions 
in Stacks 67, 68, and B. 
Path No, No. 


No. length annihilated scattered 
followed (cm) in flight in flight 


Identified p 
tracks followed 35 260 21 2 
Possible i 

tracks followed 

(tracks leaving 

stack) 


Possible p 

tracks followed 
(ending as p, 
particles) 23 
Total 330 
Estimated p 
path length 


300+ 30 


section is o/oo= 2.94-0.7, where oo=2Ro? and Ro=1.2 
x 10~"*A! cm, while at the higher energy we have 
a,/ao™2 (see Table VI for details). 

All the interactions observed were either annihilation 
or scattering events except for one which was an 
interaction in flight, with a visible energy release 
Evis<T 5 (Event 5-1, given in detail in Appendix I). 
This event can be interpreted as one of the following: 


(a) a charge-exchange scattering, p+“p”—7+“n” ; 

(b) an annihilation in flight with no charged pion 
emission (compare with Event 4-3, Appendix I) ; 

(c) the interaction of a background positive proton. 


Only one event of this type has been observed out of 
a total of 24 interactions in flight, hence we conclude 
that charge-exchange scattering of antiprotons occurs in 
only a smal! fraction of the interactions in nuclear 
emulsion. 
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2. Elastic Scattering 


In previous sections we have considered only strong 
interactions. We have also followed a total path length 
of 158.3 cm of antiproton track in the energy interval 50 
to 200 Mev, paying special attention to small-angle 
scattering in order to see if we could detect any de- 
parture from Rutherford scattering. For comparison, a 
similar procedure was applied to positive proton tracks. 

This section deals therefore with elastic and (or) 
nearly elastic scattering events (i.e., no visible change in 
grain density and no visible excitation of the struck 
nucleus). We observed scatterings with essentially 100% 
efficiency for antiprotons of energy 50 Mev or greater, 
when the horizontally projected angle of scattering was 
2° or greater. In the following, we consider only 
scattering events that satisfy the above criteria. The 
space angle of scattering, 6, has been measured for all 
such events and is shown in Fig. 4(A), along with the 
distribution expected for pure Rutherford scattering. 
The scanning efficiency and correction factors have been 
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cm 
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So 
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Fic. 3. (A) Observed 
antiproton path iength 
distribution in various 
energy intervals, plotted 
versus kinetic energy of 
the interval. (B) The 
number of observed an- 
nihilations in flight and 
number of scattering 
events in each energy 
interval. 
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checked by measurements on tracks of 50 positive 
protons in the energy interval 50 to 100 Mev [ Fig. 4(B) ], 
where it is known that Rutherford scattering predomi- 
nates below 6°.'° 

The expected number of Coulomb scatterings was 
calculated by (a) assuming the Rutherford (point 
nucleus) cross section, (b) averaging over the emulsion 
contents, and (c) multiplying by the efficiency for ob- 
serving the given interval of space angle. This efficiency 
is the probability that a given space angle will be 
associated with a horizontally projected angle of 2° or 
greater. 

For negative protons the grouping of scatterings 
below 15° indicates diffraction scattering. The expected 
rise in the 2°-to-6° interval due to Rutherford scattering 
appears to be missing, which suggests a possible de- 
structive interference between nuclear and Coulomb 
scattering. The probability of obtaining three or fewer 

 K. Strauch, Proceedings of the Sixth Annual Rochester Confer- 


ence on High Energy Physics (Interscience Publishers, Inc., New 
York, 1956), Sec. IX, p. 11. 
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TABLE VI. Comparison of antiproton interaction cross sections 
and effective radii for T7p=500 Mev* and Ts=140 Mev (our 
data). 


Cut-off angle 


Tp 
(degrees) (10°8 cm) 


r 
a0 fF cm) 


Tp 
(Mev) Elements op/ao 
1.63 40.14 
1.77 40,12 
2.05 40.23 
1.92 40,23 


500 Be 18 

5008 Cu 12.7 
140 Emulsion 
140 Emulsion 


1.1440,04 
1.24 +0,06 


1.85 40.30 
2.18 40,30 
2.91 40,7 


15 
Annihilation only 2.56 40.6 


* Reference 6. 
b gg =x (roA!)® and re =1.2 X1074, Rp =rpAl 


events when 10.7 are expected is 0.006; however, the 
possibility of a statistical fluctuation is not excluded. A 
destructive interference between Coulomb and nuclear 
scattering does not necessarily imply that the real part 
of the antiproton-nucleus potential is repulsive. Pre- 
liminary calculations indicate that such a destructive 
interference could be a consequence of the strong ab- 
sorption of antiprotons by nuclei. 


3. Antiproton Cross Section at Low Velocities 


In considering the annihilation of antiprotons with 
nucleons, it is of interest to know how the cross section 
for such interactions varies with energy. If the annihila- 
tion cross section should increase rapidly with de- 
creasing antiproton velocity,'' then it would be possible 
for the antiproton to undergo annihilation, rather than 
being brought to rest by ionization loss. It is important 
therefore to establish upper limits to the residual range 
of antiprotons that are believed to undergo annihilation 
“at rest.’’ Within the limits of sensitivity of our method 
(T,<0.8 Mev), we found that all antiprotons were 
effectively brought to rest. 

a. Determination of residual range-—In our experi- 
ment, 14 examples have been observed in which 
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Fic. 4. Elastic scattering. Distribution of space angles of scat 
tering observed in (A) 158.3 cm of antiproton track in energy 
interval 50 to 200 Mev, (B) 97 cm of positive proton track in 
energy interval 50 to 100 Mev 








4 For example: H.-P. Duerr and E. Teller, Phys, Rev. 101, 494 
(1956); H.-P. Duerr, Phys. Rev. 103, 469 (1956). 
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Fic. 5. Distribution in d from constant-sagitta multiple 
scattering measurements. (A) antiprotons from 0 to 1504, (B) 
positive protons from 0 to 1504, (C) positive protons from 100 
to 250 pw. 


judging from the gap density of the track close to the 
star—the antiproton had a residual range of less than 
500 microns. 

Scattering measurements were 
by the constant-sagitta method"? over a distance of 150 
microns from the star. The mean sagitta or second 
difference, d, was calculated for each event, and the 
distribution in d for all events is shown in Fig. 5(A). 
Figure 5(B) shows a similar distribution obtained from 
20 positive protons coming to rest, Fig. 5(C) that for 20 
protons with a residual range of 100 microns (scattering 
measurements made from 100 to 250 yu residual range). 

The scattering scheme used was such as to give an 
expected d=0.51+0.17 u for protons over the range 0 to 
150 uw, and d=0.25+0.08 uw over the range interval 100 
to 250 uw. The errors refer to standard deviations arising 
from the finite number of cells (ten) on each track. The 
mean value of d for all antiprotons is 0.50+0.04 yu, 
whereas that for positive protons is 0.52+0.03 yu. For 
positive protons with a residual range of 100 wp, d=0.23 
+ 0.02 w. From these figures, and the expected variation 
of d with residual range, we can calculate that the 
average residual range of the slow antiprotons at annihi- 
lation is less than 10 uw (7',<0.8 Mev). 

b. Variation of cross section with velocity——Of the 35 
antiprotons observed, 14 survived to the ends of their 
ranges. At present the statistics are too poor to deter- 
mine the variation of the annihilation cross section with 


made on these tracks 


Fay, Gottstein, and Hain, Suppl. Nuovo cimento II, 234 
(1954), 
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velocity even over the last centimeter of range, where 
the variation of velocity with range is most rapid. The 
very sketchy information available can be considered as 
follows. 

We represent the cross section for annihilation by a 
power law o=af-™. Assuming for simplicity that all 
antiprotons have the same initial range of 12 cm, we can 
then calculate by integration the expected number of 
antiprotons which, having survived 11 cm (or 10 cm), 
should interact in the last centimeter (or last 2 cm) for 
any value of m. The results are shown in Table VII. 

The results indicate that m is unlikely to exceed unity 
for energies greater than about 1 Mev. These figures do 
not depend at all critically on the assumed initial range. 


IV. ANTIPROTON ANNIHILATION PROCESS 


A. Visible Energy Release in the 
Annihilation Stars 


In this section we discuss the manner in which the 
energy released in the annihilation process is distributed. 
Experimentally we observe pion, nucleon, and occasion- 
ally K-meson emission. The observed number of charged 
pions emitted varies from a maximum of five down to 
zero. In addition to pions, heavy particles are emitted, 
i.e., protons, alpha particles, and deuterons, whose 
nasaber (Ny) and energy (Eq) vary over a wide range. 
The number of charged pions emitted is correlated with 
the energy in heavy prongs. On the average a star with 
many pions shows less energy in heavy prongs (Sec. 
IV C), and vice versa. It appears that the primary 
process of the annihilation proceeds predominantly 
through pion emission while nuclear excitation arises 
from pion reabsorption and inelastic scattering. Table 
VIII(A) lists the visible energy release, F,;,, in all the 
observed antiproton stars. 

Evin/W, where W is the total available energy (see 
caption to Table VIII), is shown in Fig. 6 for the 36 
individual annihilation stars. It is interesting to note 
that 21 out of 36 stars have a value of Ey;,/W>0.5. 
Table VIII(B) lists the total visible energy for stars 
with evidence for K-meson emission. Each of these 
stars is described in detail below (Appendices II and 
III). A few detailed examples of annihilation stars are 
given in Appendix I. 


B. Pion Spectrum 


An attempt was made to obtain the energy of all the 
observed “shower particles,” i.e., particles with less than 
1.4 times minimum ionization. In 36 antiproton stars 


Tasie VII. Number of antiproton interactions for 7=ap™". 


No. of p 
interactions 
observed 


Expected No. of 
interactions in 
residual range m=O 

0 to lcm 1.2 ? - Sa 0 

0 to 2.cm 2.4 3, . ; 3 
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TaBLe VIII. Data on antiproton annihilation stars. Part (A) refers to stars without charged K mesons. Column 1 gives the star refer 
ence number. The first number refers to the workers by whom the star was found and analyzed, see Sec. II B. Column 2 lists the number 
of charged pions N,*. The stars are grouped in decreasing order of charged pions. Column 3 lists the number of heavy prongs Vw. In 
each group the stars are listed in the order of incre asing number of heavy prongs. ¢ ‘olumns 4, >: and 6, respectively, list the total energy 
per star emitted in charged pions 2 E,*= D(7,++M,c*) and in heavy prongs 2 Ey = L(T un E n), and the total visible energy 

Cvia= DL Eyt+ 2 En + 2 Ex. Column 7 gives the kinetic energy of the antiproton 7’, at the interaction. We observed antiproton 
annihilations in an energy interval from 200 Mev down to 0 Mey (stars at rest), The kinetic energy of the antiproton is small compared 
with the Q of the annihilation process 

Q=2M ,?—Ep=1876 


where Ez is the binding energy of the nucleon that is being annihilated. Columns 8 to 12 list the observed pion kinetic energy Ty 

Columns 13 to 15 give the quantities: total energy in charged pions, total energy in heavy prongs and the total visible energy expressed 
as a fraction of W, the total available energy. Here W=Q+-7>. Such a normalization permits us to consider stars at rest and in flight 
on an equal footing. Part (B) refers to the three stars with charged K mesons. The column headings are similar to those of Part (A) 
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under discussion here, 93 such tracks were observed and 
their energy measured. Whenever definite mass 
identification was possible these particles were found to 
be pions. We have therefore treated all shower particles 
as pions in this paper. Table VIII(A), columns 8 to 12, 
lists the pion energies. The energy values were obtained 
from multiple-scattering measurements. The accuracy 
to which these energies are known varies considerably 
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statistical error of the energy measurements is given 
Some pions come to rest. For these the energy is accu 
rately known from the range, and the pion charge is then 
indicated as rt or w. For tracks for which conclusive 
measurements were not possible, only energy estimates 
(~) or lower limits (>) 
and unbiased pion spectrum, we 
pion tracks with dip angle < 20 
Fig. 7). These pion energies are given 
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Fic. 6. Visible energy release in antiproton annihilation stars, 
expressed as a fraction of the available energy. The star reference 
number is given for each entry. 


tained from the sample of tracks with dip angles < 20° 
is 170 Mev. We also evaluated the average kinetic 
energy for all pions irrespective of the dip angle. These 
include: (a) tracks measured by the surface angle or 
grid coordinate methods (see Appendix IV), (b) tracks 
for which the energy was only estimated, and (c) tracks 
for which the lower limit of the energy was taken as the 
true energy. The average energy of all pion tracks is 
182 Mev. 

The agreement between the two energy values is good 
and gives us confidence that even the measurements of 
tracks under less favorable conditions are satisfactory. 
In this paper we use the value 7',*= 1824-15 Mev and 
RB y»=322415 Mev as the average kinetic energy and 
the average total energy, respectively, for charged pions 
from antiproton annihilation stars. We have evaluated 
the width of the distribution by computing the root- 
mean-square deviation of the distribution, and the error 
on the mean was obtained from this. It must be noted 
that the observed pion spectrum contains some pions 
which scattered inelastically in traversing the nucleus. 
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Fic. 7. Charged-pion energy spectrum from annihilation stars. 

(Tracks with dip angle less than 20° are represented in shaded 


portion.) 


Thus the average observed pion energy (£,*) must be 
lower than the average primary pion energy (£,*’) from 
the antiproton-nucleon annihilation. We have evaluated 
the average primary pion energy and have obtained 
E,' = 346+ 20 Mev. (See Sec. IV C3, below.) 


C. Nuclear Excitation 
1. Energy Given to Nucleons 


The energy transfer to the nucleus can be understood 
as a secondary phenomenon due to pion absorption and 
inelastic scattering. Experimentally we observe the 
energy of charged particles (mainly protons and alpha 
particles), and must infer from this the total energy 
transfer, including the energy given to neutrons. The 
total energy transferred to nucleons is needed for the 
energy balance in the annihilation process and also for 
the determination of the number of pions absorbed and 
inelastically scattered. 
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Fic. 8. (A) Energy spectrum of heavy particles from annihilation 
stars. All unidentified tracks were considered to be protons. 
(Spectra from stars at rest are represented in shaded portion.) 
(B) Proton energy spectrum below 35 Mey empirically corrected 
by eliminating contribution of a particles. Dotted curve has been 
calculated from evaporation theory for Ugy=170 Mev. 


To obtain the total energy transfer to nucleons we 
analyzed the observed proton spectrum (Fig. 8) in 
terms of a “knock-on” process that gives rise to fast 
nucleons (7',>35 Mev), and an evaporation process 
(for 7,<35 Mev) due to the nuclear excitation of the 
residual nucleus. 

We have estimated the energy transfer to nucleons 
corresponding to the knock-on spectrum U xo by meas- 
uring the energy of protons greater than 35 Mev, and 
assuming that the knock-on neutrons have the same 
energy spectrum as the protons. The ratio of neutrons to 
protons for the knock-on process has been taken to be 
n/p = ((A —Z)/Z)emutsion = 1.2. 

The part of the excitation U/gy corresponding to the 
evaporation spectrum has been estimated as follows.” 

4 Menon, Muirhead, and Rochat, Phil. Mag. 41, 583 (1950); 
K. J. Le Couteur, Proc. Phys. Soc. (London) A63, 259 (1950). It 
must be noted that the incomplete identification of the heavy 
prongs leads to an overestimate of Uppy by about 15%. This 
correction was obtained by comparing the proton and alpha 


spectra from sigma stars. The values quoted in the text were cor- 
rected for this effect. 
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The average evaporation energy in protons per star was 
obtained from the measured ranges for 7<35 Mev. 
To obtain the average evaporation energy in neutrons, a 
ratio of neutrons to protons n/p=4 was assumed and an 
average neutron energy equal to 3 Mev was used." 

Table IX lists the average energy per star in “‘knock- 
on” particles Uo, in evaporation particles Ugy, and 
the average total energy per star given to nucleons U, 
where U=U xo+Uey=400+30 Mev. The error has 
been estimated from extreme variations on the above 
assumptions. 


2. Correlation of Charged Pion Multiplicity and Energy 
Transfer to Nucleons 


In Table X we have grouped the annihilation stars 
according to the number of charged pions observed, 
N,*. There is a correlation between the number of pions 
observed and the corresponding average energy in heavy 
prongs (>> En)» listed for each group (column 2 and 
column 5). A similar correlation can be observed be- 
tween \V,* and the average number of heavy prongs 
emitted, Ny. On the average a high pion multiplicity is 
associated with litile energy release in heavy prongs and 
a small Ny. In Fig. 9 we have plotted a histogram of the 
observed energy release in heavy prongs, and have indi- 
cated the energy corresponding to absorption of one 
pion, two pions, and three pions. These data indicate 
that the mechanism of nuclear excitation goes principally 
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TABLE IX. The average energy given to nucleons in antiproton 
annihilation stars. The nuclear excitation U is composed of the 
energy in evaporation particles U gy and the energy in “knock-on” 
particles Uxo. 


U 
(Mev) 


265+ 20 
505+ 40 
400430 — 


UKo 
(Mev) 
150 
290 
230 


Annihilation 


At rest 
In flight 
Combined 


through pion absorption and is thus nol a primary 
phenomenon of the annihilation process. 


3. Pion Interactions 


We have shown above that the nuclear excitation can 
be explained on the basis of nonelastic pion interactions 
with the nucleus (principally pion absorption). In this 
section we estimate the average number » of nonelasti« 
pion interactions per star. To do this, the average energy 
transfer to the nucleus, U, is equated to the sum of the 
energy released by pion absorption, avF.,’, and inelastic 
scattering, bv(T’,’—7). Here v is the number of pions 
interacting with the nucleus, a and b are the fractions of 
these pions absorbed and scattered, respectively ; hence 
a+b=1. Further, 7,’ is the average initial kinetic 
energy of the pion and 7% is the average final kinetic 
energy of the inelastically scattered pions. We thus have 


U -avE,' +by(T,’— To). 


TaAsle X. Average values of characteristics of antiproton annihilation stars. 


(3) 
Nu 


(4) 
(LEx*)ay 


(1) 


a 1261 
1555 


1358 


At rest 
In flight ‘ 
Combined 5 3 


1243 
1302 
1275 


At rest 
In flight 
Combined 


1118 
1067 
1084 


At rest 
In flight 
Combined 


788 
493 
600 


At rest 
In flight 
Combined* 


303 
510 
452 


At rest 
In flight 
Combined” 


0 
0 
0 


0 
0 
0 


At rest 
In flight 
Combined 


9134150 
763+ 140 
830+ 110 


2.8+-0.4 
24+0.4 
2.640.3 


At rest® 
In flight® 


Combined* 


* Includes 2 stars with K mesons 
» [ncludes 1 star with K meson 
¢ Over-all averages 


(8) 
No, stars 


(5) 
(2 En)ay 


(6) 


T,* 


112 
171 
131 


97 
14 
38 


176 
187 
179 


49 
212 
119 - 

58 

94 

81 


233 
216 
222 


254 
106 
160 


163 
192 
181 


163 
370 
266 


145 
570 
357 


90 

233 eee 

184 oe | 
186 ' 
178 

182415 


204 


4 E. E. Gross, University of California, Radiation Laboratory Report, UCRL-3330, February 1956 (unpublished). 
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Values for b and To are very insensitive to the initial 
pion energy and can be estimated from other experi- 
mental studies of pion interactions in nuclear emulsions." 
We used the values b=0.25, T7)= 40 Mev, and solved by 
successive approximation for £,’ and v. We obtained, 
for the average primary pion energy, FE,’ = 3464-20 
Mev, and for the average number of nonelastic pion 
interactions per star, v= 1.3, giving av=1.0 pion ab- 
sorbed. (See Table XI for details.) 


D. K-Meson Production in Annihilation Stars 


In all high-energy interactions in which the energy is 
above the “A-+hyperon” production threshold, AK 
mesons have been observed. It was therefore expected 
that K mesons should be produced in nucleon-anti- 
nucleon annihilations. Assuming that the conservation 
of “‘strangeness’”* holds for the antiproton annihilation 
process, one would expect either K—K production or 
occasionally K-hyperon production. The former is pos 
sible for annihilation with a single nucleon, whereas 
K-hyperon production probably requires the close 
proximity of an additional nucleon. As we will show in 
Sec. IV H, the annihilation appears to take place with a 
nucleon on the surface of the nucleus in the region of 
reduced nuclear density. The probability of a second 
close proximity” is thus expected to 


nucleon’s being in 
be quite low 

In order to find and identify K mesons, all black and 
grey tracks were carefully examined. The ends of 
stopping tracks were scrutinized to detect decay prod- 
ucts (for K*) or interactions (for K~). For tracks not 
arrested in the stack, mass measurements were carried 


out whenever possible. 


‘6 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 
(1951); G. Goldhaber and S. Goldhaber, Phys. Rev. 91, 467 
(1953); S. Goldhaber, Proceedings of the Sixth Annual Rochester 
Conference on High Energy Physics (Interscience Publishers, Inc., 
New York, 1956), Sec. V, p. 24; Ferretti, Gessaroli, and Stantic, 
Progress Report No. 1, Physics Department, University of 
Bologna, 1956 (unpublished) ; G. Puppi (private communication) ; 
A. H. Morrish, Phys. Rev. 90, 674 (1953); Frank, Gammel, and 
Watson, Phys. Rev. 101, 892 (1950) 

1M, Gell-Mann, Phys. Rev. 92, 833 (1953); I. Nakano and K. 
Nishijima, Progr. Theoret. Phys. (Japan) 10, 581 (1953). 
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In three of the antiproton stars we have found evi- 
dence for charged K-meson emission. In event 3-3 we 
found evidence for a KK meson pair, while in events 
3-7 and 2-3 there is evidence for a single charged K 
meson in each. The detailed measurements on these 
particles are presented in Appendices LI and ITI. 

None of the K particles observed ended within the 
stack. For the identification we had to rely on ionization 
and multiple-scattering measurements. Because of pos- 
sible undetected systematic errors, especially in tracks 
with large dip angles, the results must be taken with 
caution. However, in one case (star 3-3, prong 8) the 
measurements could be performed under favorable con- 
ditions. We thus believe that the evidence for a K meson 
here is conclusive. 


E. Angular Distributions of Pions 


The angular correlation between charged pions has 
been measured to obtain further information on the 
annihilation process. 

First, for stars in flight, the forward-backward ratio 
of pions (in the laboratory system) has been measured, 


TABLE XI. The average number of pions per star, absorbed and 
inelastically scattered. 


At rest In flight Combined 


Number absorbed, av 0.7 1.3 1.0 


Number inelastically 
scattered, by 0,2 0.4 0.3 


Number of nonelastic 
interactions, v 1.7 1.3 


and yields F/B=1.4+0.4. This is to be compared with 
a value of F/B=1.8, which has been computed on the 
assumption that all the pions are created in the primary 
annihilation process with an isotropic distribution in the 
center-of-mass system, neglecting pion absorption. The 
experimental distribution of pion emission as a function 
of space angle 6 (lab), is shown in Fig. 10, together with 
the theoretical curve for isotropic center-of-mass system 
distribution averaged over antiproton energy, Fermi 
momentum of target nucleon, and energy of created 
pions. Small errors in these parameters have little effect 
on the expected 6 distribution. 

Secondly, the angular correlation between pairs of 
pions has been measured. The experimental histogram 
is plotted in Fig. 11. Also shown is the curve expected if 
the pions are uncorrelated (direction at random). The 
good agreement between the two makes it unlikely that 
there is a strong pion-pion interaction that might result 
in close pairs. 


F. Properties of Annihilation Stars 


We have summarized the properties of the annihila- 
tion stars in Table X. The stars have been grouped 
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according to the number of charged pions observed. In 
columns 3 to 7 we have listed: Ny, the average number 
of heavy prongs per star; (>> E+), the average total 
energy in charged pions per star; ()> Eyw)«, the average 
total energy in heavy prongs per star; 7’,+, the average 
kinetic energy per pion; and 7’5, the average antiproton 
kinetic energy at the interaction. 

All the above quantities have been averaged over 
groups of stars with constant .V,+. At the bottom of the 
table we have listed the averages over all stars. In the 
following sections we use the information in Table X to 
carry out an energy balance and to calculate the average 
pion multiplicity. 


1. Energy Balance 


We have observed the energy in charged particles 
emitted from annihilation stars and we want now to 
infer from the measured quantities the energy given to 
neutral particles. The energy in neutrons has been in- 
cluded in U, the total energy transferred to nucleons 


O\ov 


Fic. 10. Experimental distribution of pions from stars in flight 
vs space angle @(lab). Theoretical curve computed for isotropic, 
distribution in the c.m. system, averaged over antipreton energy, 
Fermi momentum of target nucleon, and energy of created pions. 


(U=400+30 Mev, see Sec. IV C). The energy of K 
mesons per star has been estimated tobe(>- Exr)w= 150 
+120 Mev. In this estimate we considered the con- 
servation of strangeness, the production of neutral K°K® 
pairs, and the detection efficiency for K mesons. 

We can thus evaluate the average total energy in 
neutral particles, other than in neutrons and neutral 
K’s. We have 


Eoveutral - W- (> Ey*)m + U+(y EKR)m); 


where W(=1948 Mev) is the average total available 
energy, «(=1.1+-0.07) is the estimated correction for 
pion detection efficiency, and (> Ey*) (= 830+ 110 
Mev) is the average pion energy per star as given in 
Table X. Substituting the numerical values in the equa- 
tion above, we obtain for the average energy in neutral 
particles Eneutrai= 485+ 170 Mev. 

If we assume that all this energy goes into neutral 
pions, we obtain for the ratio of the energy in charged to 
neutral pions eS) Ey+)m/Eneutrai = 913/485 = 2/1,a value 
consistent with charge independence. Conversely, if we 
assume that charge independence must hold for the 
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Fic. 11. Number of pion pairs as a function of the angle between 
pairs. Theoretical curve shows distribution expected if the pions 
are emitted independently. 


annihilation process, all the available energy is ac 
counted for and there is very little energy available for 
any other type of neutral radiation (within our present 
limit of errors). 

The results of this are summarized in 
Table XII. We also list in the table the corresponding 
values for interactions in flight and at rest separately 


section 


2. Average Pion Multiplicity 


In this section we estimate the average pion multi 
plicity N, in the annihilation process. This estimate can 
be carried out by two independent methods. Method (a) 
employs the average number of charged pions emitted, 
and assumes that the number of neutral pions is equal to 
one-half the number of charged pions produced. Method 
(b) uses the average charged pion energy and assumes 
that the average neutral pion energy is the same as the 
average charged pion energy. The assumptions men 
tioned are consequences of charge independence. The 
results of these two methods agree very closely, and 
when combined give N,=5.3+0.4. 

Method (a).—The distribution of the observed charged 
pion multiplicity V,* is plotted in Fig. 12. The average 
value of the observed pion multiplicity for all stars is 
Ny»=2.6+0.3. This value, when corrected by the 
efficiency factor e= 1.140.07, can be used to obtain an 
estimate of the lower limit to the average pion multi 
plicity N,. Assuming charge independence, we get 


lower limN, = $&N = 4.340.6 


To get the value of N, from this lower limit we must add 
the average number of pions absorbed. This number was 
shown to be 1.0 in Sec. 


IV C3, giving a value for the 


TABLE XII. Energy balance in average 
annihilation star 


antiproton 


Combined 
M 


At rest 
(Mev 


In flight 
Me 
1005+ 170 
265 4-20 
150+ 120 
448 + 200 

1868 


840+ 150 
5054-40 
150+120 
522+ 200 
2017 


9134120 
400-4 30 
150+ 120 
4454170 
1948 
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Fic. 12, Distribution of the observed charged-pion multiplicity 
(from annihilation stars), Stars at rest are represented by shaded 
portion, 


average pion multiplicity of N,=5.3+0.6. Another 
estimate of N, can be obtained from the group of 12 
stars (Fig. 9) with very low visible energy in heavy 
prongs (>> En <5S0 Mev). If we assume that these stars 
correspond to no pion absorption, the average multi- 
plicity of charged pions, which is 3.34-0.5 for these 
stars, can be used directly to obtain N,, viz. 


N, = (3/2)(1.140.07) (3.340.5) =5.4+0.8. 


Method (b).—An upper limit for the charged-pion 
multiplicity is obtained by use of the observed average 
pion energy £,*= 322415 Mev. If we assume that the 
neutral pions have the same energy spectrum as the 
charged pions, then from energy considerations we get 


upper lim, = W/E += 1948/ (322+ 15) =6.1+0.3. 


To estimate the value of the pion multiplicity we must 
use the primary average pion energy E,* = 346+ 20 
Mev (Sec. IV B) instead of the observed one. In addi- 
tion we must take into account the energy going into 
KR pair production, (> Exr)w=150+120 Mev, and 
subtract this amount from the total available energy W. 
We thus obtain 


N.=(W-( Exr)n)/Ey'’=5.24055. 


G. Comparison with Statistical Theories 


In this section we compare the observed pion multi- 
plicity with that predicted by two statistical models, the 
Fermi model’ and the Lepore-Neuman model.'* For the 


17 E, Fermi, Progr. Theoret. Phys. (Japan) 5, 570 (1950). 
Application to the annihilation process: R, Gatto, Nuovo cimento 
3, 468 (1956) ; G. Sudarshan, Phys. Rev. 103, 777 (1956). We found 
that in the latter paper the factor (0.9452/%)"~™ occurring in 
formula (4) is in error and should read (5.20/%)*~"', and conse- 
quently the calculations presented were actually made for an 


COLLABORATION 


EXPERIMENT 


Fermi statistical model we also compute the probability 
for K-meson production. In addition we compare the 
observed pion energy spectrum with that derived from 
phase-space considerations. Finally, we examine the 
consequences of isotopic spin conservation as it applies 
to the charged-pion multiplicity distribution and to the 
correlation between nuclear excitation and charged-pion 
multiplicity. 


1. Fermi Statistical Model 


Disregarding conservation of angular momentum and 
K-meson production, one can write the probability of 
annihilation into NV pions as 


Pyw=constSy Tw (2/6?) *— 


x} I #ps(w—L «)5(X pd), 


tel i 


where p, is the momentum of the ith particle in units of 
m,c; W and ¢; are the total energy and energy of the ith 
particle in units of m,c?; and Q is the interaction volume 
in units of (4/3)r(h/m,c)’. Sy is a factor taking the 
indistinguishability of pions into account, and T'y is an 
isotopic spin weight factor. 

Lepore and Stuart" have developed a general method 
for the evaluation of the integral occurring in Py. 
However, for the relativistic case of high multiplicity, 
the computation is excessively tedious. Fialho” has 
evaluated the Lepore-Stuart method in the relativistic 
case by means of a saddle-point approximation. Al- 
though the saddle-point approximation is strictly valid 
only for high multiplicities, Fialho has studied and 
determined the corrections necessary for small multi- 
plicities. We have applied the saddle-point approxima- 
tion to annihilation of antiprotons into pions, and the 
results are shown in Table XIII. 


TABLE XIII. Distribution of pion multiplicities, according to 
Fermi model, for different interaction volumes (production of K 
mesons neglected). 


Probability for annihilation into N » pions (%) 
Q=1 Q=10 Q=15 


6.4 0. 0.0 
63.7 §, 2.3 
24.6 i 13.4 
5.0 . 40.6 
0.3 3. 33.1 
0.0 5. 10.6 


Average No. 
of pions N, 3.3 5.0 5.4 


interaction volume of (0.19) (4/3)(h/m,c)*. Belenky, Maximenko’ 
Nikishov, and Rosental, paper presented at Moscow Conference 
on High-Energy Physics, May, 1956 (to be published). 

18 J. V. Lepore and M, Neuman, Phys. Rev. 98, 1484 (1955). 

J. V. Lepore and R. Stuart, Phys. Rev. 94, 1724 (1954). 

*% Gabriel E. A. Fialho, thesis, Columbia University [Nevis 
eg Laboratory Report 22, February, 1956] (unpublished) ; 
Phys. Rev. 105, 328 (1956). 
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Thus we find that for an interaction volume of about 
10 to 152, which corresponds to an interaction radius of 
about 2.34/m,c, the Fermi statistical theory agrees with 
the observed pion multiplicities. 

We have also evaluated the relative probabilities ac- 
cording to the Fermi model including K-meson produc- 
tion. For this we have assumed conservation of strange- 
ness, i.e., KK meson pair production, isotopic spin /=4 
and spin S=0. The results are shown in Table XIV. 
Here again we find reasonable agreement with experi- 
ment for interaction volumes of about 15Qb. 


2. Pion Energy Distribution 


The pure phase-space energy distribution has been 
computed by means of the expression 


dW wy 


P(e) =const————(¢—m,’c')4e 
ly 


N-1 
x] Il &ps(Ww 


im] 


N—1 N—1 
a 2» €)5( 20 jd, 


TABLE XIV. Distribution of pion and K-meson multiplicities ac- 
cording to Fermi model, for different interaction volumes. 


Probability for annihilation into 
Ny pions and N« K mesons 
(%) 


Q=1 Q=10 QI 


3.8 0.0 0.0 
37.4 4.6 2.0 
14.5 17.9 11.8 

2.9 36.1 35.7 

0,2 19.5 28.9 

0.0 4.2 9,2 


5.9 0.0 0.0 
26.7 33 1.4 
8.3 10.2 6.8 
0.3 4.1 4.1 
0.0 0.0 0.0 


Average No. 
of pions N, 24 4.5 5.0 


Probability of producing a 


K-meson pair 41.2% 17.6% 12.3% 


where Wy is the total annihilation energy shared by V 
pions and Wy_, is the total energy shared by V—1 
pions in their rest-mass system. The integral has been 
evaluated by the saddle-point approximation method 
mentioned above. The above formula would give the 
exact phase-space distribution if the annihilation pro- 
ceeded only into pions. Because K mesons are produced 
in only a small fraction of the stars, this is a good 
approximation to the actual phase-space distributions. 

The normalized pion energy spectrum for multiplicities 
4, 5, 6, and 7 is plotted in Fig. 13. It has been pointed 
out that approximately 5% of the experimentally ob- 
served pions are expected to have lost energy by inelastic 
scattering. Therefore, the plotted curves should be 
slightly depressed at high energies and raised at low 
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Fic. 13. Pion energy spectrum. Histogram shows experimentally 
found charged-pion spectrum. Solid curves are computed from the 
Fermi statistical model for pion multiplicities of 4, 5, 6, and 7. 


energies to make a direct comparison with the experi- 
mental spectrum. It is clear, however, that the spectrum 
agrees with a statistical spectrum expected for a pion 
multiplicity of about 5 as obtained in Sec. IV F. 


3. Lepore-Neuman Statistical Model 


This model replaces the fixed-volume cutoff of the 
Fermi model by a Gaussian spatial term that is energy- 
dependent : exp(—«*«7,/h'c*), where the 7, are scaling 
factors characterizing each type of particle in the final 
state. In addition the Lepore-Neuman model provides 
for the conservation of the center of energy by means of 
a term 6(>°; x,¢;). It is shown in Appendix V that the 
probability of annihilation into .V pions may be repre 
sented by 


Py= const. y T yl2W (wr,)*] 3(N—1)N8N—-§ 


x | I] @ps(W-> €)4( pd. 


The integral may be evaluated as mentioned above. 
Here again A-meson production was neglected. The 
results are shown in Table XV for several values of the 
effective volume parameter, r,~!. Thus we find that for 
an effective volume parameter 7,~'= 10, the Lepore- 
Neuman statistical model agrees with the observed pion 


TABLE XV. Distribution of pion multiplicities, according to 
Lepore-Neuman model, for various choices of the effective volume 
parameter ry! (K-meson production neglected), 


Probability for annihilation into N » pions 
rs 
4) 


ry 4 =10 


1.9 
17.1 
20.0 
28.8 
21.4 
10.8 


Average No. 
of pions N, 2. 448 
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TasLe XVI. Probability that a given number of charged pions 
N,* are created in an annihilation of given multiplicity, Vy. 


Ne 
2 4 5 6 7 


0.076 0.015 0.006 0.002 0.001 
0.379 0.109 0.047 0.020 0,008 
0,545 0.258 0.154 0,080 0.039 
0436 0342 0.234 0.138 

0.182 0.295 0.289 0.228 

0.156 0.292 0.330 

0.084 0.186 

0,070 


. 


_ 
= 


NOMS WH — 


N,/N,* 1.50 1.50 1.50 1.50 


multiplicities if K meson production is neglected. It has 
been shown by Holland” that effective volume parame 
ters of this order of magnitude can be used to fit pion 
production in nucleon-nucleon collisions. 


4. Consequences of Isotopic Spin Conservation 


The probability of a given proportion of x*, 2°, and x 
in an annihilation giving NV, pions is determined, 
through isotopic spin conservation, by the initial-state 
total isotopic spin and projection (7,M,). The annihila- 
tion of an antiproton and proton may occur in either the 
state (0,0) or the state (1,0). The annihilation of an 
antiproton and neutron occurs only in the state (1, —1). 
Since we are concerned here with annihilations that 
occur in emulsion (n/p=1.2), we have weighted the 
initial states according to (1.0/2.2)[ (0,0)/2+ (1,0)/2 ] 
+ (1.2/2.2)(1, ~—1). The results given in Table XVI are 
the probabilities of creation of a given number of 
charged pions in an annihilation of given multiplicity. 
We have neglected K-meson production in_ these 
considerations. 

We have shown in Sec. IV C3 that about 20% of all 
pions created in the annihilation process are subse- 
quently absorbed by the nucleus. Using this value for 
the probability of absorption, we have calculated the 
probability that if a given number of charged pions, V ,*, 
are created in the annihilation, a number (0,1---\,+) 
emerge. This result has been combined with Table XVI 
to determine the probability that \V,* charged pions 
emerge after an annihilation of multiplicity V,. We have 
tabulated in Table XVII the number of cases in which 
\,* charged pions are expected to emerge in a total of 
33 annihilations if the multiplicity at production is V,. 
The 33 stars here considered are the ones with no 
evidence for K-meson emission. 

It is seen again that good agreement may be found by 
combining a narrow group of multiplicities near V = 5. 


H. Discussion on the “Annihilation Radius” 

A comparison between the average pion multiplicity 
(N,=5.3) and the number of pions absorbed and 
inelastically scattered (v= 1.3) permits us to estimate 


11D). Holland, Radiation Laboratory, University of California 
(private communication). 


COLLABORATION EXPERIMENT 


the solid angle subtended by the nucleus at the region of 
annihilation. Although such an argument is qualitative 
in nature, it gives a measure of the average distance 
from the center of the nucleus at which the annihilation 
occurs, the ‘annihilation radius.’’ Furthermore we note, 
by a separate analysis of stars at rest and in flight, a 
difference in the ratio of v/N, indicating a difference in 
the average radius (from the center of the nucleus) at 
which the respective annihilations take place. 
Qualitatively, we may discuss these phenomena 
as follows. In the stars at rest we find a ratio of 
(v/N.)rest=0.17, while for stars in flight this ratio is 
(v/N,) sight = 0.33. This difference can be understood by 
the following argument. For stars at rest the antiproton 
is captured into Bohr orbits around the nucleus and 
cascades down until it finds itself in an orbit from which 
it can annihilate with a nucleon. These orbits are ex- 
pected to have rather high angular momentum at first,” 
and thus the overlap between the antiproton wave 
function and the nucleus will occur mostly at large 
distances from the center of the nucleus where the 
density of nuclear matter is low. However, if the 
nucleon-antinucleon annihilation cross section is large 
enough, the majority of the annihilations will occur in 
this low-density surface region. These considerations can 
explain the small pion absorption mentioned above, as 
most of the pions can escape the nucleus if produced at a 
sufficiently large radius. On the other hand, for inter- 
actions in flight, the antiproton can occasionally pene- 
trate to smaller radii in traversing a mean free path in 
nuclear matter. The experiment indicates that for an- 
nihilations in flight about two pions interact with the 
nucleus, on the average, as compared with one pion for 
antiprotons “at rest.’”’ This result permits us to estimate 
a mean penetration depth for antiprotons of high ve- 
locity (8e-~0.5) into nuclear matter. This penetration 
depth is of the order of 3X10" nucleons/cm?, which 
corresponds to a mean life of 2 10 sec for antiprotons 
in nuclear matter. This picture is supported by the fact 
that the six stars with the highest energy in heavy 
prongs (> Ey>350 Mev) all occur in flight. These 


Taste XVII. Numbers of cases in a total of 33 in which N,* 
charged pions emerge for a given multiplicity Ny. 


Number Number of 
of charged cases found . 
pe ong experi Calculated number of cases for multiplicity Ng 


Ny* mentally* 2 3 4 5 6 7 


~ 


59 
16.0 


1.7 0.9 ) 
7.3 4.3 2 
2.7 9.5 6 
9.8 10.9 10 
2.4 6.7 8 
1.7 4 
( 


— 


coKw 


SN NO OO m wo 
ie net inet 


NOUS wh 
— 
~ 


Coow~o 


* It must be noted that because of the 90% efficiency for finding minimum 
secondaries, the experimental distribution is modified from the true 
distribution. 


2H. A. Bethe and J. Hamilton, Nuovo cimento 4, 1 (1956). 
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stars can be considered as examples of head-on collisions 
in which the antiproton penetrated far enough into 
the nucleus so that several of the pions produced in the 
annihilation process were absorbed by the nucleus. 
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APPENDIX I. EXAMPLES OF ANTIPROTON 
ANNIHILATION STARS 


Here we present eight projection drawings of annihi- 
lation stars (Figs. 14-21). These include one example 
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lic. 14. Projection drawing of annihilation star for Event 3-13, 
giving five charged pions. 


EVENT 4-8 


Fic. 15. Projection drawing of annihilation star for Event 4-8, 
giving four charged pions 


ANNIHILATION PROCESS 


6 


\ 
{ 


EVENT |j-2 


Fic. 16. Projection drawing of annihilation star for Event 1-2, 
giving three charged pions 
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EVENT 3-2 


Fic. 17. Projection drawing of annihilation star for Event 3-2, 
giving two charged pions, inelastic scattering of p 
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Fic. 18. Projection drawing of annihilation star for Event 1-1, 
giving two charged pions 


TasLe XVIII. Characteristics of the tracks in Event 3-13 
annihilation at rest, giving five charged pions 


Dip 
angle / 
(degrees Mev) 


Projected 
angle 
(degrees) 


351 
200 
200 
134 


67 


+20 
+32 
6 
24 
+ 59 


25%+40 
2574-35 
$440 
> 240 
> 240 














EVENT 4-10 


Fic, 19, Projection drawing of annihilation star for Event 4-10, 
giving one charged pion. 
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EVENT 4-3 


Fic. 20. Projection drawing of annihilation star for Event 4-3, 


giving no charged pions. 
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EVENT 5-1! ° 


Fic. 21. Projection drawing of annihilation star for Event 5-1 
giving no charged pions, possible charge exchange. 


TasiLe XIX, Characteristics of the tracks in Event 4-8: 
annihilation at rest, giving four charged pions. 


Projected Dip 


angle angle E 
Track Type (degrees) (degrees) (Mev) 
1 , 25 + 48 5604-70 
2 " 308 — 0.7 280+ 30 
3 * 242 — 61 200+ 5 
4 . 214 +18 300+ 30 
5 p 134 0 9 
6 p 70 +56 10 
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TaBLe XX. Characteristics of tracks from Event 1-2: 
annihilation at rest, giving three charged pions. 











Projected Dip 
ang’ angle BE 

Track Type (degrees) (degrees) (Mev) 

1 p 194 -~0 41.8 

2 ” 244 +50 540+ 180 

3 a 27 —42 263+30 

4 p 47 +43 55.5 

5 a 66 —17 330 

6 p 119 ~21 38 

7 ? 164 +44 11.9 


TABLE XXI. Characteristics of tracks from Event 3-2: Star A, 
inelastic scatter, no charged pions; Star B, annihilation at rest, 
giving two charged pions. 





Projected Dip 


ngle angle E 
Track Type (degrees) (degrees) (Mev) 

Star A 
1 p + 59 ~0 8.6 
2 p — 42 —25 vei 
3 a —104 +73 9 

Star B 
1 Recoil 76 ~ 0 coe 
2 . 347 +79 610+50 
3 Recoil 301 +13 age 
4 . 186 —59 


440+ 190 


TaslLe XXII. Characteristics of the tracks in Event 1-1: 


annihilation in flight (T,=185 Mev), giving two charged 
pions. 
Projected Dip 
angle angle E 
Track Type (degrees) (degrees) (Mev) 
1 p 73 —49 17.3 
2 . 89 +16 215 
3 p 96 +26 10.7 
4 rs 135 +8 67.0 
5 ? 137 +49 29.5 
6 p 150 —37 22.5 
7 ? 194 ~33 68.0 
8 ? 205 +39 104.5 
9 a 242 +25 247 
10 p 262 +25 11.8 
i! ? 234 —64 16.7 
12 ? 297 —8 12.8 
13 rs 218 of 28.3 
14 ? 249 +28 15.8 
15 p 13.3 


0.4 +49 


for each value of the charged-pion multiplicity, one 
example of the inelastic scattering of an antiproton, and 
one of a possible charge-exchange scatter. For each case 
a table describing the results of the measurements on the 
individual prongs is given (Tables XVIII-XXV). For 
each prong the identity, the projected angle, the dip 
angle, and the energy E are listed. For pions the energy 
is given by E,=7,+M,, while for protons and a 
particles it is Ey=Ty+E£~p, where Ez is the binding 
energy (8 Mev for protons and 4 Mev for a particles). 
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TABLE XXIII. Characteristics of tracks in Event 4-10: annihila- 
tion in flight (T= 200 Mev), giving one charged pion. 





Dip 
angle 
(degrees) 


Projected 
angle 
(degrees) 


83 


Type 


— 58 
49 +10 
39 +39 
3 +28 
338 +47 
324 + 0.5 
309 0 
277 +58 
257 +17 
232 —16 
206 —75 
202 +51 
188 — 7 
179 +26 
155 — 56 
141 + § 
183 —14 


283430 
43 
51 
39 
52 


16 
380+ 50 


Jw vy Ss & VV SO SVT TT DO ED 


TABLE XXIV. Characteristics of tracks from Event 4-3: 
annihilation at rest, giving no charged pions. 


Dip 


angle E 
(degrees) (Mev) 


Projected 
angle 
Type (degrees) 


Track 


+38 
— 1.5 10 
— 58 10.5 
— 56 11 
+38 25 


215 
353 


a 
p 
p 6 
p 
p 


16 


135 
164 


TABLE XXV. Characteristics of tracks from Event 5-1: annihi 
lation in flight (7,=150 Mev), giving no charged pions; possible 
charge exchange. 


Dip 
angle 
(degrees) 


Projected 

angle pif 
Track Type (degrees) (Mev) 
65 
143 
156 
209 


269 


—22 
+65 
+65 
—81 
—40 


35.3 
12.2 
18.6 
15.1 
10 


APPENDIX II. EVIDENCE FOR K-MESON 
PRODUCTION || 


1. Event 3-3: Evidence for the Production of a KK 
Meson Pair in the Annihilation Process 


Event 3-3 was caused by an antiproton in flight, 
T,=183 Mev. The star consists of 7 black tracks, 
probably due to protons; one recoil track ; two tracks of 
minimum ionization, probably due to m mesons; and 
two grey tracks, one of which is definitely due to a K 
meson and the other probably also due to a K meson. 
This star is the only one in which we have evidence for a 
charged KK meson pair. The first K meson, track No. 8, 
disappears in flight in the middle of one emulsion after a 
traversed path of 24.7 mm. We have not been able to 


|| The analysis presented in a Il was carried out by 
A. Gésta Ekspong and Gerson Goldhaber. 
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Fic, 22. Ionization vs multiple-scattering measurements on 
Tracks 8 and 11, Star 3-3. g* is the gap coefficient as normalized to 
minimum ionization (700-Mev/c e mesons), 


find any connecting track, as we should had the K 
meson decayed in flight. It is most probable that the K 
meson underwent a charge-exchange scattering or an 
absorption without leaving any visible prongs, The 
other track, tentatively assigned to a A meson, track 
No. 11, left the stack after a traversed path of 40 mm. 

The most serious systematic error in mass measure- 
ments by the multiple scattering-ionization method is 
caused by emulsion distortion. Such distortion lowers 
the apparent mass of particles. For track No. 8 in star 
3-3, rather favorable conditions prevailed. The dip 
angle was between 11° and 17° in the various plates in 
which measurements were performed. The kinetic en- 
ergy of the particle was rather low, so that small cells 
(25 u to 150 u) could be used for the scattering measure- 
ments. Under these two favorable circumstances distor- 
tion does not seriously affect the measurements of the 
multiple scattering. The final results of g/go and pp 
determinations are shown in Fig. 22. The following 
corrections have been made: dip corrections, noise 
elimination between cell / and cells 2/ and 3/, variation of 
sensitivity between plates and with depth below the 








Fic. 23. Ionization vs variation in range for Track 8, Star 3-3, 
The curves are those expected for protons, K mesons, and » 
mesons normalized to the value of g* at the point of disappearance 
in flight of track 8. (g*=4.37.) The mass determination was 
carried out for the first and last points. The width of the rectangle 
at R’=18 mm indicates the uncertainty in range due to the error 
in g* for the point at R’ 0. 
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Fic. 24. Blob density vs p§ measurements on Track 3 in Star 3-7 
and Track 11 in Star 3-3. 


surface in each plate. The appropriate scattering con- 
stant Ko was taken from Voyvodic and Pickup.” The 
gap coefficient g*=g/go has been normalized to mini- 
mum ionization by use of the 700-Mev/c m mesons 
readily available in the stack. The lines marked K and P 
in Fig. 22 were determined by accurate calibrations on 
K mesons (from a K-meson stack) and protons (from 
both the K-meson and the antiproton stacks). Multiple- 
scattering measurements were performed over the entire 
length of the track. The mass of the particle, according 
to these measurements, is M = (1016+ 120)m,, where an 
8% uncertainty in the scattering constant has been 
included in the standard errors. A mass determination 
independent of the multiple-scattering measurements 
can be obtained in this case by studying the variation of 
g/go with range (Fig. 23). It is evident from Fig. 23 that 
the measurements are consistent with the K mass and 
not the proton or r mass. Using the first and last points, 
we obtain a mass of (800_209°”)m,. Our conclusion from 
the evidence presented here is that we have observed the 
emission of a K meson from an antiproton annihilation 
reaction. 

The other grey track in the same star, track No. 11, 
for which the identification is less certain, was emitted 
with a large dip angle (74°). The surface-angle method 


EVENT 3-3 


Fic. 25, Projection drawing of annihilation star for Event 3-3, 
giving two K mesons, two pions. 


*%L. Voyvodic and E. Pickup, Phys. Rev. 85, 91 (1952). 
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(see Appendix IV) was applied to determine 8, and the 
gap-coefficient method was used for g/go. The results are 
shown in Fig. 23 and also in Fig. 24, where g/go has been 
converted into B/By (blob density). The curves in 
Fig. 24 marked P and w have been obtained by calibra- 
tion measurements on flat tracks of protons and 
mesons in the same stack. If we assume that no ap- 
preciable undetected systematic errors enter these 
measurements, we see that the results indicate a K- 
particle mass. 

Table XXVI gives the results of the measurements on 
star 3-3, and Fig. 25 gives a projection drawing of it. 

If the recoil track (4) is excluded, the momentum 
unbalance in this star is 920 Mev/c, which is directed 
approximately opposite to track No. 4. Assuming the 
momentum of the recoil particle (track No. 4) to be 
about 200 Mev/c, we find that the missing momentum 
is about 700 Mev/c and the missing energy about 200 
Mev. These quantities can be balanced by the emission 


Taste XXVI. Characteristics of tracks from Event 3-3: 
annihilation in flight (7,= 183 Mev), giving two charged K mesons 
and two charged pions 7,=183 Mev. 


Projected Dip 
angle angle 
(degrees) (degrees) 


E 
(Mev) 


Type 


w 238 
a 295 
p 306 +58 
recoil 345 ~0 
357 —52 

53 — 39 

81 — 36 

93 —15 

119 +45 

120 +18 

144 +74 

165 40 


— 58 
+65 


230+ 50 
240+50 


of one or more neutrons. Thus momentum and energy 
can be conserved in this analysis, which takes track 
No. 11 to be due to a K meson. 


2. Event 3-7: Evidence for the Emission of One 
Charged K Meson from an Annihilation Star 


In this event track No. 3 is probably a K meson that 
left the stack after traversing 17 plates. Accurate blob 
counts on track No. 3 were made in seven plates, giving 
the initial B/Byo=1.514-0.04, and before leaving the 
stack the final B/Bo=1.59+-0.04. As an average over 
the whole track, we take B/By= 1.554+-0.03. The average 
dip angle was 18°. Measurement of the multiple scat- 
tering was made over the entire track with cells of 100, 
200, and 300 uw. Unfortunately, distortion entered into 
the measurements, so that the second differences yielded 
too low a pB value (p8=160+18 Mev/c) as compared 
with that from third differences (p8= 238+ 30 Mev/c). 
As a check, a p6 value from fourth differences was also 
computed, viz., pB= 1964-35 Mev/c. Utilizing the sur- 
face angle method (Appendix IV), we obtained a value 
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TABLE XXVII. Characteristics of the tracks from Event 3-7: 
annihilation in flight (7, = 152 Mev), giving one charged K meson 
and 2 charged pions. 


Dip 
angle 
(degrees) 


Projected 
angle R 
Type (degrees) (Mev) 


17.5 
16.5 


172 —32 
168 +36 

76 +-19 
346 0 
346 — 3 
247 0 
232 +67 
194 +20 
157 —17 


CSeONAUE WN 
AVY IV ves WR wd 


275422 


of pB=350+130 Mev/c. The results are displayed in 
Fig. 24. The mass from the third difference measure- 
ments is M=(720+-135)m., and from surface angles 
M = (1060_440+™)m, and is thus consistent with the K 
mass. The error stated is the standard error. A full 
description of Event 3-7 is given in Table XX VII and a 
projection drawing in Fig. 26, 


EVENT 3-7 


Fic. 26. Projection drawing of annihilation star for Event 3-7, 
giving one K meson, one pion. 


APPENDIX III. ANNIHILATION ACCOMPANIED BY 
K-PARTICLE PRODUCTION AND WITH 
ACCOUNTABLE ENERGY AND MOMENTUM4 


Event 2-3 


In this nuclear interaction of a (90+10)-Mev anti- 
proton, one of the five charged prongs emitted from the 
annihilation is probably a K meson. The event is of 
further interest in that it is the only annihilation star 
observed in this study to contain an energetic highly 
charged fragment. The conservation of energy and 
momentum can be satisfied with the emission of a single 
neutral particle of near nucleonic mass if one assumes 
that the annihilation takes place in one of the light 
nuclei in the emulsion. 

The event is reproduced in Fig. 27. Of the three 
prongs requiring mass determination by ionization and 
multiple scattering, only track No. 1 had a dip angle 
small enough (6.2°) to allow a measure of pB by 
conventional methods. Tracks 2 and 3 were nearly 


{ The analysis presented in Appendix III was carried out by 
Harry H. Heckman. 
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Fic, 27. Projection drawing of annihilation star for Event 2-3, 
showing 1 K meson, 1 pion. 


collinear, and had dip angles of 45.8° and —41.3°, 
respectively. For these particles, the method of surface 
angles was employed to measure the multiple scattering 
(see Appendix IV). The ionizations of prongs No, 1 to 3 
relative to minimum was obtained by comparing them 
with the 700-Mev/c incident beam pions. As a check on 
the grain counts of the steeply diving tracks, the 
ionization plateau was measured (by use of “‘back- 
ground” ywt—e*+ decays) as a function of dip angle. 
Prong No. 4 is a singly charged particle (p or d), and 
prong No. 5 is a nuclear fragment with an estimated Z 
of about 5. Since no particle was observed to be emitted 
at the end of its range, we concluded that the fragment 
was a nucleus stable against 8 decay. Table XXVIII 
gives the results of the analysis of the event. Columns 
(b) and (c) are the projected and dip angles measured 
relative to the direction of the incident antiproton, and 
Column (d) gives the total path length observed for 
each particle. Only prongs No. 4 and 5 come to rest in 
the emulsion stack. The identifications of particles No. 1 
through 3 were deduced from Fig. 28. The expected loci 
of pions, K mesons, protons, and charged hyperons were 
calculated by use of the tables of Barkas and Young. 


" » AVERAGE OF ALL 
ENTERING PL 


AMEN 








7 
>. 


2 


4 6 t 
ep imev/c) 
Fic. 28. Ionization versus multiple scattering measurements 
on calibration pions and protons and Tracks 1, 2, and 3 in 
Event 2-3. 


*W. H. Barkas and D. M. Young, University of California, 
Radiation Laboratory Report, UCRL-2579 (Rev), September, 
1954 (unpublished), 
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TaBsle XXVIII. Tabulation of data from the analysis of Event 2-3. 








(d) 
Range 
(observed ) 
(cm) 


(a) (b) (ec) (e) (f) 


a 
Prong (degrees) (degrees) t/tmin® 


2.3340.07 


1,.88+-0.06 
1,00+0.02 


42 


1.89 

2.39 
19.5+0.5 
26.0+0.5 


6.2 


44.3 
~41.3 
~— 03 

04 
0.0 


22 


255.5 
80.5 
65.5 

275.5 

0.0 


ve restricted grain density relative to minimum, «/s, defined in reference 24. 


Bp 
(Mev/c) 


(h) (i) Gj) 


(g) 
Kinetic 
energy pe Mass 

(Mev) (Mev) (Mev) Type 





448 +40 


2594-44 
650+ 200 


804+-43(Z) 
729441 (p) 
407+53 
6644197 
163.5+14.0 
69548 
4224-24 


245-+24(2) 
250-+25(p) 
146437 
650+ 192 
7141.2 
23.6-+0.5 
+10 


11724104 


490+83 
140+43 


2(p) 
K 


T 








* Th 
» The p had «2.5 40.5 cm residual range at the point of interaction, corresponding to a kinetic energy of 90 +10 Mev. 


Included in the figure are several nonrelated particles 
used for calibration purposes. The mass of prong No. 1 
appears to be slightly larger than a proton, and it may 
be tentatively identified as a 2 particle. The fact that no 
decay was observed in a proper time of 3 10~” second 
[ rz-= (1.49.5**) K 10°" sec }** weakens this argument. 
The error of the measurement, however, does not allow 
the particle to be statistically resolved from the proton 
locus. Track 2 gives strong evidence of a K particle and 
Track 3 is identified as that of a pion. 

The features of this event are those characteristic of 
an interaction with a light nucleus (C, N, or O). The 
evidences for this are the low kinetic energies of the 
stopping particles No, 4 and 5. In each case, the 
energies are considerably lower than the Coulomb- 
barrier heights for the heavier elements contained in 
emulsion. On the basis of these arguments, the annihi- 
lation can be interpreted equally well by 

Yo 
2 


where prong No. 1 is assumed to be a proton and the 
unobserved neutral particle a hyperon; or by 


(B) pt+sO-+Kt+nt+d+—B"+ (n), 


(A) p+sO"—9p+Kt+m +d+sB"+( 


where prong No. 1 is assumed to be a 2, and the 
neutron is added to conserve nucleons, energy, and 
momentum. 

In Reaction (A), the total energy unbalance AE of the 
visible charged particles is 1265+197 Mev. The un- 
balance in momentum is 3884-76 Mev/c. The rest mass 
of a neutral particle that satisfies these values of energy 
and momentum is M = 1024+ 182 Mev. This evaluation 
of the mass from the measured quantities is in close 
agreement with the assumed neutral hyperon, 2° or A°, 
emitted in the reaction (the masses of the 2° and A° are 
1196+3 and 111641 Mev, respectively). The 2° mass is 
taken to be the same as the mass of the =~. 

If one takes the mass measurement of particle No. 1 at 
face value (so that we interpret it as a 2 particle), 
Reaction (B) can describe the annihilation. The tota] 

% J. Steinberger, Proceedings of the Sixth Annual Rochester 


Conference on High Energy Physics (Interscience Publishers, Inc., 
New York, 1956), Sec. VI, p. 20. 


energy and momentum required to conserve these 
quantities are 1009+ 197 Mev and 458457 Mev/c. The 
mass of the neutral particle is calculated to be 899+ 192 
Mev, and, within the error, is the mass of the assumed 
neutron (939.5 Mev). A reaction of the type 


p+s0"—>p+K-+9t+14+5B"+ (K% 


does not lead to a satisfactory interpretation. The total 
energy unbalance is 329+200 Mev (mass of K°=~ 493 
Mev), and Ap=399+7 Mev/c, from which the mass of 
the neutral particle is deduced to be ~ zero. 

The analysis of the event does not enable one to 
distinguish between the modes through which the 
annihilation could have taken place, namely, the crea- 
tion of a x—- pair or a K—K pair. In either case, how- 
ever, one member of the pair necessarily interacts with 
the remaining nucleus to produce the observed products. 
For instance, the positive pion could interact to produce 
the K* particle and neutral hyperon in Reaction (A), or 
alternatively, the interaction of the K~ with a proton 
could give rise to the 2~ and w* in Reaction (B). The 
mechanism through which the recoiling ,B" fragment 
attained its exceptionally high momentum of 69548 
Mev/c might be explained by such a secondary inter- 
action of a primary annihilation product. 


APPENDIX IV. MEASUREMENTS OF MULTIPLE 
SCATTERING ON STEEP TRACKS 

Much information would be lost in the analysis of 
antiproton stars if no measurements were made on the 
frequently occurring steep tracks. As is well known, the 
usual methods of evaluating the multiple scattering be- 
come quite unreliable for steep tracks because of the 
influence of the emulsion distortion and also because of 
the limited track length in each plate. 

We have tried two modifications of current tech- 
niques, i.e., the sagitta and tangent methods. We shall 
call these modifications the grid-coordinate and the 
surface-angle methods, respectively. Both methods are 
applicable to steep tracks in well-aligned emulsion 
stacks. 


A. Grid-Coordinate Method 


Before mounting, a millimeter grid is contact-printed 
on the glass-to-emulsion interface of each emulsion 
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sheet in such a way that corresponding grid coordinates 
on all the plates are accurately positioned atop one 
another.”* The x and y coordinates of the glass exit or 
entrance point of the track are measured with respect to 
those grids. 

The second differences of the x readings and y 
readings give two independent measures of the scat- 
tering. The reproducibility of the setting on a grid line is 
about 24. The intrinsic errors in the technique arise 
from misalignment errors in the stack and from the 
variation of the original thickness of the pellicles. The 
total error due to these sources is about 9 in y and 
6 in x. The basic cell / is the track length in each 
plate. By computing the scattering result in cell lengths 
of nt (n=1, 2,3, +--+), one gets estimates of both the 
noise level and the true scattering. The formulas used to 
evaluate the mean scattering angle per 100-y cell, &oo, 
are 
sing 


(1—cos’@ cos’) 


{| A*y|) 


180 1 
mw (t/100)' 1 


180 61 


(| A?x|) 
mw (t/100)' ¢ 


sinf 


(1 os sin) cos%)” 


where / is the cell length in microns, £ is the true dip 
angle, and @ the azimuthal angle with respect to the grid 
lines. 


B. Surface-Angle Method 


The practicability of this technique depends upon the 
assumption that the direction of a track at the surface is 
retained in the processed emulsion. The projected 
entrance angles are measured with respect to well- 
aligned grid lines, tabs,”” or some other reference lines. 
As the track scatters, the variation of the projected 
surface angles is a measure of the multiple scattering. If 
(| 46|) is the mean deflection in the projected angle per 
pellicle, then the mean scattering angle per 100-y cell, 
G00, is given by 

cos@ sin'g 
&100= (| 40|)-——, 
(7/100)! 
TABLE XXIX. p€ of dipping tracks, measured by the 
surface-angle method. 


PB, PB, 
measured known 


(Mev/c) (Mev/c) 


198+-35 214 
1664-22 165 
274455 214 
68+10 76,2 


Dip angle 


Particle (degrees) 


Kyo secondary 8 
K,2 secondary 53.3 
K ye secondary 33 
Pion 45.7 


% Goldhaber, Goldsack, and Lannutti, University of California, 
Radiation Laboratory Report, UCRL-2928, March 1955 (un- 
published) ; also Heckman, Smith, and Barkas, Nuovo cimento 3, 
86 (1956). 

27 Birge, Kerth, Richman, Stork, and Whetstone, University of 
California, Radiation Laboratory Report, UCRL-2690, Septem- 
ber, 1954 (unpublished). 
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where £ is the dip angle and 7 is the original emulsion 
thickness in microns. The evaluation of the “noise level” 
was performed by studying the dependence of (| A@|) on 
cell lengths (track length in each pellicle) in multiples of 
1, 2, 3, ---. The estimates of the noise varied between 
0.25° and 0.5° in various stacks for individual Aé@ 
measurements. 

Although the measurements are rather difficult and 
limited in statistics, we feel that the methods do give 
satisfactory results. The reliability of the new techniques 
has yet to be fully explored, but as a check, we have 
measured the p§ of the secondaries from AK mesons and 
slow pions having dip angles from 8° to 53°. The p§ of 
the secondaries from K,: and Ky,» are 165 and 214 
Mev/c, respectively, and the p§ of the slow pions are 
known from their ranges. The results are given in 
Table XXIX. 

A further check is obtained by comparing the r- 
meson energy distribution in the antiproton stars (Sec. 
IV B) for steep tracks with that for flat tracks. The two 
spectra show a rather good over-all agreement. 


APPENDIX V. LEPORE-NEUMAN 
STATISTICAL MODEL 


We start with the following expression for the proba- 
bility of annihilation into NV pions according to the 
Lepore-Neuman model,'* 


Py=constS yT y(2aeh)%4-Y 


N 
x] I pide d(W-S €)4(E p,) 


tl i 


re tT (rx 7?) 
xi( —— ) en ~ | 
W h*c? 


After the spatial integration is carried out, we obtain 


Py=constS yT y(497,) 41 (W9/N4) 


N 
xf Il per 4(W-¥ «)8(E p.. 


We define an energy @ by means of the expression 


N 
(2) aN f Il dp ie; %3(W->- €)6(d. p) / 


N 
f Il dp d(W—> €)6(> p,). 


For large multiplicities, @ approaches the pion rest mass 
energy. We wish to compare @ with the average pion 
energy, W/N,, at low multiplicities. Holland® has 
evaluated the integral in the numerator of the above 
expression for multiplicities V,= 2, 3, 4. The evaluation 
of the denominator has been described in Sec. IV G1. 
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TaBLe XXX. Comparison between @ as defined above and 

calculated from the results of Holland* and the average pion 

energy W/N,. All energies are expressed in units of M,c*. 


é W/Nge 

8 
5 
A 


A 


6 
4 
3 
1 


* See reference 21. 


The results are shown in Table XXX, where é@ and 
W/N, are given in pion rest energy units. 
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The near equality of @ and the average pion energy, 
W/N,, may at first seem surprising since the term (¢;)~* 
favors low energies. However, because of the term that 
provides for the conservation of energy, high energies 
must be equally favored. Thus the above equality is 
reasonable although perhaps accidental. It should be 
noted that the procedure described above is applicable 
only in cases where all particles in the final state have 
the same mass, as in the annihilation process involving 
pions only. 

The expression for Py in Sec. IV G3 has been obtained 
by means of the substitution @=W/N,. 
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Meson Production in n-p Collisions at Cosmotron Energies* 


W. A. WALLENMEYER, 
Brookhaven National Laboratory, Upton, New York, and Purdue University, West Lafayette, Indiana 
(Received October 19, 1956) 


Neutrons produced by 1.5 Bev p-C collisions within the vacuum 
tank of the Cosmotron, when incident upon the protons in the 
Brookhaven twenty-atmosphere, hydrogen-filled, magnet dif 
fusion chamber, produced a number of three-prong events. Of 
these events, 182 were of analyzable quality and have been 
classified as being a result of the reations n+p-p+p+r', 

p+ ptr +e, and —p+n+nr'+n~ in the ratio of (53411): 
(844): (3949), respectively, where the errors given are twice the 
statistical errors to allow for classification uncertainties. The ob 
served ratio of double to single meson production, though con 
siderably lower than that which was found with the higher energy 
(2.2 Bev max) neutrons of the previous n-p experiment by Fowler, 
Shutt, Thorndike, and Whittemore, is still more than twenty 
times as great as the ratio predicted by Fermi’s statistical theory 


I, INTRODUCTION 


OWLER, Shutt, Thorndike, and Whittemore! 

published the first part of a preliminary cloud 
chamber survey of nucleon-nucleon and pion-nucleon 
interactions in the Bev energy range in 1954. This 
paper (hereafter referred to as I) was concerned with 
meson and V-particle production in n-p collisions at 
Cosmotron energies and was the first experiment which 
directly and definitely showed the existence of multiple 
meson production. They observed that the ratio of 
double to single meson production was more than 
twenty times as great as the ratio predicted by the 
Fermi statistical model.? Furthermore, little change 
was observed in the production ratio with change in 
energy of the incident neutrons. However, it should.be 


* Performed under the auspices of the U. S. Atomic Energ 
Commission; partially supported by the Purdue Rematch 
Foundation during the summer of 1955. 

' Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 95, 
1026 (1954). 

*E. Fermi, Progr. Theoret. Phys. Japan 5, 570 (1951); Phys. 
Rev. 92, 452 (1953); 93, 1434 (1954). 


of meson production. However, the observed ratio is in good 
agreement with the predicted ratio of 47:14:39 obtained from the 
statistical model as refined by Kovacs, where consideration is 
given to the resonance enhancement of double meson production 
and to the suppression, by angular momentum and parity con- 
servations, of the (pp—) reaction. 

The data show that the proton and the * and also the neutron 
and the r~ tend to be emitted in opposite directions to each other 
much more frequently than do the proton and the w~ or the 
neutron and the r*. This may be an argument in favor of an 
intermediate, excited state (T=4,J=4) model. There is no 
apparent evidence of any specific excitation energy for such a 
model from the data. 


realized that the value determined for the energy of an 
incident neutron was subject to a considerable accumu- 
lation of error and uncertainty since it was necessarily 
calculated from all of the measurements made on the 
visible products of a reaction. 

For these and other reasons it seemed desirable to 
perform a similar experiment, or experiments, using 
neutron beams with different maximum energies. 
Whereas the initial experiment was with neutrons of 
energies less than or equal to 2.2 Bev, the present 
experiment was with neutrons of energies less than or 
equal to 1.5 Bev. The Powell cloud chamber group at 
Berkeley has been studying n-p interactions by neutrons 
from 6.2 Bev p-Cu collisions with the protons in their 
36-atmosphere, hydrogen-filled diffusion chamber.’ 

The main objectives of this experiment were to 
investigate, at these lower energies of the incident 
neutrons, the following points: (1) multiplicity of 
meson production; (2) energy distribution of the beam 

+ Fowler, Maenchen, Powell, Saphir, and Wright, University of 


California Radiation Laboratory Report UCRL 3115, 27, 1955 
(unpublished); Phys. Rev. 101, 911 (1956). 
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neutrons; (3) angles of emission, momenta, and charges 
of the emitted particles; (4) angular correlations and 
relative energies (Q-values) between each two of the 
particles emitted from a reaction, and (5) production 
of “strange particles.” 


Il, EXPERIMENTAL PROCEDURE 


The arrangement of the apparatus and equipment 
used at the Cosmotron was much the same as it was in 
I. The beam used was a well-collimated neutron beam 
which emerged along a tangential continuation of the 
path of the 1.5-Bev protons bombarding a carbon 
target located inside the Cosmotron vacuum tank. 
Neutrons of all energies up to almost that of the 
incident protons were included in this beam. Very little 
is known of the energy distribution of these neutrons. 
After emerging from a one-inch-diameter lead collimater 
the neutrons first passed through a 1.5-inch lead con- 
verter which reduced the intensity of the photons in 
the beam, and then through a sweeping magnet which 
removed all charged particles. 

The chamber used to obtain the data was the 16- 
inch-diameter magnet diffusion chamber of the Brook- 
haven cloud chamber group.‘ This was filled with 
hydrogen gas to a pressure of about 20 atmospheres 
and operated in a magnetic field maintained at from 
9500 to 12 000 gauss. 

About 14000 Cosmotron pulses were recorded and 
the pictures so obtained were then scanned and analyzed 
according to the general procedure established in I. 
Any event of interest from an n-p collision (except the 
V-events) necessarily has to contain an odd number of 
charged prongs as a consequence of charge conservation. 
Because of the limited depth and the occurrence of 


TaBLe I. Types of n-p reactions up to and including 
triple meson production. 
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frequent gaps in the sensitive layer of the chamber, it 
was very difficult to discern whether or not a single 
track actually started in the layer. Therefore one-prong 
events were not considered. Even if they had been, 
their interpretation would have been very ambiguous 
as can be seen from consideration of the many one- 
prong possibilities listed in Table I. Since one-prong 
events were ignored, and odd-prong events with more 
than three prongs were not observed, only three-prong 
events remained to be analyzed. 

The various possible reactions from n-p collisions 
leading to zero, single, double, and triple meson pro- 
duction are listed in Table I. Since no five-prong events 
of the type represented by n+p-p+ptart+am +r 
were observed, either in this experiment or in I, it was 
assumed that none of the three-prong events observed 
were a result of triple meson production, Of those 
reactions listed in Table I, there remain only four from 
which it is possible to observe three charged prongs; 


n+ ppt ptr, (pp—); 
n+ ppt ptr+n, (pp—0); 
n+p—optnt+at+r, (pnt —); 
n+ pod+nt+r, (d+ —), 


The data on each three-prong event were analyzed to 
determine which of these four possibilities would repre- 
sent the best classification. 

After classifying the events, the next step was to 
compute other items of interest such as the Q-values 
and the quantities of momentum and angle in the 
center-of-mass system. These computations were quite 
routine and were performed by use of the Brookhaven 
Remington-Rand type 409.2R Punched Card Elec- 
tronic Digital Computer. 


III. RESULTS 


Out of about 14000 Cosmotron pulses, 213 three- 
prong events were recorded and of these a total of 182 
could be analyzed with some degree of certainty. The 
remainder were discarded, either because their measure- 
ments were entirely too poor for any meaningful deter- 
mination, because the collision producing the event 
occurred outside of the region through which the direct 
beam passed, or in a few cases, because the magnetic 
field was not operating at the time of collision. 


A. Multiplicity of Meson Production 


The 182 events were classified as being a result of 
the reactions (pp—), (pp—O0), and (pn+ —) with 
frequencies in the ratio of (532-11): (8+4): (3949), 
respectively, where the errors given are twice the 
statistical errors to account for the uncertainties in 
classification. The mean energy of the neutrons initi- 
ating these events was 1.1 Bev. To study further the 
production ratios as a function of energy, the events 
were divided into two groups: (1) those events which 
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were initiated by neutrons with energies less than 1 
Bev, and (2) those events which were initiated by 
neutrons with energies between 1 Bev and 1.5 Bev. 
The reactions (pp—), (pp—0), and (pn+ —) occurred 
with frequencies in the ratio of 86:0:14 for those 
incident neutrons with energies less than 1 Bev (mean 
energy = 0.83 Bev) and with frequencies in the ratio of 
37:12:51 for the neutrons with energies between 1 Bev 
and 1.5 Bev (mean energy=1.24 Bev). From I, the 
ratio of frequencies was 24:16:60 for energies between 
1 Bev and 1,72 Bev (mean energy= 1.46 Bev) and was 
19:12:69 for energies between 1.72 and 2.2 Bev (mean 
energy = 2.04 Bev). 

In the frequency ratios given above, the (pn+ —) 
classification also includes those events which were more 
specifically classified as (d+ —). Of the 70 events 
classified as (pn+ —) in this experiment, 7 were 
actually (d+ —). Likewise in I, of the 98 events 
classified as (pn+ —), 4 were actually (d+ —). Since 
the average momentum of the nucleons from the 
(pn+ —) events was about 300 Mev/c in the present 
experiment as compared to about 400 Mev/c in I, it 
is to be expected that a greater percentage of the 
(pn+ —) cases here would result in the (d+ —) 
reaction than did in I. 

Table II lists the actual number of events assigned 
to each classification. In comparing the relative number 
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of “certain” to probable events listed in each classi- 
fication column of this table, it should be remarked that 
it is more difficult to determine, with certainty, some 
types of events than others. For the (pn+ —) case a 
decision was considered certain if a #*+ was definitely 
identified and the conditions of the conservation laws 
were satisfied. However, with the (pp—) events, even 
though both protons might be definitely identified and 
the conservation relations satisfied, the classification 
as a (pp—) event, as differentiated from the (pp—0) 
possibility, was generally not considered certain unless 
the momenta and angles of all three charged particles 
were well measured. 

A graphical presentation of the different production 
ratios as a function of energy is shown in Fig. 1. The 
three histograms presented there represent the energy 
distributions of the neutrons initiating each type of 
three-prong event; i.e., the shape of each histogram 
is a result of both the energy spectrum of the beam 
neutrons and the cross section (as a function of energy) 
for that particular mode of pion production. It can be 
seen from these histograms that only single production 
occurs at the lowest energies, builds up to a maximum 
at about 1-Bev lab energy, and then decreases as double 
production apparently becomes a competing process. 
Double production seems to come into prominence at 
about 1-Bev lab energy and then level off, or decrease 
somewhat. The decrease of meson production with 
increasing energy of the incident neutron is no doubt 
chiefly (if not entirely) a result of a decreasing intensity 
of the incident neutrons at the higher energies. From 
these observations it would appear that the energy 
spectrum of the beam neutrons was peaked near or 
below an energy of 1 Bev for this experiment. 


B. Energy Spectrum of Incident Neutrons 


In I, 185 three-prong events were recorded from 
about 20000 Cosmotron pulses, while in this experi- 
ment about 213 three-prong events were observed from 
about 14000 pulses. These results cannot be directly 
compared since no method which gave consistent 
results was utilized for monitoring the over-all neutron 
beam intensity. It was apparent from the greater 
density of the knock-on charged particles observed in 
this experiment that the neutron intensity was at a 
higher level than it was in I. Nevertheless, the observed 


Tasie II. Number of events in each classification. 


Energy of 
initiating 
neutron 


Classification of event 
Pp— pp-O pn+ — d+ — 


Certainty Total 


“certain” 8 O 3 
<1 Bev probable 43 4 
“certain” 14 29 
probable 32 27 


> 1.0 Bev 
<1.5 Bev 


Total 97 63 
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high rate of production, relative to that in I, would 
indicate qualitatively that the three-prong production 
cross section is not significantly less for these lower 
neutron energies. 

The energy distribution of the neutrons producing 
the observed three-prong events is shown in Fig. 2. 
(This was obtained by adding the three histograms 
presented in Fig. 1.) Of course it is very unlikely that 
the distribution of the neutrons producing the three- 
prong events should represent the spectrum of the 
incident neutrons, Quite the contrary, this distribution 
must also depend upon the different cross sections for 
the various three-prong production modes, and as can 
be seen from the histograms in Fig. 1, the relative 
magnitudes of these cross sections with respect to each 
other very definitely change with energy. Nevertheless, 
if consideration is given to the similarity of the histo- 
gram in Fig. 2 with the corresponding distribution in 
I, and to the fact that in I essentially no three-prong 
events were observed below 1 Bev while in this experi- 
ment one-third of the total events observed were pro- 
duced by neutrons with energies less than 1 Bev, it 
seems that the energy spectrum of the neutron beam 
must be peaked at higher energies than was previously 
thought. Certainly the median energy of 0.8 Bev which 
was calculated for the incident neutrons of I by Yang,° 
using the statistical theory, must be too low. 


C. Angular Distributions of Emitted Particles 
in Center-of-Mass System 


Histograms showing the distributions of cos@* for 
the particles emitted from the (pp—) reaction are 
presented in Fig. 3. (6* is the angle, in the center-of- 
mass system, between the direction of emission of a 
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Fic, 3. Angular distributions in the center-of-mass system for the 
particles emitted from the (pp—) reaction, 


particle and the line of flight of the incident neutron), 
The pion distribution is fairly uniform with a possible 
weak minimum at 90°, but the proton distribution is 
strongly peaked in the forward and backward directions. 

The angular distributions of the particles from the 
(pn+ —) reaction (Fig. 4) show that the nucleons 
there also have a preference toward forward and back- 
ward emission, though not nearly as strong as that 
observed with the (pp—) reaction. In I it was found 
that the protons from the (pa+ —) reaction had a 
rather strong preference toward emission in the back- 
ward direction, and the neutrons a preference toward 
emission in the forward direction. The more isotropic 
distributions observed in this experiment are probably 
a result of the lower energy of the incident neutrons. 

The distributions for the (pp—0) and (d+ —) re- 
actions are not given here because of the poor statistics 
[15 (pp—0) and 7 (d+ —) cases] but have been 
presented elsewhere.* The results from these reactions 
are in general agreement with those from the (pp—) 
and (pn+ —) reactions; i.e., the pion distributions are 
more or less isotropic and the nucleon distributions are 
peaked toward emission in the forward and backward 
directions. The deuterons from the (d+ —) reaction 
show a tendency toward emission in the backward 
direction, 

There are no angular distributions readily available 
from any of the theories with which the observed 
angular distributions may be compared. At first 


*W. A. Wallenmeyer, Purdue University Ph.D. thesis (un- 
published). 








1062 


PROTON | dit 
4 _ 

29 33 
a ee ——y 


PION 


trrocro yr 
ye T 31 





INTERVAL OF cose@* 
~ 








TI 

8 aa (NEGATIVE) 

4 J 
Nn 
é 35 27 

0 —— game 5 T T 4 Tv T vv ee | 
\ 0 + 
7) 
uy PION (POSITIVE) 
2 
‘= 
a 
é 
4 31 
« a ea 
; 


NEUTRON 
23 
0 Paar a.“ 
“1.0 -086-06 -04-0.2 OO O2 O04 0.6 06 1.0 
cosé (cms.,) 


Fic. 4. Angular distributions in the center-of-mass system for the 
particles emitted from the (pn+ —) reaction. 


thought, the evidence of the nucleons tending to retain 
momenta and directions near to the initial ones might 
indicate that an excited-state model, such as hypothe- 
sized by Peaslee,’ is favored over the statistical model.” 
However, such observations may also be consistent 
with the statistical model if consideration is given to 
the conservation of angular momentum. As Fermi*® 
points out, it is much more probable that two particles 
will collide off center of each other than directly on 
center, and therefore a system will generally be left 
with a considerable amount of angular momentum after 
a collision, In conserving angular momentum, the 
resulting particles of a reaction will show a tendency 
toward emission in the forward and backward direc- 
tions.* At the energies available in this experiment, 
the nucleons carry off most of the angular momentum 
and therefore are chiefly responsible for its conservation. 

The observation that the angular distributions of the 
nucleons from the (pn+ —) reaction are much less 
peaked than in the case of the (pp—) reaction may also 
follow from consideration of this conservation. It is 
reasonable to assume that a closer collision is required 
(at a given energy of the incident neutron) for double 
production than single production and so, on the 
average, smaller values of angular momentum would 
be involved in the double-production reactions, leading 
to less peaking of those nucleon angular distributions. 
The excited-state model would also predict a more 
isotropic distribution for the nucleons from the double- 


7D. C. Peaslee, Phys. Rev. 94, 1085 (1954); 95, 1580 (1954). 
*E. Fermi, Phys. Rev. 81, 683 (1951). 
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production events, both from consideration of the 
conservation of angular momentum and also from the 
supposition that it is necessary to excite both nucleons 
for double production as opposed to only exciting one 
for single production. 

The general observation that there is an apparent 
tendency for the colliding particles to continue after 
collision in approximately their incident directions with 
much of their initial momenta has also been observed 
in a number of other experiments conducted at 
Brookhaven.*-” 


D. Momentum Distributions 


The momentum distributions in the center-of-mass 
system for the emitted particles from the (pp—) re- 
action (Fig. 5) and also those for the particles from the 
(pn+ —) reaction (Fig. 6) show that the momenta of 
the nucleons are high as compared to the momenta of 
the pions. The momenta of the nucleons from the 
(pp—0) events (not shown) also are high as compared 
with the momenta of the pions from the same events. 
However, for the (d+ —) cases, although the momenta 
of the #~ mesons are low as compared to the momenta 
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Fic. 5. Momentum distributions in the center-of-mass system 
for the particles emitted from the (pp—) reaction. The protons 
are differentiated with respect to their emission into the forward 
or backward hemisphere. 


* Eisberg, Fowler, Lea, Shephard, Shutt, Thorndike, and Whit- 
temore, Phys. Rev. 97, 797 (1955). 

” Morris, Fowler, and Garrison, Phys. Rev. 103, 1472 (1956). 

" Fowler, Shutt, Thorndike, and Whittemore, Phys. Rev. 103, 
1479 (1956). 

%W. D, Walker and J. Crussard, Phys. Rev. 98, 1416 (1955). 
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of the deuterons, the momenta of the r+ mesons are 
comparable. Obviously the statistics are entirely too 
poor to attach any meaning to this. 

The experimental observation that the momenta of 
the pions are in general considerably less than the 
momenta of the nucleons is consistent with both the 
excited nucleon model and the statistical model. The 
most probable momentum values observed for the 
pions from the (pn+ —) events, about 0.18 Bev/c 
for the m~ and about 0.14 Bev/c for the wt, are lower 
than the maximum expected from consideration of the 
resonance observed with *-p scattering. 

Block,” by use of the statistical model, has calculated 
the momentum distributions to be expected for the 
emitted mesons and nucleons from single-meson pro- 
duction reactions, Yang and Christian" have calculated 
the momentum distributions expected for the pions 
emitted from single- and from double-production re- 
actions, also by use of the statistical theory. The 
experimentally observed distributions appear consistent 
with the predicted distributions, 


E. Angular Correlations Between Emitted 
Particles in Center-of-Mass System 


Figure 7 is a set of three histograms showing the 
distributions of cos@,;* for the pairs of particles from 
the (pp—) reaction, where 6;;* is the angle in the center- 
of-mass system between the emitted particles 7 and 7. 
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Fic. 6. Momentum distributions in the center-of-mass system 
for the particles emitted from the (pn+ —) reaction. 
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Fic. 7. Histograms showing the angular correlations in the 
center-of-mass system between each pair of the particles emitted 
from the (pp—) reaction. (py refers to the proton emitted into 
the forward hemisphere and p» refers to the proton emitted into 
the backward hemisphere.) 


Of particular interest in these distributions is the very 
strong tendency exhibited by the protons toward being 
emitted in opposite directions to each other, This is 
not entirely surprising since we have already experi- 
mentally observed (1) that the nucleons carry away 
most of the momentum of a reaction and so from 
momentum conservation alone it is expected that they 
would show a rather strong tendency, in the center-of- 
mass system, toward emission in opposite directions to 
each other, and (2) the nucleons show a fairly strong 
preference toward emission near the forward and back- 
ward directions indicating that there is probably a 
tendency for them to continue in their incident direc- 
tions, a factor which also would lead to emission of the 
nucleons at large angles to each other. 

The histograms in Fig. 8 show that the nucleons from 
the (pn+ —) reaction likewise have a strong preference 
toward emission in opposite directions to each other. 
This strong tendency exhibited by the nucleons, for 
emission in opposite directions to each other, is con- 
sistent with both the excited nucleon model and the 
statistical model since each predicts that the nucleons 
will carry off most of the momentum of a reaction, 

From Fig. 8 it is also seen that the p and the #* [from 
the (pn+ —) reaction | and likewise the n and the wr, 
exhibit a definite preference toward emission at large 
angles to each other (in the center-of-mass system), 
There is no apparent explanation for such an effect 
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gration energy expected of the excited state, and the 
relatively low velocity expected of the excited nucleons 
for the energy range of this experiment, would predict 
just the above-mentioned effects. 

The observed tendency of the pions from the 
(pn+ —) reaction to be emitted at angles greater than 
90° to each other may be just a kinematic effect since 
the pions actually carry off an appreciable share (about 
one-third) of the momentum of the system, and so 
participate in the momentum conservation of the 
system. In addition, there is observed a slight tendency 
I | wes for the p and the x~ to be emitted at angles greater than 

as 90° to each other, and a tendency for the n and the w* 

to be emitted at angles less than 90° to each other. 

| | _, 'P. # PAIR Similar tendencies were observed in I, and the tendency 

J eS oe of the n and the + to be emitted at small angles to one 

| 24 another was also observed in the 1.5-Bev p-p experi- 

; ment." The apparent conflict with charge symmetry 
is probably just the result of statistical fluctuations. 

The angular correlations for the particles from the 
(pp—O) and (d+ —) reactions (not shown because of 
(n,9* PAIR very poor statistics, see reference 6) are in general 
find E agreement with the corresponding relations for the 

37 (pp—) and (pn+ —) reactions, with the exception 
/ that the deuteron and the #* seem to prefer emission 
! in directions nearly opposite to one another. 
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Fic. 8. Histograms showing the angular correlations in the 
center-of-mass system between each pair of the particles emitted 
from the (pn+- —) reaction. 
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each pair of particles from the (pp—) and (pn+ —) 
reactions compare quite favorably with those expected 
from the purely statistical theory, especially if the 
rather large energy spread of the incident neutrons is 
taken into consideration. The only obviously differing 
distribution is that of the (m,r*) pair, where there is a 
peak at very low values of Q. This was also observed 
for the (n,r+) pair in the 1.5-Bev p-p experiment." 
There is no apparent reason, if one believes in charge 
symmetry, to expect this distribution to be any dif- 
ferent than that for the (p,r~) pair. Since the Q-value 
determined for a pair of particles which includes a 
neutral particle will, in general, be less accurately 
determined than the Q-value determined for a pair of 
charged particles, less credence should be given to the 
distribution for the (n,r*) pair than to those for the 
charged pairs. 


G. “Strange Particles” 


There were no events observed which could definitely 
be attributed to V-particle decay. However, an event 
was observed which could be interpreted as the result 
of a r* being produced in the bottom of the chamber. 


IV. DISCUSSION 


Comparisons are presented in Table III of the 
present experimental results for the relative pion 
production ratios with the previous experimental 
observations of I and of the 1.5-Bev p-p experiment," 
as well as with the predictions of the statistical theory 
of Fermi,” the statistical theory as refined by Kovacs,}* 


6 J. S. Kovacs, Phys. Rev. 101, 397 (1956). 
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and the intermediate-state hypothesis proposed by 
Peaslee.’ Since Kovacs has calculated the relative 
distributions expected for the (pp—), (pp—O), and 
(pn+ —) meson production modes, it is possible to 
compare directly his predictions and the experimental 
data. As is seen in Table III, his predicted ratios agree 
rather well with the observed ratios, both for the 
results of this experiment and the results of I. The 
experimental ratios are subject to appreciable statistical 
fluctuations as well as to classification uncertainties; 
also the predicted ratios are those ratios obtained at 
the average energy of the observed events and are, in 
general, somewhat different than would be found if the 
width and shape of the incident neutron spectrum were 
taken into consideration. The ratio 47:14:39, which 
has the superscript ¢ in the table, is the result of an 
attempt to compensate for the distribution in energy 
of the neutrons in the incident beam. This was obtained 
by normalizing the three distributions presented by 
Kovacs for the (pp—), (pp—0), and (pn4 ) re 
actions such that their sum was similar to the cor 
responding experimental distribution, i.e., the distri 
bution presented in Fig. 2, and then taking the ratio 
of the areas under the normalized curves. As is seen in 
the table, this procedure does lead to a closer agreement 
with the experimental results. 

The next section of the table gives the predicted 
ratio of double to single meson production, both from 
the purely statisticel theory and from the modified 
statistical theory of Kovacs. (The excited-nucleon 
model has no predictions on this.) The ratios for the 
purely statistical model were obtained from the calcu 
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TABLE 


III. Comparison of present results with theory and other experiments. 











n-p Data from present experiment 


Source of data Low 


0.5—1.0 
(0.83) 


86:0:14 


Energy Interval (Bev) 


Observed Ratio of 
(pp—):(pp—0): (pn+ —) 
Ratio predicted by modified 
theory of Kovacs 81:6:13 
Double to single production ratio 
(a) Predicted by purely statistical 
theory4 
(b) Predicted by modified statistical 
theory 
(c) Obtained from data by using 
weightings suggested by: 
(1) Fermi*.! 
(2) Kovacs 
(3) Peaslee™! 
(d) Directly from experiment 


* See reference 11. 


1.5 Bev p-p* 
1.5 


Total 


0.5—1.5 
(1.11) 


53:8:39 


42:16:42 
47:14:39° 


High 


1,0—1.5 
(1.24) 


37:12:51 
33:17:50 





0.02 
0.29 
0.38 


0.20 
0.18 


» The figures in parentheses represent the average energy of the energy interval. 
* This ratio was obtained by a normalization procedure (discussed in text) which attempted to compensate for the distribution in energy of the incident 


neutrons, 


4 These ratios were obtained from the calculations by Block, reference 13. 


* See reference 2. 
'! See reference 13. 
« See reference 15. 
* See reference 7, 


' These ratios were obtained assuming that the isotopic spin states T =O and T =1 occur with equal probability. 


lations by Block” where he used no approximations 
when evaluating the phase space integrals. 

The predicted ratios cannot be compared directly 
with the experimental results, which are based only on 
three-prong events and therefore do not represent all 
of the possible modes leading to single and double 
meson production, In order to compare the experimental 
results with theory, it is necessary to take into con- 
sideration also those production types which do not 
produce three charged prongs. By use of the Fermi 
charge-independence arguments*"® and the experi- 
mentally observed relative production cross sections 
for the (pp—), (pp—0), and (pn+ —) production 
modes, the double to single meson production ratio 
can be found by the following relation: 


Rx (Fermi) =[o(pn+ —)+o(pp—0) ]/[2.360(pp—) ]. 


The results obtained by use of this equation (see Table 
IIT) show little agreement with the ratios directly 
predicted from the statistical model. The intermediate- 
state excited-nucleon model of Peaslee’ presumes 
charge independence and that pion production proceeds 
through an intermediate excited (7=4,J=4) state. 
Using Peaslee’s charge-independence relations, and 
assuming that both isotopic spin states (7T=0 and 
T=1) occur with equal probability in n-p collisions, 
the ratio of double to single meson production is found 
from the observed data by 


Rx (Peaslee)=[o(pn+ —)+o(pp—0) |/[4.80(pp—)]. 


The values obtained by use of this are shown at the 
bottom of the table. 


~ WR. H. Milburn, Revs. Modern Phys. 27, 1 (1955). 


A simple relation such as the above two cannot 
suffice for the modified form of the statistical theory 
because of the inclusion of final-state interactions which 
are energy-dependent. Approximate ratios of double 
to single production for the various average energies 
are obtained from the predicted ratios of the total 
double production to the observed double production, 
and of the total single production to the observed single 
production, as was done for the preceding two models; 
however, here the ratios are not constant but vary with 
energy. The agreement between the ratios predicted 
directly by the modified statistical model and those 
obtained from the experimental data by use of its 
relative double production weights and relative single 
production weights is quite good. 

The ratio of o(pn+ —)/o(pp—O0) is observed to be 
about 5 from the results of this experiment and was 
found to be about 3.2 in I. The Fermi charge-inde- 
pendence arguments predicts this ratio to be 3, and 
Kovacs predicts a ratio of about 2.6 for an average 
energy of 1.1 Bev and a ratio of about 3.1 for an average 
energy of 1.7 Bev. For the excited-nucleon model, the 
ratio is 41 if the reaction proceeds only through the 
T= 1 isotopic spin state and is 5 if the reaction proceeds 
only through the T=0 state. Assuming, as before, that 
both isotopic spin states are produced with equal 
probability, the ratio o(pn+ —)/o(pp—O) is 11. Al- 
though agreement is possible, because of the poor 
statistics [especially for the (pp—0) cases] and the 
uncertainties in the classifications, it is unlikely that 
the observed ratio of 5 should be increased to 11. 
However, it is also possible to lower the predicted ratio 





MESON PRODUCTION 
of 11 by assuming that the 7=0 state occurs with 
greater probability than the T= 1 state. 


V. SUMMARY AND CONCLUSIONS 


From the results of the 182 analyzable three-prong 
n-p events which were obtained in this experiment, it 
has been found that while the double to single meson 
production ratio is considerably lower than it was in I, 
the ratio is still more than twenty times as great as the 
ratio predicted from the purely statistical model. 
However, the results are, in general, consistent with 
the predictions made by the Kovacs modified form of 
the statistical model. The observed ratio (53+11): 
(8+4):(39+9) for the respective (pp—), (pp—O), 
and (pn+ —) modes of meson production is in good 
agreement with the predicted ratio of about 47:14:39 
obtained from the modified statistical model. The 
improved agreement of the Kovacs form of the sta- 
tistical model with experiment is undoubtedly chiefly 
a result of the enhancement of two-meson states ob- 
tained by including resonance effects, and the sup- 
pression of the (pp—) state obtained by including the 
conservations of angular momentum and parity. 

The observed momentum and Q-value distributions 
are consistent with those expected by consideration of 
the statistical theory. The observation that the 
nucleons tend to be emitted near the forward and 
backward directions (in the center-of-mass system) 
may be a result of the necessity to conserve angular 
momentum. The emission of the nucleons at large 
angles to each other follows as a result of this forward- 
backward emission tendency and also the necessity of 
conserving linear momentum, since the nucleons carry 
off most of the momentum of the system. 
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The observed angular distribution between the 
emission directions of the p and the wt from the 
(pn+ —) reaction indicates that these two particles 
have definite preferences toward emission at large 
angles to each other. A similar tendency of about the 
same strength is also observed for the (m,r~) pair, but 
is not observed either for the (p,r~) pair or the (n,r*) 
pair. Though there seems to be no basis for such 
observations from consideration of the statistical model, 
they are quite consistent with expectations from an 
intermediate state, excited (7=},J= 4) nucleon model, 


where the major contribution to the charged-meson 
production is from the 7, 
apparent evidence in the Q-value distributions, or the 
momentum distributions, to indicate the presence of 
any specific excitation energy for such an excited-state 


+4} states. There is no 


model. 
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The predictions of the Lévy potential for nucleon-nucleon scattering and polarization at high energies 
have been explored. Most of the computations were made at 162 Mev, although some have also been done 
at 105 and 348 Mev. Various values of the Blatt-Kalos parameters were tried as well as certain modifications 
in the coupling constants and the range which surrender approximate agreement with the low-energy 
data, No satisfactory agreement with the unpolarized and polarized cross sections could be found. The 
need of a spin-orbit term in the two-nucleon interaction is discussed. 


1. INTRODUCTION 


F one should demand a meson theory of nuclear 

forces that is completely renormalized in the sense 
of quantum electrodynamics, then the required inter- 
action Hamiltonian is unambiguously defined to be of 
the form! : 


HT’ = iGy* By W@+)dd'. 


The first term above describes a pseudoscalar meson 
field with pseudoscalar coupling to the nucleon field. 
The second term must be added to remove the diver- 
gence arising from the scattering of mesons by mesons.’ 
Making use of the nonadiabatic Tamm-Dancoff ap- 
proximation, Lévy attempted to arrive at a solution to 
the field equations with pseudoscalar-pseudoscalar in- 
teraction consistent in that all second and fourth order 
contributions of major importance were considered.’ 
The resulting two-nucleon interaction, which Lévy 
deduced in the form of a potential with a repulsive 
core in all states, seemed most promising at first. 

Soon after Lévy published his result, Klein clarified 
and corrected several points in the theory.‘ In par- 
ticular, he showed that there was no reason to suppose 
that the second- and fourth-order coupling constants in 
Lévy’s expression for the nuclear potential were the 
same, and he established that for sufficiently large 
distances (from yur somewhat less than unity) the 
approximation series does indeed converge. At the 
same time, considerable doubt was cast on the assump- 
tion that the two-pair term was the dominant part of 
the fourth-order interaction. 

Considering the many qualifications that have since 
been attached to Lévy’s theory by Klein and others,° 


* This work was performed with the assistance of an Inter- 
national Business Machines Research Endowment Grant and 
was supported in part by the U. S. Atomic Energy Commission. 

t Based on a Ph.D. thesis submitted to the University of 
Rochester, 

t Now with the International Business Machines Research 
Laboratory, Poughkeepsie, New York. 

1 Schweber, Bethe, and de Hoffmann, Mesons and Fields (Row, 
Peterson, and Company, Evanston, 1955), Vol. 1, pp. 108-117. 

2G. Bonnevoy, Compt. rend. 238, 164 (1954). 

3M. M. Lévy, Phys. Rev. 88, 72, 725 (1952). 

*A. Klein, Phys. Rev, 90, 1101 (1953); 92, 1017 (1953). 

* See Chapter by R. E. Marshak and M. M. Lévy in the Pro- 
ceedings of the 1954 Glasgow Conference (Pergamon Press, London, 


1955), pp. 10-23. 


one might question the merit of any attempt to compare 
predictions based upon it with experiment. Even if the 
Lévy potential did explain the low-energy data in its 
essential features, it might not be expected to account 
for the high-energy scattering data because of the 
possible importance of velocity-dependent forces at the 
higher energies. However, the point of view may be 
taken that the Lévy potential (which is displayed 
below in the form we have adopted) is a purely phe- 
nomenological one suggested by the ps-ps meson theory 
in the Tamm-Dancoff approximation. From this point 
of view, the potential possesses several promising 
properties® both at low and at high energies and could 
provide a more suggestive starting point for the correct 
theory than a straightforward phase-shift analysis of all 
the experimental data. Considering the low-energy 
data, the long-range tensor component of the Lévy 
potential can supply the deuteron quadrupole moment 
Q, while the short-range Wigner force (the fourth order 
term) keeps the D-wave admixture smail, at the same 
time allowing Q to remain large. This is possible if the 
effective range of the central force is less than that of 
the tensor force. The repulsive core then helps to adjust 
the singlet and triplet effective ranges. At high energies, 
the tensor force and repulsive core of the Lévy potential 
are both useful toward achieving p-p isotropy.® In 
addition, the singularity of the tensor force should lead 
to the strong p-p polarization found experimentally.’ 
In order to test the validity of the Lévy potential at 
low energies, Blatt and Kalos investigated the scat- 
tering and bound-state properties of the potential with 
the aid of the ILLIAC electronic computer.* Allowing 
for three arbitrary parameters, the second- and fourth- 
order coupling constants, and the radius of the repulsive 
core, they obtained fair agreement with the five experi- 
mental numbers: deuteron binding energy, triplet and 
singlet effective ranges, singlet scattering length, and 
deuteron quadrupole moment. If one allows the cal- 
culated quadrupole moment to differ from the experi- 
mental value by as much as 20%, then good agreement 
might be ascribed to one or two sets of parameters. 


*R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1951); 
R. Jastrow, Phys. Rev. 81, 165 (1951). 

TL. J. B. Goldfarb and D. Feldman, Phys. Rev. 88, 1099 (1952). 

* J. M. Blatt and M. H. Kalos, Phys. Rev. 92, 1563 (1953). 
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There is some theoretical justification for this, since 
the quadrupole moment calculation did not take into 
consideration contributions to the charge distribution 
by the charged pion fields. Estimates of the magnitude 
of this effect range from a few percent to about twenty 
percent.’ 

It was felt, then, that an accurate evaluation of the 
predictions of the Lévy potential at high energies was 
worth while in order to distinguish between those 
errors which arise from the insufficiency of the physical 
assumptions underlying the postulated potential and 
those due to the approximations made in solving the 
scattering equation. Since there is ample evidence that 
the Born approximation, and even variational calcu- 
lations using Born approximation trial functions are 
unreliable for the calculation of scattering by singular 
potentials, the “exact” numerical solution of the non- 
relativistic Schrédinger equation for nucleon-nucleon 
scattering by an arbitrary potential was coded for the 
IBM 650 Magnetic Drum Electronic Computer."® The 
program treats exactly the coupling between states of 
the same parity introduced by the tensor force. In the 
present work, all coupled phase shifts to J=4 and 
uncoupled phase shift to L= 3 are included. The author 
feels reasonably certain that all phase shifts presented 
in the following section are within 1% of their exact 
values; those calculated for states with L <2 are prob- 
ably within 0.1% of the exact value.'' Our program was 
to examine Blatt and Kalos’ favorable parameters at 
high energies (chiefly around 150 Mev) and, lacking 
agreement with experiment, to attempt to find some 
set of parameters to give agreement at the specified 
energy. 


2. “PHENOMENOLOGICAL” LEVY POTENTIAL 
AT LOW ENERGIES 


The form of the Lévy potential adopted for com- 


parison with experiment by Blatt and Kalos and the 


author was dictated by the considerations outline 
below and may be written: 


9 


~) ( 3 )/ iT = 
i 2r M? x 
g? m 2¢ z 
~Hare( )( ) 
4 2M x 
F oS 
x| ever Su( 1+ + )]| 
x #£ 


°F. Villars, Phys. Rev. 86, 476 (1952); S. Deser, Phys. Rev. 
92, 1542 (1953); A. M. Sessler, Phys. Rev. 96, 793 (1954). 

” Details of the coding will be found in the author’s doctoral 
thesis. 

4 All results and conclusions given in this paper supersede 
those presented at the 1956 New York meeting of the American 
Physical Society [H. Gelernter and R. E. Marshak, Bull. Am. 
Phys. Soc. Ser. II, 1, 37 (1956) ], which, through an error in cal 
culation, were incorrect in part, 


V (x) = — (uc’) 
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for «=ur > ufcore, and 
V(x)=+0 for 


Greene and Feldman, in a calculation of higher-order 
contributions to the nuclear force in pseudoscalar 
theory,'* have shown that the behavior of the complete 
potential cannot be estimated at the present time for 
distances less than about 1/2u. We have included, 
therefore, only those contributions which are expected 
to be important at greater distances than that given. 
We have then the second-order term (with coupling 
constant g’/42) in static approximation, and the fourth 
order two-pair term (with coupling constant G?/49) 
given in an approximation somewhat more restrictive 
than the static. The second- and fourth-order coupling 
constants are allowed to differ from one another in 
order to simulate the effects of radiative corrections, 
and the second-order repulsive core, which Lévy finds 
only in S states, was extended to all states in order to 
permit the existence of solutions to the Schrédinger 
equation for these states. The effect on the final results 
of introducing other methods for removing the singu 
larity at the origin for states with Z 2 1 will be discussed 
below. 

One would expect our adaptation to be a reasonable 
approximation to the true potential at moderate ener- 
gies and at distances 21/2u. As Greene and Feldman 
point out, the behavior of the potential for smaller 
distances is unknown; our assumption was to continue 
the same analytic form until the core, which was made 
repulsive and infinite for all states, was reached. 

By making use of a prepared program for the 
ILLIAC, Blatt and Kalos examined the Lévy potential 
in the form we have described. Their program solves 
the coupled differential equations for the 4S,;—*D, 
ground state of the deuteron and also solves the 'S 
scattering equation. In every case, they demand that 
the deuteron binding energy be given exactly. With this 
constraint, they then are able to achieve the agreement 
shown in Table I with four additional parameters: Q, 
the deuteron quadrupole moment; p,, the triplet 
effective range; p,, the singlet effective range; and a,, 
the triplet scattering length. Three parameters were 
allowed to vary, the second- and fourth-order coupling 
constants and the core radius, In addition, all cases 
quoted above give a D-state probability within the 
range indicated by qualitative considerations con- 
cerning the deuteron magnetic moment. In Table I, 


x< MT core: 


TABLE I. Results of Blatt and Kalos 


Veure G*/4n 


0.38 11.452 


gt/4en Oo om pe 


5.853 0.008519 0.3877 0.5836 
0.43 13.234 7.102 0.009998 04150 0.6362 
0.58 19.142 11.601 0.01470 0.4839 0.7924 
Experimental value 0.0147 0.395 0.63 


J. M. Greene and D. Feldman (to be published). 
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Tasve II, Phase shifts for Blatt-Kalos parameters. Phase shifts are in degrees; the coefficients of admixture are pure numbers; the 
on~» are in millibarns; and feore is in pion Compton wavelengths. 








Energy (Mev) = 105 105 . 162 162 162 348 
‘ Tome * 0.43 0.58 0.38 0.43 0.58 0.43 


Phase shift 





bo 
5; 
b2 
6, 
6,° 


17.8 
18.1 
5.5 
—0.00 
58.3 
37.6 
5.4 
0.148 
13.6 
30.3 
0.96 
~ 0.0616 
16.5 
4.8 
~1.1 
0.377 
~0,28 
0.86 
~0.03 
—0),358 


2.1 
17.9 
10.9 

—0.71 
58.9 
24.7 

99 

0.283 
14.2 
33.4 

1.8 
—0,0905 
34.2 
10.2 
—1.6 
0.300 
0.18 
1.7 
0.01 
0.291 


8.9 
21.8 
8.3 
—0.18 
55.7 
26.8 
—6,3 
0.228 
16.1 
32.0 
1.8 
— 0.0647 
22.5 
74 
—1.3 
0.316 
0.04 
1.6 
0.05 
—0,282 
70.0 


3.0 
22.2 
10.9 

—0.06 
56.2 
22.2 

—8.1 

0.300 
16.7 
33.3 

2.3 

—0.0751 
29.9 
10.0 

—1.5 

0,286 

0.20 

2.1 

0.08 
—0,226 
80.5 


—16.9 
16.0 
19.3 

0.64 
48.0 
94 
~17.3 
0.657 
11.9 
29.0 
4.5 
—0.156 
51.2 
19.2 
—2.2 
0.238 
1.0 
44 
0.22 
—0.203 
111 


—27.6 
14.8 
22.6 

4.0 
38.3 
—23.7 
4.0 
~0.799 
9.7 
60.0 
8.5 
—0.0454 
49.9 
22.3 
—1.8 
0.205 
3.5 
7.7 
0.83 
~0.146 
75.6 


8.5 
17.7 
—49.3 
—34 
—0.537 
—74 
18.8 
2.0 
—2.31 
53.4 
28.3 
—2.8 
0.232 
7.7 
15.1 
1.7 
—0,123 
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Toore i8 given in units of the pion Compton wavelength 
(1/u= 1.40 10~" cm). The other lengths characteristic 
of the deuteron, p,, ps, @,, and Q, are given in units of 
the deuteron radius (rz= 4.3 10~" cm). Note, however, 
that the ILLIAC program calculates the quadrupole 
moment from the ground state wave functions alone, 
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Fic, 1, n-p total cross sections for Lévy potential scattering 
with Blatt-Kalos parameters. r, is the core radius in pion wave 
jengths for the given set of parameters, 


71.6 


neglecting those contributions due to the charged pion 
cloud in the nuclear force field. 
3. SCATTERING AND POLARIZATION AT HIGH 
ENERGIES WITH BLATT-KALOS PARAMETERS 


The three sets of parameters given in Table I were 
inserted into the Lévy potential, and all uncoupled 


36 p-p Scattering 
Eien * '62 Mev 
Biatt-Kalos Porameters 


f._ *.43 








fs) 3° 30° 45° 60° 90° 


Fic. 2. p-p differential cross sections for Lévy potential scattering 
with Blatt-Kalos parameters at a lab energy of 162 Mev. 
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phase shifts to L=3 and coupled phase shifts to J=4 
were calculated at laboratory energies of 105, 162, and 
348 Mev. These phase shifts are given in Table II. The 
singlet phase shifts are denoted by 6. For the coupled 
triplet phase shifts, we shall adopt a nomenclature 
which has become standard in the literature, namely 
that of identifying the larger phase shift in the set 
(6,%,57*) with the L=J—1 state, the other with the 
L=J+1 state. Thus, if |6,*|>|6,*|, we shall write 
57% =6y_1", 67° =5 7,1", and ny* =n y_-1’, where 7 is the 
coefficient of admixture. 

In each case, the total n-p cross section, the p-p 
differential cross section, and the p-p polarization was 
computed. In addition, the n-p differential cross section 
and n-p polarization were computed for one set at 162 
Mev. 


40 p-p Scattering 


Blatt-Kalos Parameter: 


_ 105 Mev 
t. *.58 





Experiment 


348 Mev 


30° 45° —G0*—Ss75* «90 


Fic, 3, p-p differential cross sections with Blatt-Kalos parameters 
at lab energies of 105 and 348 Mev. 


In every case, over-all agreement with experiment 
was shown to be extremely poor. Total cross sections 
for n-p scattering are too large and exhibit an incorrect 
energy dependence (Fig. 1). Differential cross sections 
for p-p scattering exhibit none of the isotropy charac- 
teristic of experiment at these energies (Figs. 2-3); p-p 
polarizations at 105 and 162 Mev are peaked in the 
wrong region, and even go negative at 348 Mev (Figs. 
4-5). Finally, the n-p differential cross section con- 
sidered is strongly peaked in the forward direction, 
indicating that the amount of exchange force in the 
interaction is far too small to give the required approxi- 
mate symmetry (Fig. 6). The only result which is not 
directly contradicted by experiment is the n-p polari- 
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Fic. 4. p-p polarization at 162 Mev for the Lévy potential with 
Blatt-Kalos parameters. 


zation (Fig. 7). However, the magnitude of the errors 
involved in the experimental determination make any 
agreement with n-p polarization data rather incon- 
clousive. 

Unfortunately, the extreme complexity of the rela- 
tionship between the large number of phase shifts con- 
sidered and the cross sections and polarizations which 
one must compare with experiment makes it extremely 
difficult to establish any connection between the poor 
agreement and any particular phase shift or group of 
phase shifts. However, it is likely that the incorrect 
location of the p-p polarization maxima at angles 
greater than ~45° is related to the excessive values of 
the p-p differential cross sections for angles less than 
-~45°, since the differential cross section appears in the 
denominator of the expression for the polarization. 

Only the kinematic relativistic correction was con- 
sidered in calculating the wave number & in the calcu- 
lations described. One still does not know how to make 
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the dynamic correction for the relativistic reduced 
mass, and so the effect has been ignored, even though 
it has been estimated to be of the order 10 to 20% for 
the energies considered.” Noyes and Camnitz point out 
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Fic. 7. n-p polarization corresponding to the differential 
cross section given in Fig. 6. 


4H. P. Noyes and H. Camnitz, Phys. Rev. 88, 1206 (1952). 


however, that the S phase shifts are quite sensitive to 
the dynamical correction, although they may be com- 
pensated by modifying the phenomenological core. In 
any event, such corrections are clearly not called for in 
evaluating our results, considering the gross departure 
from experiment that they exhibit. 

The last remark applies as well to Coulomb effects 
in the case of p-p scattering. Ohnuma and Feldman" 
have shown these to be of the order of a few percent at 
angles greater than about 30°. 


4. RESULTS OF SCATTERING AT HIGH ENERGIES 
WITH ARBITRARY PARAMETERS 
In an attempt to determine if one could fit the experi- 
mental data with the analytical form of the Lévy 
potential regardless of parameters, a number of cases 
were considered at an energy of 162 Mev in which the 
following changes were introduced : 


(1) The second and fourth order coupling constants 
were decreased by varying amounts. 

(2) The range of the potential was decreased. This 
was accomplished by consistently multiplying the meson 
mass » by a constant A>1 wherever uw appears in the 
expression for the potential. 

(3) A run was made with the singular fourth order 
central potential removed, 


In all of the above runs, the core radius was kept 
constant at 0.38/u. The p-p cross sections are given in 
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Fic. 8. p-p differential cross sections at 162 Mev for arbitrarily 
chosen parameters which surrender approximate low-energy agree- 
ment with experiment. The individual cases are described in the 
text. 


“S, Ohnuma and D. Feldman, Phys. Rev. 102, 1641 (1956). 
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Fig. 8 for the most interesting of those runs for which 
the total n-p cross section lies within 30% of the experi- 
mental value. The corresponding p-p polarizations 
appear in Fig. 9. In each graph, curve I is the Blatt- 
Kalos curve discussed in the preceding section, which 
has been included for purposes of comparison. For curve 
II, the second-order Blatt-Kalos coupling constant was 
decreased to 3/4 its value for curve I. For curve ITI, 
parameters were the same as those of curve I, but the 
range was decreased by a factor of 1.13. Curve IV is 
the result of removing the singularity from the tensor 
force by setting the tensor potential equal to a constant, 
Le., its value at x=1, for r, <x <1, again retaining the 
original Blatt-Kalos parameters. Finally, the singular 
fourth-order central potential was entirely removed to 
produce curve V. Here, the entire second-order potential 
with the Blatt-Kalos parameter was retained. Phase 
shifts for these five cases are given in Table III. 

Although case V seems to be quite promising because 
of the isotropy of the p-p differential cross section, one 
finds that the p-p polarization is not only much too 
small, but of the wrong sign, as well. The p-p isotropy 
arises here from the fact that most of the scattering is 
in the 1S state. Clearly such scattering cannot give the 
magnitude of polarization required. 

It is evident from the examination of cases IT and IV 
that the strong forward peak in the p-p cross section is 
a consequence of the extremely singular fourth-order 


central potential, since for those cases where only the 
second-order potential was altered, the p-p curves are 
hardly affected at all. On the other hand, the magnitude 


TABLE ITI. Phase shifts at 162 Mev with reore=0.38/u for vari 
ations on the Blatt-Kalos parameters. Case designation is ex 
plained in the text. Phase shifts are in degrees. 

Case II Case III Case IV Case V 


Phase shift Case | 


5o 8.9 8.4 11 89 41.3 
5 21.8 23.5 13.7 21.8 10.5 
3, 8.3 8.0 6.3 8.3 0.63 
bs 0.18 0.18 0.51 0.18 1.4 
6° 55.7 48.5 45.2 42.0 72 

5,7 = 59! 26.8 20.8 19.7 14.0 ~ 34.9 
5; = 5, ~6.3 ~3.9 7.8 4.1 4.7 
m= no! 0.228 0.313 0.330 ().285 ~0,419 
5,7 =5,! 16.1 19.1 9.8 20.7 12.4 
5% = 8? 32.0 30.8 23.6 29.8 5.4 
bf by? 1.8 1.7 1.3 1.8 1.2 
nt men? -0,0647 —0.0499 —0.0866 —0.0529 0.316 
5)” 5,7 22.5 17.9 18.3 19.1 9.6 
5,7 = 5, 7.4 7.0 5.6 7.3 3.2 
6f =5) 1.3 —0.80 -1.3 —1,3 1.6 
ntmn? 0.316 0.260 0.376 0.311 1.01 
5,7 =5;3 0.04 0.34 -0.22 0.05 —1,2 
547 5 ;! 1.6 1.5 1.2 1.6 0.55 
bf =d;! 0.05 0.08 0.01 0.05 —0.26 
nn! —0.282 —0.224 —0.335 —0.281 —0,881 

on-p"(mb) 70.0 00.4 41.5 55.4 56.8 
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Fic. 9. p-p polarization curves corresponding to the differential 
cross sections given in Fig. 8 


of the p-p polarization is seen to be strongly dependent 
on these changes. In agreement with Goldfarb and 
Feldman,’ we find that most of the polarization arises 
from the singularity of the tensor force, for in case IV, 
where the singularity in question has been removed 
while the coupling constant is unchanged, the magni 
tude of the polarization has been decreased by a factor 
of about four. 

Little needs to be said concerning case IIT, except 
that it is clear that varying the range of the potential 
in the manner indicated will not give the desired results. 
Decreasing the range beyond the value of case III 
decreases the n-p cross section seriously below the 
experimental value. 

It is illuminating to discuss the effects of modifications 
introduced into the potential on the predicted cross 
sections in terms of the behavior of the phase shifts. 
Thus, one can learn about the effect of the repulsive 
core by examining the variation of the singlet phase 
shifts at 162 Mev with respect to the radius of repulsive 
core (Fig. 10). One must recall here that in order to 
obtain agreement with the low-energy data, increasing 
the core radius requires that one increase the strength 
of both the second- and fourth-order potential. The 48 
phase shift is seen to be so strongly affected by the 
repulsive core, that despite the corresponding increase 
in strength of the attractive well, increasing the core 
radius produces a rapid decrease in do. In effect, the 
increase in the negative repulsive part of the phase shift 
is much greater than that of the positive attractive 
part. The 'P potential is such that the attractive and 
repulsive contributions are just about compensated at 
a core radius of 0.40; the repulsive increase is more 
important at greater radii, the attractive increase is 
greater at lesser radii. The 'D and 'F phase shifts, on 
the other hand, are barely affected by the core increase, 
responding mostly to the increased strength of the 
potential. The same effects are exhibited by the triplet 
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Fic. 10. Typical behavior of singlet phase shifts with variation 
of the core radius at a given energy. 


phase shifts, although they are somewhat masked by 
the coupling due to the tensor potential. Hence, the S 
wave is the only one strongly affected by a hard core of 


any radius, the P wave is somewhat affected when the 
radius is large, while higher waves barely get to “see” 
the core at all. 


5. CONCLUDING REMARKS 


Because of the rather fortuitous fact that at 162 Mev, 
the coupling between *P,—*/, states is quite small and 
the */’,—*H, phase shifts are negligible, it is instructive 
to compare our results with the phase shifts of Ohnuma 
and Feldman at approximately the same energy" which 
were deduced from the p-p experimental data, even 
though they neglected possible coupling between triplet 
states of the same parity. The fact that their "Po phase 
shifts are for the most part negative, or small if positive, 
is particularly interesting, since our results are all 
characterized by large positive 4,°. 

The original program for this work called for testing 
the possibility of improving agreement by removing the 
respulsive core for some states, other than S, to simulate 
a velocity-dependence for the potential. This was to be 
done by replacing the core with either a zero cutoff or 
square-well cutoff; first in all states with Z 21, and 
then in all odd states only. However, the considerations 
described above indicate that changing the core would 
have negligible effect on states higher than P states, and 
would have just the opposite effect from that desired on 
the *P» state since removing the repulsive core would 
make the *P» phase shift even larger than its already 
excessive value. 

If one should attempt to salvage the Lévy potential, 
the results of this investigation indicate the following 


possible points of departure. First, one might allow the 
core radius to differ in the singlet and triplet states, a 
situation that is not all unlikely from the theoretical 
standpoint, since those singularities which we approxi- 
mate with a hard core might very well be spin-de- 
pendent. The additional parameter should make it 
relatively easy to fit the low-energy data, and varying 
the different core radii will enable one to manipulate 
the S phase shifts, and to some extent, the P phase 
shifts. The difficulty with the *P> phase shift still 
remains, however, unless one allows the triplet core 
radius to become large enough to cut it down. A second 
possible way out is to introduce an L-S dependence into 
the potential. Such a term does indeed appear in the 
fourth-order ps-ps theory, but is of order (u/2M)* with 
respect to V4‘, On the other hand, Wolfenstein'® finds 
that if he analyzes the scattering data into five inde- 
pendent scattering amplitudes, that amplitude which 
in’ Born approximation is due to an L-S dependence 
accounts for from 35% to 70% of p-p scattering at 
300 Mev and 90°. The term corresponding to a tensor 
force accounts for only 2% to 20%. 

The eigenvalues of the operator L-S are J(J+1) 
—L(L+1)—S(S+1), which vanish for all singlet 
states. If one then introduced an L-S potential with 
negative sign, it would clearly be inoperative in S$ 
states, and introduce a strong repulsion in the *P» 
state, which would certainly be beneficial toward obtain- 
ing agreement with the p-p data at 162 Mev. The net 
effects of such a potential for all states remain to be 
seen. It is most interesting to note, however, that for 
almost every set of acceptable phase shifts that Ohnuma 
and Feldman find to fit the p-p data at both 150 and 
300 Mev, the *P, phase shift is positive and the *F, 
phase shift is negative. This is exactly the effect to be 
expected on these states from the L-S potential above. 
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Separable Nonlocal Potential and Nuclear Saturation 
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The separable nonlocal potential of Yamaguchi, neglecting tensor force, has been used to calculate the 
binding energy per particle for an infinite nucleus, including the effects of the exclusion principle. It is found 
that the S-state separable potential does not lead to sufficient binding energy for a nucleus when surface 


effects are not taken into account. 


E have used the separable nonlocal potential of 

Yamaguchi,' neglecting tensor force, to calcu- 

late the binding energy per particle for an infinite 

nucleus, including the effects of the exclusion principle 

in the manner done by Bethe.? The purpose of this note 

is to present the results of the calculations. We follow 
Bethe’s notation here. 

Since we are considering an infinite nucleus, we shall 
use plane wave functions normalized to unit density. 
The nonlocal potential we are considering acts only in 
S-states. The matrix elements (k,’, k;’|v;;|ki, kj) have 
now to be derived. We use for »,;(7,7’) (the suffix s 
referring to the singlet and ¢ to the triplet states, 
respectively) : 


1—o;-o; é Br ¢ Ayr’ 


Mv;;(r,r') = — [- od 


4 c 4arr 4a’ 


3+a;-0; Che bur’ 
4 4ar 4a’ 


Then 
w\v\4)=-| 


1—o;-@; Au 
4 (82+ k*) (8,?+k’) 
3+40;-0; At 
Ln 
4 BP-+H)(BP+k) 


Using this expression for the interaction potential be- 
tween two nucleons at low energies, Yamaguchi has 
obtained a fit to the singlet and triplet low-energy 
scattering data with 


d,=0.8015,', B,=8,=2.0304y, hi= 1.14008, 


and 


where n= 0.714 10" cm“ (the inverse Compton wave- 
length of the r-meson). 

If we go back to the laboratory system, we have to 
set in Eq. (1), 2k=k;—k,;=K, 2k’=k,/—k,/=K’, and 
we have 

1—o;:9; 1 
(kok) = =| — —— 
4 (Bt+4K?)? 
3+0;-0; 1 
on, sae 
4 (82+4K?)? 
x (29) 6 (ki +k’ —ki—ky). (2) 


1Y. Yamaguchi, Phys. Rev. 95, 1628 (1954). 
*H. A. Bethe, Phys. Rev. 103, 1353 (1956). 


The potential acting on one particle &; can be written, 
according to Bethe, as: 


—MV{(k,) 


= ~3(2n) +f by (ks kj |Guy' | ks, by) 


120.+A,)u? ph ky phths  KdK 
saat hf | 
r 0 k [ke kyl (K? + 46*)* 


where we have set G’=v' and 8,=£,=£8 and we are 
measuring all & in units of uw. In these units, 


kpy=1.804/p, 


which for p=1 yields kp= 1.2910" cm, correspond- 
ing to normal nuclear density. The result of the evalua- 
tion of Eq. (3) is: 


3(Aa+ A) ky—k, 
—MV(k,)=———— | tan ( - ) 
mB 2p 


kethi\ Bo ((ky—k?) +4? 
+ tan ( ‘) + in ) | 
28 k; (ke+k;)? +4" 
From here the expression in square brackets in Eq. (4) 
becomes, for ki=0, 


kp 4kpB 7 
2 tan (- )- F (5) 
2B/ kv’ +4? 


and, for ky= ky, 


by) Bo BY 
[tan (~) ns n( =) | (6) 

B kp \ke' +? 
For ky very small, i.e., for low density, both expressions 
reduce to }(kp*/f*). For the actual value of ky, evalua- 
tion of the numerical value of Eq. (5) and (6) shows that 
the potential decreases by a factor (0.094/0.071) = 1.33 
in going from the slowest to the fastest nucleon, For 
very high density, in this case, both Eq. (5) and Eq. (6) 
become independent of ky, and in this limit Eq. (5) 
is twice the numerical magnitude of Eq. (6). 
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1076 Mm. B. 


The average of the potential V over the Fermi 


sphere is 


kP kF 
MV,= uf v(kyaedk, | f k?dk,; 
3(A, t Adu? kp 
2 tan (- ) 
nr’ B 


38 28% ky? s 
-( + ) in( a+ )+2 | (7) 
ky ky’ se kp 
The average kinetic energy of any nucleon in our 
units is: 
MT n= okr’p’. (8) 


Hence the binding energy per nucleon is 
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3? 
W = ~| —ky 


S(Ast+Ax) kp 
~——— | tar-'( ~) 
10M mB B 


B B* kp? 28 
-(3 +2—) In( 14 )+ |} (9) 

ky hy? pl ke 
An examination of the numerical value of Eq. (9) for 
the values A,=0.8015, A,=1.1400, and 6,=6,=8 
= 2.0304, shows that W never becomes positive in the 
region of the physically interesting value of ky. Hence 
it seems that the S-state separable potential of Yama- 
guchi does not lead to sufficient binding energy for a 
nucleus when surface effects are not taken into account. 
Note added in proof-—Equations (3) to (9) should 
involve A, and A; in the form (A,+3dA,)/4 rather than 
as (A, +A,). This does not, however, lead to any change 

in the final result. 
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The static theory of Chew and Low is used to calculate the form factors for the charge and current of 
the proton, The cross section obtained with these form factors is found to be in close agreement with the 
electron-proton scattering data of McAllister and Hofstadter up to 236 Mev. Root-mean-square radii of 
6.510" cm for the charge and 9.7X10~" cm for the current are found. The role of an extended core 
charge is discussed. The value of the coupling constant used is /?=0.08 


1. INTRODUCTION 


“THE Stanford experiments on elastic electron- 

proton scattering’ indicate that the proton is a 
structured particle which occupies a region of the 
order of 10- cm. Additional information on the spatial 
distribution of the charge and current of the proton is 
beginning to emerge from these experiments. Due to 
the strong pion-nucleon interaction, the gross features 
of this structure may be expected to be largely deter- 
mined by the cloud of virtual pi mesons surrounding 
the nucleon core. Thus electrons whose wavlength is 
sufficiently large, so that they do not probe the proton 
structure in too much detail, may have an elastic cross 
section whose principal deviation from the Mott- 
Rutherford cross section is determined by the pion- 
nucleon interaction.’ It is therefore of interest to see 


1 R, Hofstadter and R, McAllister, Phys. Rev. 98, 217 (1955); 
R. Hofstadter and E, E, Chambers, Bull. Am. Phys. Soc. Ser. I, 
1, 10 (1956); R. Hofstadter, Proceedings of the Sixth Annual 
Rochester Conference on High Energy Nuclear Physics (Interscience 
Publishers, New York, 1956); E ki Chambers and R. Hofstadter, 
Phys. Rev. 103, 1454 (1956); R. McAllister and R. Hofstadter, 
Phys. Rev. 102, 851 (1956). 

*A 200-Mevy electron has a reduced de Broglie wavelength 
A~10°" cm. 


whether the Chew-Low form of a Yukawa-type theory, 
which has had a degree of success in explaining the 
P-wave part of the low-energy pion nucleon scattering,’ 
and low-energy photomeson production,‘ is also in 
accord with these experiments. 

The electric and magnetic form factors for the proton, 
which determine the electron proton cross section, have 
been calculated in the first approximation of the Chew- 
Low theory. The calculations of Miyazawa,* Zachari- 
asen,® and Treiman and Sachs,’ indicate the strong 
likelihood that the inclusion of higher order corrections 
would not qualitatively alter the form factors predicted 
by the first approximation of the static theory. In 
addition to the meson charge and current, a statically 
spread out nucleon core charge has been assumed, as 
suggested by the related problem of the neutron-electron 
interaction.* As has been shown, the first approximation 
of this theory can be brought into rough agreement with 


3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). 
‘G. F, Chew and F. E. Low, Phys. Rev. 101, 1579 (1956). 
5H. Miyazawa, — Rev. 101, 1564 (1956). 

*F. Zachariasen, Phys. Rev. 102, 295 (1956). 

7S. Treiman and R. G. Sachs, Phys. Rev. 103, 435 (1956). 
* G. Salzman, Phys. Rev. 99, 973 (1955). 
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the experimental neutron-electron interaction’ if the 
nucleon core charge is assumed to be statically spread 
out in a region of approximately the same extent as that 
of the virtual pion cloud.’ We have not attempted to 
calculate, in the static theory, contributions of those 
terms which are of purely relativistic origin. Such con- 
tributions are likely to be unreliable, as is discussed in 
Sec. 3. With this treatment, we find that for low energies 
(up to ~200 Mev) the differential cross section for 
electron proton scattering is in close agreement with 
the experiments. 

In Sec. 2 the invariant form factors are defined and 
their static limits are expressed in terms of weighted 
integrals of the charge and magnetic moment density 
of the nucleon. The charge and current of the “physical” 
nucleon are calculated using the Chew-Low theory in 
Sec. 3, and in Sec. 4 the form factors are evaluated and 
the results briefly discussed. 


2. STATIC LIMIT OF THE INVARIANT FORM FACTORS 


The most general form of the S-matrix element for 
the elastic scattering of an electron and a nucleon, 
correct to second order in the electromagnetic coupling 
and to all orders in the meson nucleon interaction, is 


Syi= —1(29)'54(pt+q)M ji, 
M ys= —{U(pa')i(evet+ dipywq)u(pr))} (1) 
K {W( pr’) jul pr)}/ Poe, 


where p= p;’— p; and q= p2'— p» are the four momenta 
transferred to the electron and nucleon, respectively, 
during the collision, u(p2) and a(p2’)[=u*(p2’)B] are 
the normalized Dirac spinors for the initial and final 
nucleon states, «* is the Hermitian adjoint of u, w(p,) 
and wW(p,’) likewise for the initial and final electron 
states, popo=p’— pa’, j*u=1(—e)vy, —e is the electron 
charge, Greek indices have the range of values 1, 2, 3, 
4, the summation convention applies to repeated 
indices, y, are the Dirac matrices, Yys= Yu» Yv¥,, and 
¢ and yw are invariant functions of g,qg,. Natural units 
(h=c=1) are used throughout. Equation (1) may be 
obtained by an argument similar to that given in 
reference 8. 

The invariant functions « and yp are the effective 
charge and effective anomalous moment of the nucleon, 


* Hughes, Harvey, Goldberg, and Stafne, Phys. Rev. 90, 497 
(1953). A more recent value of —4.2+0.3 kev for the effective 
interaction energy given by Melkonian, Rustad, and Havens, 
Bull. Am. Phys. Soc. Ser. II, 1, 62 (1956) agrees with the earlier 
value of —3.9+0.4 kev. For addition references, and discussion 
of the experimental situation, see Crouch, Krohn, and Ringo, 
Phys. Rev. 102, 1321 (1956). 

” This conclusion is unaffected by the fact that the currently 
accepted value of the pion-nucleon coupling constant, /?, is about 
one and one-half times as large as the value used in reference 8. 
The reason for this is that both the meson contribution and the 
assumed core contribution are proportional to f?, so that the 
extended core charge still cancels the same fraction of the pion 
contribution to the effective interaction energy as it did before. 
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and may be expanded as follows: 


= a ( _ 1)"un(Geqe)”. (2) 


nw 


c= 7. (- 1)"€n(Geqo)", 


The coefficients in these expansions are the invariant 
parameters introduced by Foldy," which characterize 
the electromagnetic properties of the nucleon and 
which can in principle be experimentally determined. 
They are independent of any details of the electro- 
magnetic field with which the nucleon is interacting. In 
particular, ¢9 equals e for the proton, zero for the 
neutron ; uo is 1.79 nuclear magnetons for the proton and 
—1.91 nm for the neutron. The physical interpretation 
of the parameters is given by Eq. (7). 

In describing the electron-proton scattering experi- 
ments it is convenient to introduce two invariant form 
factors,"* one of which represents the fact that the 
charge is distributed in space and the other that the 
current (or magnetic moment) is likewise not confined 
to a point. The charge and current (or electric and 
magnetic) form factors fF; and Ff; may be defined by 
the equations 


e=eol1, w=pols. 


From Eq. (1) it then follows that the differential 
cross section for elastic electron-proton scattering” is 
given by 


? 9 


7 2M ° 6 
og ows} "2 -- [2(# + wl) tan ) 
4M? e 2 
2M 2 
+ ( wt) | | ; 
P 


e \* cos*(8/2) 1 
owl an 
2E/ sin*(6/2) 1+(2E/M) sin*(6/2) 


This result is correct to second order in the electromag 
netic coupling and to all orders in the meson nucleon 
interaction. Here £ is the electron energy, assumed to 
be mp, @ is the electron scattering angle, both quan 
tities as measured in the laboratory system, and M is 
the proton rest mass. 

The fixed nucleon theory of Chew and Low will be 
used to calculate the static limits of the two form 
factors, and then use made of Eq. (3). For this purpose 
we need to identify the static limits of /; and Ff, or 
equivalently of « and yw. In order to make the identi 
fication, it will be assumed that the static theory is to 
be considered the limit, as the nucleon mass becomes 
infinite, of a relativistic theory. We proceed as follows. 
The matrix element for the elastic scattering of an 


(3) 


"LL, L. Foldy, Phys. Rey. 87, 688 (1952); 87, 693 (1952) 

12 See for example, D. R. Yennie, Proceedings of the Fifth Annual 
Rochester Conference on High-energy Nuclear Physics (Inter 
science Publishers, Inc., New York, 1955) 

4M. N. Rosenbluth, Phys. Rev. 79, 615 (1950) 
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electron by a fixed nucleon, calculated with the inter- 
action energy density — j*,(r)A”,(r), where A%,(r) is 
the four-potential due to the nucleon, is given by 


(w, faints ‘(9.) 


l j™ (8) 
= - (w(p1)js(ps)) f dre 1 te foe ——, 
4dr |r—r’| 


which is easily transformed to 

f de j% (nye) *(w(py’) j+,00(ps))/P*. (4) 
Ihe static limit of My, given in Eq. (1), is now identi- 
fied with expression (4), that is, 


lim {i ( po’)i (erat him wqr)u(p2)) 
. f drj¥,(n)e**, (5) 


where “lim” means “the limit as M—«.” 


We note that 
0 —t; 
, ( é ), 
10; 0 


where N(p2) is the normalization constant, x2 is the 
Pauli spinor for the initial nucleon state, Latin indices 
have the range of values 1, 2, 3, the 0; are the 2X 2 Pauli 
spin matrices, and £, is the initial nucleon energy. Since 
the small components of the nucleon spinors vanish as 
M-—, we obtain from Eq. (5) 


lime= fdr0™ er r 


limipo X q= facives ‘. 


X2 | 


a’ Po 
| 
| +-M 


u( po) = N (pr) 


(6a) 


(6b) 


where the Pauli spinors have been omitted. From Eqs. 
(2) and (6) it follows, as shown in the appendix, that 


1 
J exo™ one 
(2n+-1)! 


6(n-+1) @ 
(2n+-3)!3 


(7a) 


lime, = 


»factarxin(n) y’*. = (7b) 


limp 


The p*(r) and j*(r) which appear in Eqs. (7) should 
be the total charge and current density of the stationary 
nucleon, including core as well as meson contributions, 
but not including terms of purely relativistic origin. 


SALZMAN 


Since from Eq. (7a), 
imes= f dep () and limes f dtp (ny, 


an rms radius with respect to the charge density may 
be defined, 
(r+) = (6 lim(e1/¢0) }}, 


and likewise from Eq. (7b) for the current density, 
(r,)=(10 lim (41/0) J}. 


The static limits of the form factors may then be 
written 


(8a) 


| 1 
limF = 1—~—(re)*?-+—(r)''— ++, 
6 120 


1 1 
limF,=1——(y,2)%q¢-+—(r,")'gt—«»». (8b) 
10 280 


For sufficiently low momentum transfer, only terms of 
order up to q need be considered. Once charge and 
current distributions are specified for the nucleon, Eqs. 
7(a), and 7(b) determine the static limits of the terms 
comprising the form factors. 


3. NUCLEON CHARGE AND CURRENT IN THE 
CHEW-LOW THEORY 

In this section we obtain the expectation values of 
the mesonic charge and current densities of a “physical” 
nucleon. Closely related calculations, using the tech- 
niques of Chew and Low** and Wick" have been carried 
out by Miyazawa’ for the frequency-independent part 
of the nucleon magnetic moment, by Zachariasen® for 
the proton charge density, by Fubini'® for the nucleon 
charge and current density, and by Treiman and Sachs’ 
for the rms radius of the neutron-electron interaction. 

In a static theory calculation of an electric or mag- 
netic moment of a nucleon, there is a question as to 
how much of the total moment one should attempt to 
include in the calculation. Consider the frequency- 
independent part of the proton magnetic dipole 
moment. If terms of relativistic origin are to be cal- 
culated, then the operator which corresponds to the 
Dirac moment must be included, as is done by Sachs'* 
and Miyazawa,° who in effect calculate the expectation 
value, in the physical proton state, of the operator 


fatiexicoi+ < =") 
dr{4rXje(r —{ —— }e, 
, 2M 7 


and then subtract e/2M to obtain the anomalous 
moment. Here the nucleon is fixed at the origin, j, is 
the pion current density, and ¢ is the isotopic spin 
operator for the nucleon. 

4G, C. Wick, Revs. Modern Phys. 27, 339 (1955). 


4° S. Fubini, Nuovo cimento 3, 1425 (1956). 
4 R. G. Sachs, Phys. Rev. 87, 1100 (1952). 





NUCLEON STRUCTURE 


As remarked by Miyazawa, the calculation of the 
relativistic terms in a static cutoff theory should not be 
taken too seriously. These terms depend quadratically 
on the cutoff, and, as pointed out by Sachs,'* and by 
Miyazawa, they involve the assumption that the bare 
proton magnetic moment is one nuclear magneton. 
Because of the unreliability of these terms, we choose 
to omit the Dirac moment part of the operator, as was 
done by Chew,'? Friedman,'* and Fubini.'® This omis- 
sion is not expected to be serious, in view of the fact 
that Miyazawa found that this part of the operator 
gave a contribution to the isotopic vector part of the 
anomalous moment of the order of one-tenth the con- 
tribution of the meson current. Further, the isotopic 
scalar part of the anomalous moment, which is thus 
also omitted, in experimentally very small (—0.06 nm). 
The remainder of this section contains a derivation of 
the meson charge and current in the physical nucleon 
state. 

Following Chew and Low, we take as the Hamiltonian 


H=Ho+H,, 

Ho= Dr wax'ae, 

Hr=S( Vide t+ Vitae’), 
f° iv(k) 


Sake 


V,= = (49) 
uw (2w)! 


where the index k includes momentum (k) and isotopic 
spin (x), w= (u?+)!, at and a, are creation and anni- 
hilation operators, respectively, for a single meson of 
type k, f° is the unrenormalized unrationalized coupling 
constant, u is the meson mass, and v(k) is the cut-off 
function. The symbol & is also used for the magnitude 
of the momentum k. In this representation the charge 
and current operators for the meson fields may be 
written as!’ 


= —e(¢i1V¢o2—92V 91), pr= 


and the usual procedure leads to 


—e(mip.— 121), 


ei (k- k’)- . 


(aw t+a k’ +) (ay+-a- PD) ere 
2 kk’ (ous’)! 


(10) 
) (a, t—a x’) (Qe +a 452 ee kon 


pnae( 
2 kk’ Nw 


where the isotopic spin indices x,«’ are here summed 
only from 1 to 2, since neutral mesons don’t contribute, 
and 6',. is +1 or —1 according as x,«’ is an even or 
odd permutation, respectively, of 1, 2, and zero other- 
wise. Using Wo for the four single physical nucleon 
states (the spin and isotopic spin indices are omitted), 

17G. F. Chew, Phys. Rev. 95, 1669 (1954). 

18M. H. Friedman, Phys. Rev. 97, 1123 (1955). 


%G. Wentzel, Quantum Theory of Fields (Interscience Pub- 
lishers, Inc., New York, 1949). 
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we then want to obtain 


(Vo,j2¥o) and (Wo,p.¥o). 
For this purpose we need 

(Wo, (ay:st-a_x-) (de+-a_x') Wo), 
which may be written as 
(ay 0,0, 0) + (a_pax'V0,Vo) 


+ (Wo,a pao) + (a 4V 0,0 t'Vo), (1 1) 


where a term (Wo,5,4Wo) has been omitted because it 

will give a vanishing contribution when it is multiplied 

by 6'?,., and the isotopic spin sums are performed. 
The identity 


[Ha |= Ha— aH = [ Hoax } +- [ H 1 a = 


may be written 
(H+w) a, = 


—wa,— Vi! 


— Vil+ axl, 

and, simply adding w’a, to each side, we also have 
(H+w+w’ )ay= — Vel+ a, (1 +’) 

From these identities one gets immediately that 


—1 
AV >= VilWo, 
1+w 
and 
—] —] 
yy V 9 = V;! Vir tWo 
H+wo+w' H+’ 


_! ~! 
— Vee! VilWo, 
H+wtw’ H+w 
where we have taken HW =0, used the fact that 
[ax,V%']=0, and made use of the assumption that 
there are no states of this system with energy less than 
zero. Substitution of (12) into (11) yields 


1 1 
( Vee — . nl) 
H+w' H+w 


1 
+{ Vo, Vis—Vy ¥) 
wtw’ 


H+w 


1 
ny i V;'- — V vt) 
nd H+w! 
1 
Vo, — -V_yt a Vi") 
wtw’ H+w 


1 1 
+(¥ V« V 
H+wo H+.’ 


~ 


1 
(wi ——Viy— ws) 
H+! wtw’ 


Me), 
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If the complete orthonormal set of “incoming” 

eigenstates VW,“ is introduced, the definition 7,(n) 
(WV, ’,ViMo) adopted, and the properties 


(Wo.VMWV.5°) = —Ty!(n) = T,(n) = — T_y(n) = T_,'(n) 


made use of, the above six terms are easily combined to 
give the following result 


2wt+w' + Ey (w'4 E,) 
" (wt w')(w { E,) (w’ +E) 
K (Tw '(n) Ti (n)a Ty (n) Ty (n)}. 


Substitution of this expression into Eqs. (10), and 
transformation of the 7y-'(n)T,(n) terms by changing 
the summation variables (k—»>—k’; k’+—k) leads to 
the following: 


(w+w’ + E,)(k +k’) 

jr=te 

kk’ yn (ww’)*(w + w')(w + Ey) (o’ +E») 

KT (n) Ty (noe k’) - 
(13) 
(ww)! 

die >> 

kk’ on (wt w’) (w tl,) (w'+E,) 


KT yh (n) Ty (nyo ge! * 


‘These expressions are exact, within the framework of 
the static theory. ‘To the extent that 7,(m) is known, 
they determine the meson charge and current. 

The complete set of states ¥,“? which we have in 
mind consists of the four physical nucleon states, 
denoted Wo, states with the physical nucleon and one 
meson, and so forth. The contribution of the physical 
nucleon states is easy to obtain because 


T,(0)f (Wo,ViVo) ] 


is determined by invariance arguments. We proceed as 
follows, recalling that Eo=0: 


k+k’ 4 
ie’ ie > 2 T,'(0) Ty (0)6 re" ™ BY) +r 


kk’ (aw’)) 1 
4 
d 7,'(0) 
kk’ (ww) '(w+w") 1 
XK Ty (0)8? et ker 


The superscripts 0 in Eqs. (14) denote that this is 
the contribution of the physical nucleon states. Now 


2r\' f° 
Ty7*(0) ( ) iv(k) (Wo, rea ko) 


w/ 


2n\' / 
( ) iv(k) (te, T° kus), 
w M 
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where f is the renormalized unrationalized coupling 
constant,® %_ and t# are normalized Pauli spinors, and 
the spin and isotopic spin indices a and # are tem- 
porarily unsuppressed. It follows that 


2 i(k k! 
s 1.1(0)Te(0)=2r(”) o(k)o() 
1 


m 


7a krya-k’, 
(ww") 


where the spinors flanking the operators have been 
dropped, and we shall regard our results as operators 
in the nucleon spin and isotopic spin variables. If this 
result is substituted into (14), the sum over the isotopic 
spin indices done, }°«, « replaced by (2r)~*f'dkdk’, and 
terms of the integrand that lead to zero on integration 
dropped, one obtains 


__ mide sf? v(k)v(k’) 

jo=— -( ) raf dak’ ——ke: (kxk’)e(*-*) «+, 
(29)*\ yu ww"? 

(15) 


4e 3 v(k)v(k’ 
ps = () raf dak’ -- oth) k-k’ei(h-k +1, 
(29)°\ yu aw’ (w+-w") 


These are equal to the expressions given by the lowest 
order perturbation calculation, except that the renor- 
malized coupling constant appears here. This feature 
of the static theory, iie., that the physical nucleon 
states reproduce the lowest order perturbation result 
with the renormalized coupling constant, has been 
noted previously.*~® 

The contribution of the one-meson states is seen 
from Eqs. (13) to be 


rn (w+w'’+w"’)(k+k’) 
kkk’! (xo!) *(w tw’) (ww) (w’ +w") 
KTR) Te (Rb et EE, 


jz'=ie 


(ww’)! 

= vy m arr ” 

kkk (ww) (w+w"’) (w’+w"") 
THR) Te (Re ¥ 


p,'=—2ie 


If, following Chew and Low, we introduce the decom- 
position 


— 2rv(k)v(k’) 
=-— {Piilk’ Rho’) 
(wuo’)4 


+ (Pist Pai)ho(w’) + Pashs(w’)), 


T,(k’) 


Pi(k’k) =4rera-k'o-k, 
Py3(R’,k) =4re7(3k’-k—o-k’o-k}, 
Pa(k' Jk) = (bu —}rero-ko-k, 
Paa(k’ Rk) = (be —47e 7) (3k! “kok! 
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then straightforward calculation leads to the following 
expressions : 


k''4y(k)v(k’)v? (Rk) (w+-w’ +w"’) 
wow” (w+-w") (w+w"") (w’+-w"”) 


—81e 

j= “ 
3(2r)® 
ke: (kxk’){ | hy (w"”) |? —2| ho(w’") |? 


+ | tg(w’’) |*}et® a’) +8 


x f dkdk'dk’" 


(16) 
8e 


ps' =— raf akan” 
3(2m)® 


kv (b)0(k’)0?(k”) 
wo!" (ca-+e0") (co-+ea"”) (co! +00") 
kf | eso”) || Iea(eo!”) |? 
-2| goo!) [pete +, 


It may be noted that the contribution of the (3,3) 
state to p,' has the opposite sign of p,°, in agreement 
with the conclusion of Treiman and Sachs that if the 
major contribution of higher meson states comes from 
the vicinity of the large (3,3) resonance then this will 
tend to cancel the contribution of the physical nucleon 
states to the neutron-electron interaction. 


4. EVALUATION OF THE FORM FACTORS 
AND. RESULTS 


Equations (7) and (15) determine the meson current 
contribution of the physical nucleon states to the static 
limits of the electric and anomalous magnetic moments, 
€, and yw». If Eqs. (15) are substituted into Eqs. (7), 
the exponential exp[i(k—k’)-r] used to enable the re- 
placements r—-i¥, and r°"-+(— V*,-)" to be made, the 
differential operators transferred by integrations by 
parts, the 6(k—k’) functions which remain used to 
perform the k’ integrations, and several identities for 
the resulting differential operators made use of to 
perform the angular parts of the k integrations, then 
the following results are obtained: 


(—1)"4e /f\? 7” = kv(k) 
lime,°= T3— ( ) J dk 
(2n+1) la \u 6 w 


v(k’) 
xa’ 


w’(w + w’) z 


(17) 


(—1)"8e(m+1)/f\? 7% kv(k) v(k) 
limp,” = rx ( ) f dk D*—, 
(2n+-3) le m 0 p P 


Ww Ww 
0 4\ 90 
“(5 
Ok kf Ok 


: 
D= (V4)"+2 D (0%) C( v4 


t=] 


where 
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THEORY 


In particular, we find 


Je f 2 © 
lime? = Ts ( yf dk 
w\yh 0 
é f 3 sa kt dv 3 
lime,= rz ( yf a| ( ) 
3r\ps So wi \dk 


15k* Sk 
(2) 
2w® 


limo” 


k* /dv\? 
limp,?= ( ) 
w'\ dk 
10k* 8k® 
t ( )e] 
w? w' 

Equations (18) contain only charge and current due 
to the meson cloud, whereas Eqs. (7) show that the 
electric and anomalous magnetic moments should be 
calculated using the complete charge and current of the 
stationary nucleon. To Eq. (18a) must be added the 
contribution of the nucleon core charge if it is to give 
the result required by Eq. (7a), namely zero for the 
neutron and e for the proton, There is however, no 
compelling a priori reason for adding core contributions 
to Eqs. (18b, c, d). If one assumes, as Treiman and 
Sachs do, that the core charge has no appreciable 
extension, then (18b) gives the static theory prediction 
for the contribution of the physical nucleon states to 
the neutron electron interaction. With this assumption 
the first approximation of the static theory leads to 
severe disagreement with the experimental neutron- 
electron interaction, as noted by Treiman and Sachs, 
and Salzman. 

If however, the core charge is assumed to be statically 
spread out in space, for example with a density propor 
tional to the source function 


(18d) 


s(r)[ = (29) * f'dkv(k) exp(ik-r) J, 


then reasonable agreement can be achieved. We now 
want to examine the effect of this assumption on the 
form factors for the proton, 

Since no additional current is assumed, the anomalous 
magnetic moments (18c, d) are unaffected. However, 
the extended core makes positive contributions to the 
electric moments for both neutron and proton, and 
there is a tendency to cancel the meson contribution 
in the case of the neutron, while adding to it in the 


- case of the proton. 


Explicitly, we assume the core charge is given by 


pe(r) =Ces(r), 
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Fic. 1. Elastic scattering of 100-Mev (Lab) electrons from 
hydrogen. The data are those of McAllister and Hofstadter. The 
“point charge” curve is a plot of ows. The “point proton” curve 
is a plot of o with wo2M/e=1.79, and F,;=F,=1. The “static 
theory extended proton” curve is also a plot of o, but with 
Fy=1—(1/6)(6.5K10™ cm) and = Fy=1—(1/10) (9.7K 10" 
cm)*¢. See Eqs. (3) 


where the constant C is determined, for the proton, by 


feeor feelor)+o0(0)) =e, 


If now p,° is used for p,, and the normalization of the 
source function, /drs(r)=1, recalled, then the core 
contribution to the first electric moment is, by Eq. (7a), 


Ke ef - Vi70(k) |eno, Cex 1 —_ limeo®/e. (18e) 


We then obtain the following approximation to the 
form factors for the proton: 


1 1 
limk \°=1 lime,’+ | 1- ime | 
e 


e 


x[— vv r(b) hao} + ie. 


lim’? =1— {lim (44°/p0°) } g*+ cee, 


Numerical evaluation of these expressions, using 
Eqs. (18a-e), with a coupling constant {?= 0.08, a cutoff 
Rinax™ 5.6 u and a cut-off function 0(k) = [1+ (k/Rmax)® b? 
leads to the following” 


limF’°= 1—$(6.5X 10-" cm)*¢*+- « --, 


19 
limF':? = 1 ~~ Yo (9.710 M4 cm)*¢°+ eee, ( 


® The ratio Lim (y:/mo) was actually evaluated using the cutoff 
function t*=exp(—®/kmax*), but this ratio is highly insensitive 
to the shape of the cut-off function and the quality of the fit to 
the experimental cross section is likewise insensitive to this choice. 


A rough estimate based on the assumption that (r,*) 
and (r,*) are not appreciably larger than (r,*) and (r,?),” 
indicates that for the range of momentum transfer 
considered, inclusion of the g* terms can be expected 
to change the form factors by less than 10%. When 
account is taken of the fact that for a nonrelativistic 


proton, 
4F? sin?(0/2) 


ay (2E/M) sin?(0/2)' 


then Eqs. (3) and (19) determine a cross section, which 
is shown labeled “static theory extended proton” in 
Figs. 1-3. 

On each of the graphs there are two other curves, 
labelled “point charge” and “point proton.” The point 
charge curve is the Mott-Rutherford cross section, 
corrected for recoil of the scatterer, and is given by ows 
[see Eq. (3) ]. The point proton curve is for scattering 
by a relativistic proton with an anomalous magnetic 
moment of 1.79 nm, but with no spatial extension, and 
is given by putting F;=F,=1 in Eq. (3). As indicated 
by Figs. 1, 2, 3, the low-energy electron proton scat- 
tering data are in closer agreement with the static theory 
extended proton curve than with that of the point 
proton. The experimental cross section is relative, and 
the points have in each case been normalized to the 
static theory extended proton curve at a low value of 8, 
at which the theoretical curves nearly coincide with 
each other. 

We may then conclude that the first approximation 
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Fic. 2. Elastic scattering of 188-Mev (lab) 
electrons from hydrogen. 


* This assumption is reasonable if the charge and current dis- 
tributions are short-tailed, as is indicated for the charge by 
Zachariasen (reference 6). 
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Fic. 3. Elastic scattering of 236-Mev (lab) 
electrons from hydrogen. 





of the static theory, with an extended core charge, is 
in rough agreement with the neutron-electron inter- 
action and in substantial agreement with the electron- 
proton scattering up to 236 Mev.” This agreement is 
achieved with the same value of the coupling constant 
determined by Chew and Low. 

The fact that the experimental neutron-electron 
interaction is almost exactly accounted for by the 
Foldy term alone''* imposes a severe test on meson 
theories, namely that for the neutron, the r? moment 
of the charge distribution must vanish. It seems highly 
unlikely that any theory which describes only the pion 
charge cloud associated with the neutron, ignoring 
spatial distribution of the charge on the residual 
nucleon core, will predict a vanishing r’ moment. As 
mentioned, this is the case with the first approximation 
of the Chew-Low theory, and, as shown by Treiman 
and Sachs, this difficulty probably persists even if the 
contributions of higher order meson states are included 
in this theory. 

APPENDIX 


By making use of the identity 
Vv -Lir(q-1)*J—(¥-j)r(q- 1) 
=(k+1)(q-0)'S+k(q-0)* qx [rx j], 


# The electron-proton data are fit equally well with a point core 
as with the extended core used here. For a point core (r,*) is 
reduced from 6.5X10™“ cm to 5.5X10™ cm. The effect of the 
extended core is small for the proton essentially because the core 
is present only a fraction C° of the time, which is 0.3 for the 
values of f? and kmax used. 

%L. L. Foldy, Phys. Rev. 83, 688 (1951). The Foldy term 
accounts for —4.1 kev of the effective interaction energy. 
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and of the properties 


v-j=0 and fore iran) 0, 


which hold for the current of a stationary nucleon, we 
can transform the right hand side of (6b) as follows: 


1* 


farimeered ~ farirocae) 
k= B! 


o kit 


>> d jy pe, 
| Src | rir j*(r) ]Xq(q-r) 


The vector character of j*(r) and its vanishing 
divergence require that 


j* (r)=g(r)oXr, (Al) 


where g(r) is spherically symmetric. Therefore only 
terms with odd & can contribute in the sum. Multi- 
plication of Eq. (6b) by (—1i/2q*)@Xq- and use of the 
results just obtained enable us to write 


2 (—1)"(2n+1) 


limp= > 


Pf arlexi%(n }(q:r)**, (A2) 
n=  (2n+2)! 


where 
and 


P=}(0—(0-q)q) q= 4/9. 


The spherical symmetry of p*(r) insures that if the 
exponential in Eq. (6a) is expanded in powers of iq-r, 
then only the even powers can contribute to the 
integral. We therefore obtain 


(A3) 


« (—1)* 
lime= >> feo ane 
n= (2n)! 


From Eqs. (2), it follows that 
lim (€,u) => (- 1)"q*" lim (€n,in). 
nod) 
Using this, we obtain from Eqs. (A2) and (A3) the 
following: 
1 
feror nian, 
(2n)! 


n+1 
Pp. 
(2n+2)! 


lime, = 


(A4) 


limp,= 


fectrxivn }(q-r)*". (AS) 


If use is made of the spherical symmetry of p*(r) and 
of Eq. (A1), then Eqs. (A4) and (AS) may be rewritten 
as Eqs. (7a) and (7b). 
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Pion Production in Nucleon-Nucleon Collisions at Energies near Threshold* 
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A calculation using the Chew theory indicates that nucleon-nucleon and pion-nucleon final-state inter 
actions both play a role in contributing to the pion production cross sections in nucleon-nucleon collisions 
at energies near threshold, In particular, it is found that the cross section will be enhanced if (1) tensor 
forces lead to a D-wave nucleon-nucleon final state interaction or if (2) the pion and one of the nucleons is in 
a state of isotopic spin 3/2 and angular momentum 3/2. Both of these effects are present if the isotopic spin 
of the initial two nucleons is unity and the isotopic spin of the final nucleons is zero. In the case of deuteron 
formation, it is found that the two effects are of the same order of magnitude, but depend differently on 


energy. 


I, INTRODUCTION 


N a previous work' we made a calculation of the 

differential cross section for the reaction p+p— 
nt-+d at energies just above threshold. Using the Low- 
Wick formulation of field theory,’ we derived an expres- 
sion for the matrix element for this reaction in terms of 
the wave functions of a physical deuteron and diproton 
and an interaction given by the Chew theory.’ We were 
able to evaluate this matrix element by making several 
approximations, including the replacement of the 
physical two-nucleon wave functions by bare wave 
functions. Starting with an expression similar to the 
one we derived, an independent calculation was carried 
out by Geffen.‘ Closest agreement with experiment was 
obtained in these calculations when two conditions were 
satisfied: first, nuclear potentials with repulsive cores 
were used to obtain the two-nucleon wave functions; 
and second, the contribution trom the D-state part of 
the deuteron wave function was not neglected. 

In Sec. II of this paper we apply the method of A to 
the general case 


N+N—9+N+N, (1) 


where N can be either a proton or a neutron, We dis- 
cuss qualitative features of the various cross .sections 
near with the 
phenomenological model of Brueckner and Watson® as 
discussed by Rosenfeld.* In Sec. III we treat the ques- 
tion of final-state scattering of the emitted pion by the 
two nucleons and discuss how this scattering modifies 
our previous results. A number of authors have con- 
sidered the role of pion-nucleon final-state scattering, 
especially Aitken et al.’ However, in these previous 
treatments an approximation was used which makes 
the cross section proportional to the square of the final 


threshold and compare our results 


* Work supported by the National Science Foundation. 

'D. B. Lichtenberg, Phys. Rev. 99, 618 (1955); 100, 303 (1955). 
This latter work will be denoted by A. 

2F. E, Low, Phys. Rev. 97, 1392 (1955); G. C. Wick, Revs. 
Modern Phys. 27, 339 (1955). 

1G. F. Chew, Phys. Rev. 95, 1669 (1954), 

‘D. A. Geffen, Phys. Rev. 99, 1534 (1955). 

*K. M. Watson and K. A. Brueckner, Phys. Rev. 83, 1 (1951). 

*A. H. Rosenfeld, Phys. Rev. 96, 139 (1954), 

7 Aitken, Mahmoud, Henley, Ruderman, and Watson, Phys. 
Rev. 93, 1349 (1954) 


two-nucleon wave function at a particular distance 
from the origin. The magnitude of the wave function 
is very sensitive to the choice of this ‘characteristic 
distance for pion production,” especially if the nucleon- 
nucleon potential has a repulsive core. We do not make 
an approximation of this type and are thereby able to 
estimate how pion-nucleon scattering affects the energy 
dependence as well as the magnitude of the pion- 
production cross section. 


II. QUALITATIVE FEATURES OF THRESHOLD 
PRODUCTION 


The transition matrix T for the reaction of Eq. (1) 
can be written® 


T= (Wp Vorb ’); (2) 


where y,*? is the (outgoing) wave function of the 
initial two nucleons with relative momentum p, and 
WY» is the (incoming) wave function of the final two 
nucleons with relative momentum p’. The interaction 
V, is given by 


Vg=Vigt Vig, (3) 


where V;, (i=1, 2) expresses the interaction of a pion 
with the ith nucleon as given by the Chew theory. If 
we restrict ourselves to consideration of the problem 
at threshold, V, does not depend on the positions of 
the nucleons. 

Because of charge independence, the matrix elements 
for all the reactions given by Eq. (1) can be written in 
terms of three isotopic spin matrix elements’ 7,, To, 
and 7, where the first subscript refers to the isotopic 
spin of the initial two nucleons and the second to that 
of the final two nucleons. It is convenient to classify 
these matrix elements further, according to whether the 
initial nucleons are in a triplet *7 or singlet 'T spin 
state. There is no interference between these two cases. 

The isotopic spin variables can be eliminated from 
the matrix elements immediately. If this is done, the 
interaction appearing in any single transition matrix 
will be either symmetric or antisymmetric in the nucleon 


*In A, we actually derived the expression for the transition 
matrix of the inverse reaction. 
* Van Hove, Marshak, and Pais, Phys. Rev. 88, 1211 (1952). 
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spin operators and will be of the form (with h=c=1) 
V =i(2m/w,)*(f/u)(o1-q+e2-q), 


where f is a coupling constant determined from pion- 
nucleon scattering, w, is the energy of a pion of mo- 
mentum q, uv is the pion mass, and @ is the usual Pauli 
spin operator. It is convenient to write the two-nucleon 
wave functions as a product of space and spin functions 


Vp= ¢,(space)x (spin), 


where it is understood that if x is symmetric, gp con- 
tains spin operators. With the assumptions we have 
made, only the following matrix elements contribute to 
the cross sections: 

IT = (Yp*x',V 4g" ep'x*), 

37 10= (gp*x?, V o*Gp°x'), 

1, 4 

Tor= (Gp'*x', Vg? ep*x*), 

Toa= (¢p'*x*, V o*p'x'), 

8T’ = J 

Tui= (ep°x',V a" ex’), 
where the superscripts s and a refer to symmetric and 
antisymmetric respectively. The matrix element '7', is 
seen to be zero just from the spin matrix multiplication. 
In all cases given by Eq. (4), the pion is emitted in a 
p-state with respect to the two-nucleon system. We 
have not considered the emission of s-wave pions. 

Since the interaction V, does not depend on nucleon 

spatial variables, we see from Eq. (4) that the magni- 
tudes of the various cross sections are essentially deter- 
mined by the spatial integrals f’y,*g,dr. If we expand 
¢,and ¢,, in partial waves, we can carry out the angular 
integration. We are then left with radial integrals of 
the form 


F\= fear, (5) 


where u;,/r is a radial two-nucleon wave function corre- 
sponding to momentum p and orbital angular mo- 
mentum /, We have suppressed an index referring to the 
total angular momentum of the two nucleons. 

The magnitudes of the integrals F, will of course 
depend strongly on the explicit form assumed for the 
two-nucleon initial and final wave functions. The more 
ui, and u;, differ from regular spherical Bessel func- 
tions (plane wave), the larger F; will be in general. 
Since the final nucleons have low energy, the 14, will 
differ from a plane wave only in the states of low angular 
momentum. We would expect the contributions from 
the S-, P-, and D-state overlap integrals to decrease in 
that order. This is not necessarily the case. In the first 
place, fo is depressed because the repulsive core in the 
nuclear potential reduces the /=0 wave functions near 
the origin—a region from which an important con- 
tribution to Fo is expected to come. States of higher 
angular momentum are not affected so much by the 
core. In the second place, if the final nucleons are in a 
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triplet spin state, the tensor force will couple the D- 
state wave function to the S-state function. This has 
the effect of enhancing F. In A, using wave functions 
obtained from Gartenhaus potentials’ and a deuteron 
final state, we found that the contribution to /y from 
the region within the range of the nuclear potential 
(reduced by the repulsive core) was very nearly can- 
celed by the contribution from the outside region. This 
had the effect of making Fy negligibly small when com- 
pared to F». 

The enhancement of Fy, due to tensor forces, occurs 
only if the final two-nucleon wave function is sym- 
metric both in space and spin. From Eq. (4) we see 
that enhancement occurs only in the case of !To. 
According to the model of Brueckner and Watson, the 
matrix element 79 is also the largest. However, the 
contribution from / is neglected, and the enhancement 
is attributed to a strong pion-nucleon final state inter- 
action in the state of isotopic spin 3/2 and angular 
momentum 3/2 [(3-3) state]. In the next section, we 
shall see that both these effects are present. 

Of the matrix elements given by Eq. (4), *71, is the 
smallest. This can be seen by noting that the initial 
and final two-nucleon states have the same spin and 
isotopic spin. Therefore, the space wave functions ¢,* 
and g,* are eigenfunctions of the same potential be- 
longing to different energies. Thus, only to the extent 
that the nuclear potential is velocity-dependent will the 
overlap integrals /; differ from zero. The nuclear po 
tential is not known in sufficient detail at the present 
time to enable us to get a good estimate of the size of 
’7'\,. We can only say that it is small. It is observed 
experimentally that the reaction p+p->r+ p+, 
which arises only from 7',, has the smallest cross sec 
tion.® According to the Brueckner-Watson model, this 
reaction is enhanced by the strong pion-nucleon (3-3) 
state interaction. However, the Pauli principle forbids 
the final nucleons from being emitted in an S state if 
the pion is in a p state, a fact which reduces the cross 
section. 


III. PION FINAL STATE SCATTERING 


In obtaining the matrix element of Eq. (2), we have 
made the approximation of replacing the complete 
two-nucleon wave functions by their zero meson parts. 
In so doing, the effect of scattering of the emitted pion 
by the two nucleons is neglected. In the following, we 
shall not try to obtain an expression for the complete 
two-nucleon wave functions but shall instead modify 
the interaction. As in A, it proves convenient to write 
the matrix element for the inverse reaction. We write 


T= (y,‘ Ay by)-4 (bp? Mapp, ), (6) 


where 


Bf =2i(V inaet Vinton"), 6 


“ S. Gartenhaus, Phys. Rev. 100, 900 (1955). 


1,2 
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is the interaction of the pion with the ith nucleon, a, 
and a,* are annihilation and creation operators, and 
v;(j#1) is the wave function of the pion modified by 
by scattering from the jth nucleon. If the pion can be 
described by a plane wave, the matrix element of Eq. 
(6) reduces to that of Eq. (2) (with initial and final 
states reversed), The justification for writing Eq. (6) 
is that it seems reasonable to describe the pion by a 
wave function more nearly resembling its actual wave 
function than a plane wave. This treatment neglects 
multiple scattering of the pion. An approximation of 
this type, in which a pion emitted by one nucleon is 
allowed to be scattered by the other, was suggested 
by Gammel," 

The wave function which describes the scattering of 
a pion by the jth nucleon can be written 


(k\7'\q) 
¥;'+) =5(q—k)+ ——exp(—ik-r)), (7) 


Wa Wet1e 


where (k|7;\q) is the off-the-energy-shell transition 
matrix describing the scattering and 1; is the position 
of the jth nucleon. We have neglected the pion-nucleon 
center of mass motion and have made our usual restric- 
tion gp so that exp(iq-r,;)~1. Substituting Eq. (7) 
in Eq. (6), we obtain 


T= (bp, (Vat2elwg—weticl LV n(k| T2| ge™* 
+Val(k|Ti|ge™' vy), (8) 


where r= r,— Tz. If we neglect scattering in states other 
than the (3-3) state, the pion-nucleon scattering matrix 
becomes 


(k| 7;|q) . Pop leg, (9) 


where P33 is a projection operator for the (3-3) state 
and tx, depends only on the magnitude of k and gq. 
The operator P33 is given by 


P45? = (4arkq) ' 2k-q—ie,- (kX q) |. 











a” 


Fic, 1. The integral /(p,k) plotted as a function of & for 
p= 2.6 u. The abscissa is in units of the pion mass uw and the ordi 
nate in units of uw. 


"J. Gammel, Phys. Rev. 95, 209 (1954), 
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In Eq. (8), we shall call the term in T containing V, the 
direct production term and the remainder of T the 
scattered term. 

We shall again restrict ourselves for simplicity to 
deuteron formation (the reaction p+p—t+d). Then 
the only contribution due to the scattered term in the 
matrix element will come from the D-state part of the 
initial diproton wave function. This is true because the 
pion cannot be in a (3-3) state with respect to one of 
the final nucleons if the total angular momentum of 
the system is zero (initial S state), Other angular mo- 
mentum states are forbidden by the requirement that 
the pion be emitted in a p state. As in the direct pro- 
duction term, there will be a contribution from the 
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Fic, 2. The behavior of the direct production term in the 
matrix element /, and the scattered production term F as a 
function of the momentum g of the emitted pion. The units are 
the same as in Fig. 1. 


deuteron S-state and D-state wave functions, However 
we can neglect the D-state contribution because of the 
small D-state probability of the deuteron. The peculiar 
cancellation which depresses the S-state integral Fo is 
not important here because of the additional r de- 
pendence in the scattered term of the factor exp(+ik-r). 

If we now use Eq. (9) in Eq. (8) and carry out the 
angular part of the integration, square, and sum and 
average over spin states, we obtain 
| T|2= (49)*(f/u)*(q/p)'wo 

(Fe? + 2F Re(F2/V2+-F) cos(69— 52) (3 cos*@— 1) 

+ |Fs v2+ F \2(3 cos*é+-1)}, (10) 


where @ is the angle between the incident proton and 
emitted pion, 9 and 62 are the diproton S and D phase 
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shifts, 2 indicates the appropriate spin summation, and 
Re means the real part. This expression differs from 
that obtained in A by the additional factor F, which 
arises from the scattered term, and is given by 


F=— ———, (11) 
q Wq— Wette)on! 


wd! fa Phadl (DA) 
( 


1(ppk)= f drag rune (br) 


Here uoq is the deuteron radial S-wave function and jz 
is a spherical Bessel function of order 2. The diproton 
function #2, is normalized to u2,— sin(pr—m+5:). 

It is apparent from Eq. (10) that F;/v2 and F appear 
symmetrically so far as their contribution to the angular 
distribution is concerned. However, there is no reason 
to expect F, and F to depend in the same way on 
energy. In order to get an estimate of the magnitude 
and energy dependence of F, we need to specify xg. 
For simplicity, we choose a form for t,, suggested by 
Aitken et al.’ These authors assume 


Wa > Wk 


kq 1/w, for 
x 
1/w, 


with A a constant. However, we do not take A to be 
constant, but choose it so that ty, is normalized on the 
energy shell; that is, we choose A so as to satisfy the 
equation 


lig= —A 


(wey)! for wa<wr, 


tkg—taq= — (qu) 'e sind, 


where 6 is the (3-3) state scattering phase shift. For 
q <u, 6 can be approximated quite closely by 


e* sind~d=0.24(g/u)*. 


We then obtain 


A=0.24w4/(my*). (12a) 


If we had followed Aitken ef al., we would have 


A=0.24/(ap?). (12b) 


The choice of A has an increasing effect on the magni- 
tude of the cross section as the energy increases. How- 
ever, our calculation has its greatest reliability near 
threshold, where the difference is unimportant. 

The double integral for F must be performed nu- 
merically. If Gartenhaus wave functions are used, the 
integral I(p,k) is given by Fig. 1. This integral was 
computed only at threshold, but is not very sensitive 
to small changes in the momentum p of the initial 
diproton wave function. For higher momentum, the 
maximum value of /(p,k) will be smaller and shifted 
to the right. The important feature of /(p,k) is that it 
is very small for high values of k, and therefore makes 
the integral F insensitive to the behavior of tq near 
the cut-off momentum k,=6y. The imaginary part of 
F is negligible in the energy range we are considering. 
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Fic. 3. The calculated cross section for the reaction p+p-—> 
n+ +d (solid line) and the experimental points as a function of the 
pion momentum g. The dashed line indicates the calculated cross 
section when one uses the A of Eq. (12b). 


A plot of F as a function of gq is given in Fig. 2. For 
comparison, , is also shown. The principal reason that 
F, decreases with increasing energy is that 12, oscillates 
more rapidly with increasing p, causing the integrand 
to average more nearly to zero. 

We now consider the cross section. Since Fp is 
negligibly small, the additional term F does not affect 
the angular distribution, which remains 3 cos*6-+-1. 
Using Eq. (10) and setting /o=0, we get for the total 
cross section a: 


o= 169M (f/u)?(q/p)*(F2/V2+ PF)’, 


where M is the nucleon mass, In Fig. 3 this cross sec- 
tion is plotted against g for f?= 0,08. The experimental 
points (from Fig. 3, reference 6) are also shown. If we 
had used the value of A given by Aitken et al. instead of 
A as given by Eq. (12a), the calculated cross section 
would be reduced in the region g~p and would be 
closer to the experimental points. It should be pointed 
out that we have not normalized the theoretical curve 
to the experimental points. The magnitude of the cross 
section is determined by our choice of f?= 0.08, a value 
determined by pion-nucleon scattering data. However, 
the actual curve given in Fig. 3 should not be taken too 
seriously in view of the approximations made in 
evaluating the matrix element. In addition a two- 
nucleon phase-shift calculation by Gammel and Thaler’? 
indicates that the Gartenhaus potentials are not valid 
at high energy. 

Nevertheless, there are several features of the calcu 
lation that have a somewhat more general validity. Of 
particular interest is the fact that the contribution from 


(13) 


2 J. Gammel and R. Thaler, Phys. Rev. 103, 1874 (1956). 
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tensor forces and the contribution from pion nucleon 
final state interactions are of the same order of magni- 
tude. Previous calculations have neglected one or the 
other of these effects. In our particular calculation, 
neither of these effects is large enough to account for 
the experimental! results by itself, 

According to Eq, (10), three important contributions 
to the cross section come from the terms Fo, Fz, and F. 
The Fo term arises from a transition from an initial 
two-nucleon § state to a final two-nucleon S state. 
This term is expected to be rather small, but the fact 
that it is negligibly small is an accident of the Garten- 
haus wave functions. The principal effect of Fo is to 
alter the angular distribution. If the diproton S phase 
shift 49 is negative (at 300-Mev proton laboratory 
energy), /o will be positive and will make the angular 
distribution more anisotropic than 3 cos*@+-1 and more 
in agreement with experiment. The F, term arises 
from a D- to D-state transition. The magnitude of F, is 
sensitive to the details of the D-state functions, but 
the fact that /, decreases with increasing energy is 
rather insensitive to the particular choice of wave 
functions. If the D-wave phase shift 4) is large and 
negative, however, /, may not decrease with increasing 
energy. The scattered term F arises from a D- to S-state 
transition. The magnitude of F depends on the two- 
nucleon wave functions and on the off-the-energy-shell 
behavior of (4,7. However, for several different choices of 
‘xg Suggested by meson theory, F will increase as the 
energy increases," 

A rather good fit to the experimental data on pion 


production with deuteron formation has been obtained 


with the semiempirical formula 


a= aq by, (14) 


where the first term is supposed to arise from s-wave 
pions and the second from p-wave pions. Here a and b 
are constant parameters determined from experiment. 


'’ For example, this statement is true for the (3-3) state transi 
tion matrix found by Gammel, reference 11. 


LICHTENBERG 


However, we have seen that the production of p-wave 
pions arises from several terms, none of which is ex- 
pected to remain constant as g increases. Furthermore, 
a factor p* appears in the expression of Eq. (13) for 
the cross section. One factor of p~' arises simply from 
the fact that the relative velocity of the incoming 
protons appears in the denominator of the formula for 
the cross section. The factor p-*? appears because we 
have taken a factor p™ out of the matrix element by 
normalizing the proton wave functions to sin(pr—4lr 
+6,). This factor becomes squared in the expression 
for the cross section. The factor p~* has the effect of 
making the p-wave production rise less rapidly than ¢ 
and thus to seem like a mixture of s- and p-waves if 
analyzed according to Eq. (14). If a phenomenological 
analysis of the energy dependence of the cross section 
is wanted, it seems more reasonable to use instead of 
Eq. (14) the formula 


a= (a'gtb'¢) (po/p)*, 


where po is the relative proton momentum at threshold 
and a’ and b’ are new constants. However it should be 
re-emphasized that there is no theoretical reason for a’ 
and b’ to be constant; in fact our calculation indicates 
that b’ at first slightly decreases and then increases 
with energy. 

If the constants a and b of Eq. (14) are fitted by 
experiment, it turns out that a/b=0.14. If Eq. (15) is 
used, a rough estimate indicates that a’/b’~0.03. The 
data are not sufficiently accurate to determine this 
ratio precisely. The important question of how much of 
the cross section is due to s-wave pions needs to be 
answered by (increasingly difficult) experiments at 
energies very close to threshold. 


(15) 
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In this paper, gravitational radiation is defined invariantly 
within the framework of general relativity theory. The definition 
is arrived at by assuming (a) that gravitational radiation is 
characterized by the Riemann tensor, and (b) that it is propagated 
with the fundamental velocity. Therefore a gravitational wave 
front should appear as a discontinuity in the Riemann tensor 
across a null 3-surface; the possible form of this discontinuity is 
here calculated from Lichnerowicz’s continuity conditions. 

The concept of an observer who follows the gravitational field is 
defined in terms of the eigenbivectors of the Riemann tensor. It 
is shown that the 4-velocity of this observer is timelike for one of 
Petrov’s three canonical types of Riemann tensor, but null for 
the other two types. The first type is identified with the absence 
of radiation, the other two with its presence. This constitutes the 


1. INTRODUCTION 


HE investigation of gravitational radiation in 
general relativity theory is hampered by the lack 
of an invariant definition of that concept. The presence 
of gravitational radiation must be distinguishable, 
mathematically, from a peculiar choice of the coordinate 
system, and physically, from a peculiar motion of the 
observer. In a covariant, nonlinear theory, the definition 
should not, if the concept of radiation has any real 
validity, depend on the weakness of fields or on special 
coordinate conditions. An invariant definition is pro- 
posed in this paper. 
This definition is given in terms of the Riemann 
tensor. Just as it is the Riemann tensor which indicates 
a genuine gravitational field in the first place, so 


(A) It is the Riemann tensor which characterizes the 
presence of radiation. 


Physically, this is because the Riemann tensor 
describes the variations in the gravitational field from 
event to event in space-time. In accordance with the 
principle of equivalence, only the variations in the field, 
and not the field itself, can produce any real physical 
effects. The question is: what sort of variations in the 
field should be classified as gravitational radiation? 

To answer this question, one must first of all decide 
which attributes of radiation, a concept until now 
familiar largely through electromagnetic theory, may 
be assumed to apply also to the gravitational case. In 
making the present definition, it will be assumed that 
an essential attribute is: 

(B) In empty space-time, gravitational radiation is 

propagated with the fundamental velocity. 
The two assumptions (A) and (B) serve to characterize 
gravitational radiation completely. Two main argu- 
ments are developed in the following sections to support 


definition. It is shown that the difference between the no-radiation 
type and one of the radiation types can be made to correspond to 
the discontinuity possible across a null 3-surface; this demon 
strates the consistency of the wave front and following-the-field 
concepts 

A covariant approximation to the canonical energy-momentum 
pseudo-tensor is defined, using normal coordinates, which are 
given a physical interpretation. It is shown that when gravita 
tional radiation is present, the approximate gravitational energy 
flux cannot be removed by a local Lorentz transformation, which 
supports the definition of radiation, 

It is proved that, as would be demanded of a sensible definition, 
there can be no gravitational radiation present in a region of 
empty space-time where the metric is static 


the definition; these arguments depend respectively on 
the following consequences of (A) and (B): 


(C) A gravitational wave-front manifests itself as a 
discontinuity in the Riemann tensor across a 
null 3-surface. 

(D) The motion of an observer following the gravi- 
tational field is determined by the Riemann 
tensor. In the presence of gravitational radi- 
ation, such an observer would have to move 
with the fundamental velocity in order to 
keep up with the field. 


These ideas will now be developed in more detail 
In connection with (A), one may investigate the vari 
ations in the gravitational field directly by writing 
down the equation of geodesic deviation. This equation 
gives the variation in the field between neighboring 
space-time events in terms of the Riemann tensor.' ‘The 
physical effects so represented are set out in detail in 
Sec, 2, 

Assumption (8) is supported by very general con 
siderations, as well as some specific ones, like the result 
of Lichnerowicz’? that the characteristic surfaces of 
Einstein’s equations are null 3-surfaces. Lichnerowicz 
starts from continuity conditions which are sufficient 
to ensure that the equations have physically unique 
solutions in empty space-time. 

In Sec. 2, Lichnerowicz’s conditions will be used to 
determine what discontinuity in the Riemann tensor is 
permissible across a null 3-surface. In accordance with 
statement (C) above, one would expect to find such a 
discontinuity whenever a source of gravitational radi 
ation was switched on or off. 

The idea of an observer following the field, introduced 


'F. A. E. Pirani, Helv. Phys. Acta (to be published); and Acta 
Phys. Polon. (to be published) 

7A. Lichnerowicz, Théories relativistes de la gravitation et de 
V électromagnélisme (Masson et Cie, Paris, 1955), p. 33 
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in statement (D), is one already well known in the 
ordinary Maxwell-Lorentz electromagnetic theory, and 
not difficult to generalize to gravitational] field theory. 
In the Maxwell-Lorentz theory, an observer is said to 
be following the field if he moves so that in his rest- 
frame the Poynting vector vanishes. He therefore ob- 
serves no flux of field energy. If this idea is restated 
covariantly (but still in the Maxwell-Lorentz theory) 
in terms of the energy-tensor of the field, it is found 
that an observer may always follow the field by ac- 
quiring a suitable 4-velocity, unless it is a null field 
(self-conjugate field), in which case it would be neces- 
sary to acquire the fundamental velocity in order to 
make the energy flux vanish. This is because in a null 
field E and H are perpendicular and of equal magnitude 
in every Lorentz frame. Plane waves and spherical 
waves are common examples of null fields.? From the 
point of view adopted here, only null fields will be 
counted as radiation. 

The idea of following the field, expressed in such 
terms, does not admit an immediate covariant generali- 
zation to the case of the gravitational field, for, because 
of the principle of equivalence, there is no covariant 
gravitational field energy-tensor. The generalization 
will be achieved by considering the geometrical proper- 
ties of the two fields. It will be found that in each case 
certain eigenvectors of the field can be defined. In the 
electromagnetic case it turns out that an observer fol- 
lowing the field has the timelike eigenvector for 4-ve- 
locity; when the field is a null field this timelike vector 
collapses onto the null cone,’ and it is this which is 
characteristic of the presence of radiation. 

In the same way, a timelike eigenvector may in 
general be defined, in terms of the Riemann tensor, for 
the gravitational field in empty space-time. This vector 
is interpreted as the 4-velocity of an observer following 
the field, and in some fields this vector collapses onto 
the null cone. As in the electromagnetic case, this 
situation is identified with the presence of radiation. 

These timelike eigenvectors can be given a further 
physical significance in both gravitational and electro- 
magnetic fields. For example, in a non-null electromag- 
netic field, the 4-velocity which follows the field yields, 
for a given field, an extreme magnitude for the Lorentz 
force. Similarly, the (more complicated) physical effects 
of the gravitational field also reach extreme values for 
an observer having the 4-velocity which follows the 
field. ‘This will be discussed in detail in Sec. 4. 

The eigenvectors of the gravitational! field are defined 
in Sec. 3, with the aid of Petrov’s classification’ of 
empty space-time Riemann tensors into canonical types. 
The elegant geometrical-algebraic techniques developed 

‘For a detailed discussion of the geometrical and algebraic 
properties of the electromagnetic field, see J. L. Synge, Relativity: 
the Special Theory (North-Holland Publishing Company, Amster 


dam, 1956), Chap. IX. 
‘A. Z. Petrov, Sci. Not. Kazan State Univ. 114, 55 (1954). 
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by Ruse® and others supply the basis for this classi- 
fication, which yields two types with radiation present 
and one with no radiation. It will be shown that the 
difference between the no-radiation type and one of the 
radiation types can be made, by a suitable alignment 
of axes, to correspond exactly to the discontinuity in 
the Riemann tensor across a wave front permitted by 
Lichnerowicz’s conditions. This will demonstrate the 
consistency of the idea (Sec. 2) of a gravitational wave 
front with the idea (Sec. 3) that an observer following 
the gravitational radiation field must have the funda- 
mental velocity. 

This geometrical approach is necessary because there 
is no covariant gravitational energy-momentum tensor 
in Einstein’s theory. This lack is to be expected, because 
of the principle of equivalence. In Lorentz-invariant 
field theories the energy-momentum tensor depends on 
the field strengths, but these have locally no absolute 
significance for the gravitational field. The canonical 
energy-momentum pseudotensor® /¢,” is a quadratic 
function of the field strengths (Christoffel symbols) and 
satisfies a conservation law, but it is not covariant—it 
can in fact be made to vanish entirely along an arbitrary 
open curve in space-time. Nevertheless, /,’ has been 
used in definitions of gravitational radiation by various 
authors,’ but always in weak field approximations and 
under physically obscure coordinate conditions. 

It might be possible to construct covariant, and 
therefore physically significant, expressions out of ¢,’ 
over extended regions of space-time, into which only 
the variations in the gravitational field, not the field 
itself, could enter, but no one seems to have succeeded 
in doing this, or even to have attempted it. The dif- 
ficulties could be resolved if one could reformulate the 
weak-field approximation method in a covariant way 
valid in an extended region. 

The alternative to this, which is adopted in Sec. 4, 
is to develop a covariant local approximation method 
valid in arbitrarily strong fields but only in small 
regions of space-time. This is done by introducing 
normal coordinates,’ which are given a physical inter- 
pretation. The energy-momentum pseudotensor ¢,’ 
vanishes at the origin of normal coordinates but not in 
a finite neighborhood of the origin, and may be expanded 
in a power series with tensor coefficients which are 
functions of the Riemann tensor and its covariant 
derivatives. By averaging over a small 2-region, one 
may construct a covariant approximation t,’ to the 
mean energy-momentum pseudotensor in the region. It 


°H. S. Ruse, Proc. Roy. Soc. (Edinburgh) 62, 64 (1944); 
Quart. J. Math. (Oxford) 17, 1 (1946); Proc. London Math. Soc. 
50, 75 (1948). 

* Range and summation conventions: lower case Greek indices 
0, 1, 2, 3; lower case Latin indices 1, 2, 3. 

7 E.g., L. Landau and E. Lifshitz, The Classical Theory of Fields 
(Addison-Wesley Publishing Company, Inc., Cambridge, 1951); 
J. N. Goldberg, Phys. Rev. 99, 1873 (1955). 

* B. Riemann, Géttingen Abhandl. 13, 1 (1862); see O. Veblen, 
Invariants of Quadratic Differential Forms (Cambridge University 
Press, Cambridge, 1927), for a lucid exposition. 
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is found that when no gravitational radiation is present, 
there exist observers (with suitable 4-velocities) who 
observe no gravitational energy flux, but that when 
gravitational radiation is present, such observers cannot 
be found. This corresponds exactly to the electromag- 
netic field case, and supports the definition of gravita- 
tional radiation. 

Various examples are discussed in Sec. 5, and some 
deficiencies of the present approach are mentioned in 
Sec. 6. 


2. NATURE OF A GRAVITATIONAL WAVE FRONT 


The nature of a gravitational wave front will now be 
investigated, by finding the discontinuity in the 
Riemann tensor permissible across a null 3-surface. The 
calculation is based on Lichnerowicz’s continuity con- 
ditions,® which are conditions on the metric tensor and 
its derivatives sufficient to ensure that Einstein’s 
equations in vacuo,'° 


G,»=0, (2.1) 


are physically unique. These conditions are essentially 
the same as those found by O’Brien and Synge" from 
assumptions about the finiteness of certain quantities 
in the boundary layer between two regions of a con- 
tinuous medium. 

Lichnerowicz postulates that space-time can be di- 
vided up into overlapping regions, in each of which there 
exists a coordinate system such that (i) the metric tensor 
Zu» iS Continuous, (ii) the first partial derivatives” g,,,, 
are continuous, (ili) the second and third partial deriva- 
tives of g,, are piecewise continuous. Space-time is as- 
sumed to be a Riemannian manifold with certain differ- 
entiability properties which do not affect the present 
argument. 

Lichernerowicz’s analysis is developed by taking in 
one of the regions a coordinate system such that, say, 
the surface S: x°=0 is a surface of discontinuity of the 
gravitational field. Then according to the postulates, 
the coordinate system can be chosen so that all the g,,, 
all the gy»,,, and all the g,,,,. with the possible exception 
of g,y»,00 are continuous across S. Now the covariant 
components of the Riemann tensor are 


Ryewe= [ov,p | _— [ou,p |, vt I'*,4[ pvr ]— I'*,,[ pu,m |. 
(2.2) 


If the first two terms of this are written out in full, it 
may be seen that the only components of R,.,, which 
admit discontinuities across S are those with just two 


® Reference 2, Chap. I. 

10 The cosmological term is disregarded throughout this paper. 
It could be restored to the work without any difficulty, but at 
some cost in conciseness. 

4S, O’Brien and J. L. Synge, Comm, Dublin Inst. A, No. 9 
(1952). 

2 A comma denotes partial differentiation: gu», p= Og,»/Ox? 

13 [ovo |= 4 (gvp,.0+ Spe,» — Sav, p) and I'%,,22""[ov,o] are Chris 
toffel symbols of the first and second kinds respectively. 
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indices 0, one in each of the pairs po, uv. This is the 
same as a result of O’Brien and Synge." 

Results of this kind may be put into covariant form 
by transforming to a local Minkowskian coordinate 
system and then introducing a felrad (orthonormal 
frame, quadruped, Vierbein, 4-nuple) of orthogonal 
unit vectors directed along the axes of the local 
Minkowskian system. Tensor equations may then be 
rewritten as scalar equations by contracting with 
tetrad vectors, and the special coordinate system 
discarded, 

Physically, the timelike tetrad vector is identified as 
the 4-velocity of an observer, making measurements at 
the event in question, who uses space axes having the 
directions of the three spacelike tetrad vectors. The 
scalars formed by contracting any tensor with tetrad 
vectors are just the physical components of the tensor, 
measured by this observer.'® 

For the present purpose, the 3-surface S is to be a 
null 3-surface. It is not convenient to have any of the 
x“ as a null coordinate; therefore one writes, say, §=0 
in place of x°=0 for the equation of S. One may by a 
linear transformation introduce at any point P of § 
local Minkowskian coordinates such that ds*=n,dx*dx’, 
where'® 


Nu» = diag(1, —1, —1, —1), 


and in a finite neighborhood of P, one may take 
f= 2-4(x°—x!'). If also f= 2-4(2°+-2') in this neighbor- 
hood, then at P, 


ds?== Wdtdt — (dx*)?— (dx), 


Then if 4 denotes amount of discontinuity across S, 
Lichnerowicz’s conditions require that at P, 


A(gy») =9, 
A(Eu,0) : A(dg,,»/0§) = A(dg,»/Of) 7 0, 
A(d%g,,/dEdf) = A(d%g,,/ df") =0, 
but 
A(07¢,,,/0#) 


Oyvy 


where a,, are any numbers. The possible discontinuities 
in Ryvpe are now easily found from (2.2). A straight- 
forward calculation shows that the only a’s contributing 
to the Riemann tensor in empty space-time are 


—d2=4;;=0 and dy=¢d, (2.3) 
where o and ¢ are arbitrary. These correspond exactly 
to the two types of “transverse-transverse” waves found 
in the linear approximation theory of gravitational 
radiation,"” 

All the terms in @ may be reduced to zero by a rota- 


tion of axes through angle tan~'(¢/a) in the 23-plane. 


M4 Reference 11, Iq. (5.12). 

* For details, see the second paper of reference 1, 

6 Units are chosen, throughout, so that c= 1. 

17 A, S. Eddington, Mathematical Theory of Relativity (Cam- 
bridge University Press, New York, 1924), second edition, p. 247. 
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The resulting discontinuity in the Riemann tensor 
will now be written in covariant form by introducing a 
a tetrad of unit vectors'* \,“, which at P are directed 
along the coordinate axes, so that at P, \,“=6,*. On 
account of the orthonormality, it is true everywhere that 


BurraXdg’ Naf. 
Now define 

er nrg", 
80 that A**=)o*, At” 
prove that 


d.”. Then it is not difficult to 


Napr**’ A**),” g’’, Ag*Ag* , 


and so forth. It is convenient to abbreviate 
Lot = \O* mee, 


This notation differs slightly from that of Eisenhart," 
who uses indicators instead of nas. 

It is convenient to introduce a simple 6-dimensional 
formalism for discussing the Riemann tensor and 
other bivector-tensors. The 6-dimensional pseudo- 
Euclidean space (the Klein space) is introduced whose 
vectors are just the bivectors (skew tensors) in the local 
tangent Minkowski space defined by the tetrad \,*. 
The rule for going over to the 6-dimensional formalism 
is the following : 

If H,g are the physical components, with respect to 
a given tetrad at a given space-time event P, of any 
skew tensor //,,, then the corresponding 6-vector in 
the 6-space at / is” 174, got by relabeling the suffixes 
af according to the scheme 


(2.4) 


o8: 23 31 
1 


12 10 20 30, 
3 5 


) 4 5 6. 


< 


Accordingly, any bivector-tensor corresponds to a sym- 
metric tensor in the 6-space, The physical components 
R.sy of the Riemann tensor, for example, go over to 
the components of a symmetric 6-tensor Rag, each of 
the suffix pairs af, yé being relabeled according to the 
scheme (2.4), 

In order that the raising and lowering of indices in 
the 6space should correspond to the raising and 
lowering of index pairs in the 4-space of physical com- 
ponents, the metric tensor of the 6-space must be 


chosen to be 


gap= diag(1, 1,1, -—1, —1, —1) (2.5) 


which corresponds to the bivector-tensor no yngs— Nass 7: 


18 Here uw is a vector index and a a label distinguishing the four 
vectors. The Greek letters a, 8, y, 6, « and Latin letters a, 5, ¢, 
d, e will be used only for labels, but shall satisfy the same range 
and summation conventions (Greek 0, 1, 2, 3; Latin 1, 2, 3) as 
ordinary vector and tensor indices wu, v, p, 7, r, «+> and m, n, p, 
r, «++, From now on, an index given a particular value will be 
understood to be a label index, not a tensor index. This notation 
obviates the necessity of bracketing indices. 

“L. P. Eisenhart, Riemannian Geometry (Princeton University 
Press, Princeton, 1949), Chap. 3. 

*® Upper case letters A, B, C range and sum over 1, 2, ---, 6. 
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The discontinuity in the Riemann tensor at any 
event on the null 3-surface S in empty space-time may 
be calculated straightforwardly from (2.2) and (2.3) 
and written in terms of Rug. It turns out to be 


— p+ ~% 
—@ g¢ , a 
—@ ¢ , a 
o ¢ + @ —o) 








Here o and ¢ are arbitrary numbers, but the terms in @ 
may be eliminated by a rotation, as stated above. It 
will be shown in Sec. 3 that the difference between the 
no-radiation and one of the radiation canonical types 
of Riemann tensor, referred to a suitably oriented 
tetrad, is precisely the array of o’s in (2.6), which 
supports the interpretation of (2.6) as the discon- 
tinuity across a gravitational wave front. 

The physical effects of the discontinuities (2.6) may 
be studied in terms of the equation of geodesic devi- 
ation” 


5°" /b7?+- RY ype’ A? = 0, (2.7) 
which describes the relative acceleration of two neigh- 
boring (spherically symmetric) test particles.' In Eq. 
(2.7), \*=dx*/dr is the unit tangent vector to the 
geodesic world-line @ of one of the particles, 7 is proper 
time along @, and »* is the orthogonal displacement 
vector to the (neighboring) world-line of the other 
particle. To reach this physical interpretation directly, 
one has only to refer (2.7) to a tetrad comprising \4, 
which is the 4-velocity of the particle with world-line @, 
and three spacelike vectors \,* orthogonal to and 
parallelly propagated along @. Then (2.7) becomes 


PX*/dr?+K%(7)X°=0, (2.8) 


where X*=»*\,* are the physical components of the 
displacement vector (X° vanishes) and 


K4+,= R wo (2.9) 


are some of the physical components of the Riemann 
tensor. In the Newtonian equation corresponding to 
(2.8), X* are the coordinates of the second particle 
relative to the first, and K%=06?V/dx*dx’, where V is 
the ordinary Newtonian gravitational potential. Thus 

K%,X°* is to be identified as the relative acceleration 
of two particles with relative coordinates X°, arising 
from the difference in gravitational field between the 
particles, 

It follows that as the gravitational wave front 
described by (2.6) passes the pair of test particles, 


21 J. L. Synge and A. Schild, Tensor Calculus (University of 
Toronto Press, Toronto, 1949), p. 93. 
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there will be a discontinuity 


—c (2.10) 
79) a 


AK% = 


across the wave front. The tetrads to which (2.6) and 
(2.8) are referred have been (and always may be) 
chosen to coincide at the space-time event where the 
wave front passes the particles. It can be seen that 
the discontinuity in the relative acceleration depends 
on the relative position of the particles, and in par- 
ticular that there is no discontinuity if the two particles 
are aligned in the direction of propagation of the wave 
front, which is the 1-direction. 

This result represents in an invariant manner the 
transverse character of gravitational radiation. Two 
particles lying in the 23-plane (which is perpendicular 
to the direction of propagation) will suffer a discon- 
tinuous change in relative acceleration. If, for example, 
the 2-axis is chosen so that ¢=0, and the line joining 
the particles makes an angle @ with this axis, then 
according to (2.10) the change in the relative accelera- 
tion will take place in a direction making an angle —@ 
with the same axis. 


3. CANONICAL FORMS FOR THE 
RIEMANN TENSOR 


In this section, the idea of following the gravitational 
field is made precise. This is done by fairly straight- 
forward generalization from the case of the electro- 
magnetic field. In that case, eigenvectors for the field 
are defined by the equations 

T ,’t,=Xé,, (3.1) 
where 7,’ is the electromagnetic energy tensor. It is 
found’ that in a general field both timelike, spacelike, 
and null eigenvectors exist ; these lie in two orthogonal 
2-spaces but are otherwise undetermined. In a null 
field, on the other hand, there is no timelike eigen- 
vector; all the eigenvectors are spacelike, except for 
one which is null, and all lie in a 3-space tangent to the 
null cone along the direction of the null eigenvector. 

The sense in which an observer follows the electro- 
magnetic field comes most easily out of consideration 
of the Poynting vector. Rather than introduce a par- 
ticular Lorentz frame, one may define a Poynting 
4-vector in a covariant way, to be 

P,= (6,4—0,0")T 0”, (3.2) 
where v is the 4-velocity of the observer measuring 
the field. This is easily seen to reduce to the usual 
definition when v lies along the time axis in a local 
Lorentz frame. Since 


P,v°=0, (3.3) 
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P, must be spacelike. If m, is the 4-normal to any small 
2-surface 2 carried along by the observer with velocity 


v’, then the electromagnetic energy flux across 2 is 


P.n?=T,,,v"’. (3.4) 
Now one says that such and such an observer is follow- 
ing the electromagnetic field if he measures zero energy 
flux across all 2-surfaces which he carried along, however 
oriented. By (3.3) and (3.4), this can occur only if 


P,=0, (3.5) 


which implies that 


T,o0’= (T,,0"v")0,, (3.6) 
so that v, must be an eigenvector of 7',,. This establishes 
the connection between the concept of following the 
electromagnetic field and the eigenvectors of the elec- 
tromagnetic energy tensor. As mentioned above, a null 
field has no timelike eigenvector, so that the Poynting 
vector will not vanish for any observer with a finite 
velocity. The energy flow in a null field cannot be 
A null field 
has one null eigenvector, say £*, belonging to the eigen- 
value zero, so that 


abolished by a Lorentz transformation. 


(3.7) 


Thus an 
the direction of &” (which is essentially the propagation 
vector) would observe no energy flux past him. 

In the gravitational case, there is no energy-mo- 
mentum tensor of the gravitational field itself (the 
pseudotensor is discussed in Sec, 4), but in accord with 
the arguments developed in Sec. 1, one may seek in the 
geometrical structure of the Riemann tensor a definition 
of “following the field’ analogous to that developed 


‘observer” moving with the speed of light in 


in the electromagnetic case. The definition is naturally 
more complicated, because the Riemann tensor is a 
more complicated object than the Maxwell energy 
tensor. The definition is made in two stages. First of 
all, eigenbivectors (skew tensors) are defined for the 
Riemann tensor. By using Petrov’s canonical forms,‘ 
these eigenbivectors may be written down explicitly for 
the three algebraically distinct Riemann 
tensor in empty space-time. The eigenbivectors cor 
respond geometrically to 2-spaces, or pairs of 2-spaces, 
in space-time. The intersections of these 2-spaces with 


types of 


one another define a number of 4-vectors (assumed 
normalized if they are not null), which will be referred 


to as Riemann principal vectors 


An observer with a timelike Riemann principal vector 
as 4-velocity is said to be following the gravita 
tional field. 

It turns out that for two of the three types of 


Riemann tensor, this timelike principal vector collapses 
onto the null cone. The occurrence of these types of 
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Riemann tensor is identified with the presence of gravi- 
tational radiation. 

The eigenbivectors P,, of the Riemann tensor are 
defined by the equation 


Rope? =P yo, (3.8) 


RanP® = dP 4 


in the 6-dimensional formalism introduced in Sec. 2. 

Now Petrov‘ has shown that by a suitable choice 
of the reference tetrad at any event in empty space- 
time, one may reduce the Riemann tensor to a canonical 
form of one of the following three types: 


Type I: 
~ la 


Rom ata 


—28 


a 


6 


| 
l@ 


In Type I, the reference tetrad yielding the canonical 
form is in general fully determined ; accidental equality 
between different a’s or 8’s may introduce some freedom. 
in ‘Types IL and III, the reference tetrad is deter- 
mined only up to a Lorentz rotation in the 10-plane 
and a spatial rotation in the 23-plane. The a’s and f’s 
are scalar invariants of the Riemann tensor, but the 
value of « depends on the choice of axes in the 10-plane. 

These forms of Rag are determined, first, by the 
limitation of transformations in the 6-space to those 
generated by changes of tetrad (i.e., by real Lorentz 
transformations, including rotations) in space-time, and 
secondly, by the nonsymmetry of R4” (equivalently, 
by the indefinite character of the metric nag). As a 
result, the elementary divisors of R,4® need not be 
simple, and Types II and III result when they are not. 

The eigenbivectors of Rag, defined by (3.8), are 
easily found from (3.9)-(3.11); they are either simple 
bivectors, dual in pairs or of the form P4=S,4+i°Sua, 
where S, is simple and °S, is its dual.” 


* A simple bivector may be characterized by det(S,,)=0; it 
may always be written in the form S,,=X,¥,—X,¥,, and defines 
a 2-space in space-time. The dual of any bivector P,, is 

°"Py= deuphret" Pre P« = jgape”’Pc), 
where °°" = +4/(—g) is the alternating tensor, which will be 
understood to take the negative sign when por» are in the order 


0123. The dual of a oa behavior S,, defines a 2-space orthog- 
onal to that defined by Sy, itself, 
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- 28 
B 


o 
+ 2a 


—(a-—a) 





—(a+o) 
Thus each eigenbivector P4 of R4» defines a pair of 
orthogonal 2-spaces. The P4 are readily found from 
(3.9)-(3.11) to be (conveniently normalized) the fol- 
lowing: 
Type I: Six independent eigenbivectors : 


If 8;=0, P4=6,4 and P4=6,4 (dual pair); 

if 8,0, PA=5,A+18,4, 
and P4=6,4 (dual pair) ; 

if B2~0, PA =5.4+ 1654, 
and P4=664 (dual pair); 

if B30, PA = §34+ 1564. 


If Bo = 0, Ppa = 5.4 


If Bs=0, PA=8,4 


Type II: Four independent eigenbivectors : 


If B=0, P4=6,4 and P4=6,4 (dual pair), and 


PA =5o4—564 and P4=6534+654 (dual pair). 


If Bx#0, PA =§,4+- 16,4, and P4= 524 —be4+ 1(634-+-654). 
Type III: Two independent eigenbivectors : 


PAs 5_4 — 564, and PA= 634+654. 


The different pairs of 2-spaces represented by these 
simple bivectors are not orthogonal. Their intersections 
yield the Riemann principal vectors r*, which are (con- 
veniently normalized) as follows: 

Type I: r*=6,%, 52%, 53%, 59%. The Riemann principal 
vectors are just the vectors of the reference tetrad. 
One is timelike, three spacelike. 

Type IT: r*=69%—5,%, 52%, 63%. The first is null, the 
others spacelike. Because of the freedom of rotation in 
the 23-plane, the last two may be replaced by any linear 
combination of themselves. 

Type IIL: r*=69%—6,*. There is only one Riemann 
principal vector, and it is a null vector. 





GRAVITATIONAL RADIATION THEORY 


According to the criteria set out earlier, gravitational 
radiation is now defined as follows: 


At any event in empty space-time, gravitational 
radiation is present if the Riemann tensor is of 
Type II or Type ITI, but not if it is of Type I. 


Now it will be noticed that the o’s in (3.10) appear 
in the same positions and with the same signs as the o’s 
in (2.6), which exhibits the discontinuities permissible 
across a null 3-surface. This correspondence has of 
course been achieved in part by orienting the two 
reference tetrads so that the 1-direction is picked out 
for asymmetrical treatment in each case. However, it 
has also the physical significance that the discontinuities 
possible across a gravitational wave front, according to 
Lichnerowicz’s conditions, are just what are required 
for the transition from a space-time region without 
gravitational radiation to one with gravitational radi- 
ation, according to the definition just proposed. This 
is of course precisely what one would wish, to show the 
compatibility of the two approaches to the problem. 

It will be noticed also that the transition from Type 
I to Type II reduces the number of independent a’s and 
B’s from two each to one each. This implies some 
additional symmetry in the radiation field, which may 
at first sight be surprising. However, a physical inter- 
pretation which at once suggests itself is that because 
of the nonlinearity of the field (that is, because the 
gravitational field effectively enters its own source- 
function), gravitational waves without any kind of 
symmetry would interfere with themselves to the 
extent of destruction.”* 

The physical effects of gravitational waves may be 
investigated by using the equation of relative accelera- 
tion (2.8), in exactly the same way as the effects of 
discontinuities were investigated in Sec. 2. The dif- 
ference between Type I and Type II space-times shows 
up clearly if one examines the behavior of test particles 
moving with velocities different from that specified by 
the timelike tetrad vector. As an example, consider the 
effect on K,* [defined by (2.9)] of the local Lorentz 
transformation defined at an event by 


\,=)%, coshd+A!, sinhd, 


\',=A°, sinhé+A!, coshé, 
<M, MM, 


(3.12) 


where the unbarred tetrad is that to which the canonical 
forms (3.9) and (3.10) are referred. Then the com- 
parative values of K., (omitting Ky, which are unal- 
tered) are 


228 Note added in proof.—The remaining discussion, where it 
refers to particular canonical types, is restricted to Types I and 
II. The absence of scalar invariants in Type III suggests that 
spacetimes of this type would represent radiation without sources, 
but the interpretation of this type is not obvious, and further 
consideration of it is left to a subsequent paper. The writer knows 
of no example of a Type III spacetime; he would be grateful if 
new examples of empty spacetime metrics of any type were sent 
to him for study. 


Type I: 
Ky=—(a-o), 
Ky3=0, 

K33= — (ato), 

Type II: 

Ky» = —(a-—o), 
Ka;=0, 
K3:= — (ato), 


Here the barred K’s are those referred to the tetrad 
\*,, and in Type I, a: and as have been replaced by 
a=4(a,+a3) and o=}(as~ay), for ready comparison 
with Type IT. 

An essential difference between the types is repre 
sented by the fact that in Type I, the changes in Kq. 
and K43 go as @, for small @, while in Type II, they go 
as 0. The Type I changes are essentially a special- 
relativistic effect, in the sense of ‘‘being of the same 
kind as familiar effects such as the Lorentz contra 
tion,” but the Type II changes are characteristic of a 
non-Lorentzian phenomenon, The first-order change in 
Kez, another instance of non-Lorentzian behavior, 
suggests that the 6’s may be connected with the rota- 
tional properties of the field. 

For strong Lorentz transformations (large @), the 
Type I K’s become large in absolute value for both 
signs of 6, but the Type II A’s approach finite limits 
for large positive @, so that in Type I the K’s have 
extreme values for @=0, while in Type II the extreme 
values are approached only as @-»@, that is, as the 
observer’s velocity approaches the fundamental velocity 
in the direction of propagation of the radiation, 


R= —(a—o cosh26), 
Ri3=}(83—Bs) sinh26, 
Ra=- (a+o cosh26). 


at 


Ru _— (a—oe 
R.s=0, 
Ry= —(a+oe ), 


4. REDUCTION OF THE ENERGY-MOMENTUM 
PSEUDOTENSOR 


As is well known, one may convert the covariant 
conservation equations” 
T,’,»=0 
into the form 
{(—g)'T "+ (1/x)t,"}, »= 0 


by introducing the canonical energy-momentum pseudo- 
tensor ¢,’. This fact, and the canonical origin of (,’, 
lead one to identify it as the “energy-momentum pseudo- 
tensor of the gravitational field.”” The physical argu- 
ment is, roughly, that the deviations of space-time 
from flatness introduce additional terms into the con- 
servation equations, and that these deviations are 
consequencies of the existence of the gravitational field. 
All would be well, were it not that /,’ depends on idio 
syncrasies in the choice of coordinates as well as on 
actual physical phenomena. The nonhomogeneous 
transformation properties of 1,’ make it impossible to 


4% A semicolon denotes a covariant derivative. 
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construct any scalar quantities out of it, at least in a 
direct way, and so its physical interpretation must be 
suspect, because of this essential dependence on the 
coordinate system. It is hard to see how one can 
attach any physical meaning to /,’ unless one can first 
attach a physical meaning to the coordinate system. 
The same difficulty would arise with vectors and 
tensors, except that one can construct scalars (e.g., 
physical components) out of them by contracting with 
other vectors or tensors, and these scalars are of course 
independent of the coordinate system. 

The usual procedure in dealing with t,’ is to make 
weak-field approximations and to assume mathe- 
matically coordinate conditions. These 
methods are controversial and their physical signi- 
ficance obscure. Difficulties in dealing with 4,” might 
anyhow have been expected from consideration of the 
principle of equivalence. Since the gravitational field 
can be abolished at an event by a coordinate trans- 
formation (in the sense that the I'’,, can be made to 
vanish), the gravitational energy, momentum and 
stress at an event can readily be understood to be as 
ephemeral as the coordinate system. The energy of the 
field resides not in its value at a single event, but in 
its variation from one event to another. It is not sur- 
prising that one cannot abolish 1,’ throughout any 
finite 2-surface in a general space-time. However, a 
mean value t,” may be defined over the 2-surface of a 
small 3-volume, and by a suitable physical prescription 


convenient 


of the coordinate system, such a definition can be made 


covariant, 

The coordinates to be prescribed are well known to 
mathematicians under the name normal coordinates,*® 
and have been used in general relativity theory 
before,“ ® but it is nevertheless desirable to give some 
physical justification for this choice. 

The choice of coordinate system depends on the 
physical situation involved, For many purposes it is 
enough to specify at an event a tetrad of unit vectors, 
or the corresponding local Minkowskian coordinates 
axes, representing the 4-velocity of an observer and 
rectangular Cartesian axes in his local instantaneous 
3-space, The essential thing is that it should be possible 
in principle to identify the chosen system with one 
which could be used by an observer in the given 
physical situation. Recently,' the writer compared the 
behavior of test particles in a gravitational field in the 
general relativity theory and in the Newtonian theory 
(see Sec, 2 above). In that case it was appropriate to 
introduce local Cartesian coordinate systems in the 
instantaneous 3-spaces along one of the particle 
world-lines, and the coordinate systems at different 
events were related by parallelly propagating along the 
world-line the tetrad vectors representing the coordi- 
nate axes. As might be expected, it was found that this 

“G. D. Birkhoff, Relativity and Modern Physics (Harvard 


University Press, Cambridge, 1923). 


* T. Y. Thomas, Phil. Mag. 48, 1056 (1924). 
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mode of propagation led to a description of gravita- 
tional phenomena most closely resembling that obtained 
in the Newtonian theory from the use of ordinary 
Newtonian inertial frames. However the whole formal- 
ism, being designed for a comparison with the New- 
tonian theory, was essentially nonrelativistic. 

The present case is rather different. The formalism 
just described is appropriate to the discussion of dy- 
namical effects, as in the discussion following Eq. (2.8) 
above, but the whole idea of the energy-momentum 
tensor is essentially a relativistic one, developed largely 
within the framework of a relativistic theory—the 
Maxwell theory—and it would be inappropriate to 
develop the same idea in general relativity theory, 
regarded now specifically as a field theory of gravita- 
tion, except in a relativistic manner. Therefore what is 
required is a convenient 4-dimensional analog of the 
Minkowskian inertial systems of special relativity, but 
one defined more completely than by a tetrad of unit 
vectors. Some loss of general covariance is inevitable, 
and the whole aim is anyhow a little artificial, the idea 
being to relate the novel concept of gravitational radi- 
ation developed here to a conventional idea of radiation 
developed specifically for electromagnetic theory- 
although it must be admitted that the discussion of the 
Poynting vector at the beginning of Sec. 3 applies also 
to flows of other sorts of energy. 

Having, then, the aim of investigating the energy- 
momentum pseudotensor by analogy with Lorentz- 
invariant field theories, it is appropriate to choose a 
coordinate system which approximates to a Minkow- 
skian system. In the weak-field approximation method 
this is done by considering a metric which deviates 
slightly from the Minkowski metric at sufficiently large 
distances from material particles. The conceptual dif- 
ficulties which arise in the use of that method can be 
ascribed to the lack of a covariant formulation of the 
weak-field approximation. The alternative adopted here 
is a local approximation method capable of invariant 
formulation: the introduction, in the neighborhood of 
any chosen space-time event, of a normal coordinate 
system, which approximates to Minkowskian inertial 
system in a mathematically and physically well-defined 
way. 

The physical interpretation of normal coordinates 
comes out of their exact correspondence to Minkowskian 
coordinates in one particular respect, namely the meas- 
urement of interval. This is best explained by sum- 
marizing the relevant properties of such a coordinate 
system, which are the following : 

Normal coordinates «* can always be chosen so that 
at any chosen space-time event O, 


(4.1) 
(4.2) 
(4.3) 
(4.4) 


(i) x*=(), 
(ii) 


(iii) 


Sur Nur 
ys’ = Su9,2=0, 


(iv) Suv,pe= 4 (Rowret Revue), 
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and 
(v) at every point P in the neighborhood of O, 
(4.5) 


y= upo*, 
where 


po" = dx*/du (4.6) 


is a vector tangent at O to the geodesic OP, and 

(a) if OP is timelike, u is the proper time 7 from O to 
rr 

(b) if OP is spacelike, u is the proper distance s from 
Oto P: 

(c) if OP is null, w is a preferred parameter in terms 
of which the equation of the null geodesic OP takes the 
form 


d?x* 


dx’ dx? 
—=() 


’ 


+ rs" 


du? du du 


(this defines « up to a linear transformation on the 
null geodesics through O. The origin of u is chosen to 
be at O, and x* defined by (4.5) does not depend on the 
scale of ). 

(vi) the normal coordinate systems at O are connected 
to one another by homogeneous Lorentz transforma- 
tions at O. 

It is clear from examination of these properties that 
an observer who assigns coordinates in the neighbor- 
hood of a given event O by theodolite measurements at 
O and interval measurements from O as if space-time 
were flat, will assign normal coordinates. Thus the 
employment of normal coordinates exploits to the full 
the locally Minkowskian properties of a Riemannian 
space. In order to connect this to previous work, it is 
convenient again to introduce a tetrad of unit vectors 
directed along the coordinate axes. 

It is property (iv) which supplies the key to a co- 
variant expression for the energy-momentum pseudo- 
tensor t,’. The latter is homogeneous quadratic in the 
Zuv,o, and so if it is expanded in a power series about the 
origin of normal coordinates, the first nonvanishing 
term has an invariant coefficient, a function of Ryyps- 
By taking an average over a small 2-sphere, an in- 
variant average expression is obtained.”** The details of 
the calculation are as follows: The energy-momentum 
pseudotensor is defined by 


OL 
t= Li,’ — Seow ’ 
OLe.» 


(4.7) 


where 
L= ( a g)'g’[ D yo pe? — td (4.8) 


is the first-order Lagrangian for the field. A straight- 
forward calculation yields for L this explicit expression 

268 Nole added in proof.—This is perhaps rather an unusual 
definition of average, being in effect 


iy@=lim (4xr')™ | ty%as. 
Pons worse 
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in terms of the gy», p: 


L=¥(—g)'S* Ben eban 
where 
StTHr pe 


Serrrep 


grr t geen 
preUmeret grelurne, (4.10) 
g § 


{ lvpo 


ypa 


Tes 7 
From (4.7), (4.8), and (4.9) one may write ¢,’ explicitly 
in terms of the gy», p: 

ty* = § (6,5 ,* — 264 °6,*) ( 


Differentiating (4.11) twice with respect to «* and 
0 in agreement with (4.3), one obtains 


(4.12) 


g)iS**#'P ge, kup (4.11) 
setting Lu», p 

tye=0, 
} (5,6 y% — 25°, *) ( 


x (grx othur, pn | Rrx.onBur, pt): 


Ly? =, 
by* ty g)iSexerre 

(4.13) 
Now making use of (4.4) and the field equations for 
empty space-time (2.1), one finds after a straightforward 
calculation 

26 5_%) (Be*Bg+-5y"Dy”) 

x (Re, { Rr" ) Reser 


1 fe of +, 
ty? es 9 (07"by* 


(4.14) 


It follows from (4.9) that the mean value of ty* over 
the surface of a small sphere about O in the 3-space 
t=0 will be 

by? = ly oe. (4.15) 
Substituting from (4.14) into (4.15) and introducing 
the unit vector A’?=4o? directed along the time axis, 
one obtains 


ty? (1/27) (6,"6 ,* 26 y5,*) (A — g”) 


< (RP, | RR) Royer. (4.16) 


This covariant expression is to be interpreted as the 
approximate mean gravitational energy-momentum 
tensor determined by an observer with 4-velocity \* by 
measurements in his instantaneous 3-space. It will be 
observed that ly, = gyoly* is a symmetric tensor. 

A straightforward but iengthy calculation yields the 
value of t,* for the Riemann tensor in canonical form. 
It is of importance to compare the physical components 
for Types I and IT. One finds for Type I 


3 
bP = (1/27)[2(¥- cp? (5 0% P +25 "5 P+ 35.054, 1° 
ko 


4 
+380'6,42))—950" Sax?) (4.17) 
kel 


It will be noticed that all the off-diagonal terms vanish 
It follows that an observer measuring these physical 
components in his rest frame observes no gravitational! 
energy flow. On the other hand, for Type II one finds 


ta? = (1/27) [ a? (—425 8+ 165416," + 226.75," 
+- 225.959") +4a0 (5.75. — 54°54") 


+807(54°+-5a')(b9—5:") ]. (4.18) 
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This is of the form 
t,’=a diagonal part + (8/27)o*§t*, 


where {,=6,"+6,' is a null vector in the direction of 
propagation of the radiation represented by Type II. This 
part of t,% is of exactly the same form as the energy tensor 
of an electromagnetic null field, and so should be identi- 
fied as that part arising purely from gravitational radia- 
tion. The terms in a’, on the other hand, are to be as- 
sociated with the nonradiative part of the field, and the 
terms in ag with the interaction between the two parts 
of the field. An observer measuring a Type II field 
will, according to this definition of t,’, observe a gravita- 
tional energy flow in the 1-direction. 

These results lend plausibility to the definition of 
gravitational radiation proposed in Sec. 3. If 
accepts. the energy-momentum pseudotensor as a re- 
spectable part of Einstein’s theory, then the calcula- 
tions in this section show that when, according to the 
proposed definition, gravitational radiation is present, 
there must be an energy flux through a small 2-surface. 


one 


5. EXAMPLES 


It would not be satisfactory if empty static space- 
time regions could admit the presence of radiation; 
that they cannot is shown by the following rather 
clumsy proof, 

A static space-time region, rigorously defined, is one 
in which there is an everywhere-timelike group of 
motions of the region into itself (apart from boundaries) 
whose generators form a normal congruence. 

It follows that if the timelike tetrad vector \* is 
taken to be tangent to the generators, then 


Yoar =O, (5.1) 


where Yoab™Ajy;Aa“Av” are some of the Ricci rotation 
coefficients.” A standard formula” then at once gives 


Roabe= 0. (5.2) 


Then a rotation of the spacelike tetrad vectors will 
diagonalize the symmetric 3-tensor Rogo», and it follows 
from the field equations (2.1) that Rasea must be simul- 
taneously diagonalized. Hence the Riemann tensor is 
now in Type I canonical form, and so no gravitational 
radiation is present. It follows from a result of Taub*® 
that there can be no plane gravitational waves filling 
all space-time. : 
The simplest empty space-time gravitational field is 
the Schwarzschild field. Taking the metric in the form 


2m 2m\~ 
ds? (: —~ )ae - ( - ) dr’ 
r r 


—9 (dP +-sin*Od¢*), (5.3) 
and labeling répf in the order 1230, one finds, with 


* A. H. Taub, Ann. Math. 53, 472 (1951). 
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tetrad vectors directed along the coordinate axes, 4 
Type I Riemann tensor already in canonical form with 


—ha\= a2 > a3g>= m/r’*, B,=0. (5.4) 


The Riemann principal vectors are not fully deter- 
mined, however, because of the symmetries of the 
field, which show up in the equality of a, and a3. 
According to Birkhoff’s theorem,”” there can be no 
spherical waves, since the Schwarzschild field is the 
only spherically symmetric empty space-time solution 
of Einstein’s Eq. (2.1). 

The cylindrically symmetric metric introduced by 
Rosen,”* in discussing cylindrical waves. 


ds* = ¢°1*¥ (df? — dp’) —e** p'dg’ — e* 4 dz’, 


V=V(p,t), v=v(p,t), (5.5) 


is of Type II, with 

Oy Opry Wday Woy 
—+-5 “+ —3 

Opal 


o= 


, (5.6) 
Op Ot Ol Op dp Al 

as may readily be found by taking tetrad vectors along 
the coordinate axes. Radiation will be present unless 
the above expression for o vanishes. 


6. DISCUSSION 


The definition proposed in this paper provides an 
unambiguous local criterion of the presence of gravi- 
tational radiation, but it suffers from several defects. 
In the first place it counts as radiation only those 
gravitational disturbances which are propagated with 
the fundamental velocity. If it should turn out to be 
desirable that phenomena propagated with lower veloc- 
ities be classified as radiation, then they would not be 
included under this definition. In particular, standing 
waves are not included. However, the analysis points 
to a new and powerful tool for the investigation of 
gravitational fields in general, namely the scalar in- 
variants a, and B,.” 

In the second place, the definition is a local geometric- 
algebraic one, and does not reveal at all how the proper- 
ties of the radiation may vary along the path of prop- 
agation. This hiatus can be filled, at least formally, by 
introducing Petrov’s canonical forms (3.9)—(3.11) into 
the conservation law for the matter-free gravitational 
field: 

R* p04 9, (6.1) 


which may readily be deduced from the Bianchi iden- 
tities and the field equations (2.1). The resulting equa- 
tions, which bear a striking similarity to the ordinary 
conservation laws for a medium with density and 
pressures, will be discussed in a subsequent paper. 

Another defect of the present discussion is that it 

7 Reference 24, p. 253. 

28 N. Rosen, Bull. Research Council Israel 3, 328 (1954). 

” That these might become significant had already been em- 
phasized by several workers in the formal talks and the discussion 


at the Berne Conference on Relativity Theory, July, 1955 (un- 
published). 
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gives no indication of what secular changes may occur 
in radiating matter. Suppose for example that a 
Schwarzschild particle is disturbed from static spherical 
symmetry by an internal agency, radiates for some 
time, and finally is restored to static spherical sym- 
metry. Is its total mass necessarily the same as before? 
This and similar problems required investigation. Also 
the status of the scalar invariants of the Riemann 
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tensor in the Einstein, Infeld, and Hoffmann approxi- 
mation theory deserves clarification, and may be hoped 
to assist in resolving the annoying ambiguities of inter 
pretation which beset that theory. 

I am much indebted to H. Bondi for a remark which 
stimulated this research, and for many discussions, and 
to L. Bass for suggesting a valuable improvement in 
presentation. 
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It is pointed out that the Lippmann Schwinger integral equation, as it is usually written, does not neces 
sarily have a unique solution when applied to the motion of three or more bodies. It follows that a certain 
amount of caution must be exercised in using the Lippmann-Schwinger equation as the basis for an approxi 


mation procedure 


ge marge scattering theory! has been used exten- 
sively in the recent literature to deal with re- 
arrangement and inelastic collisions as well as elastic 
scattering. Nevertheless it is not widely recognized that 
in applying the formulas of formal scattering theory to 
reactions involving more than two particles a certain 
amount of caution must be exercised, This is a conse- 
quence of the fact that the Lippmann-Schwinger (L-S) 
integral equation for the wave function, as it is usually 
written, does not necessarily have a unique solution 
when three or more bodies interact while for the two- 
body case the solution is unique. 

In formal scattering theory one constructs from the 
Schrédinger equation an integral equation for the wave 
function. The solution of this integral equation, besides 
being a solution of the original Schrédinger equation, 
presumably satisfies the required asymptotic boundary 
conditions. In view of the fact that certain forms of the 
Lippmann-Schwinger integral equation do not have a 
unique solution, evidently they fail to incorporate 
these conditions fully. 

The fact that the solution to the Lippmann-Schwinger 
equation is not unique means that care must be used in 
applying any scheme of successive approximations to 
generate a solution to the L-S equation. One must 
make sure that the solution generated is the particular 
one desired. 

The problem of formal scattering theory is to con- 


* Supported in part by the U. S. Atomic Energy Commission. 

t Now at the University of Birmingham, Birmingham, England. 

1C, Moller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd 
23, No. 1 (1945); B. A. Lippmann and J. Schwinger, Phys. Rev. 
79, 469 (1950); M. Gell-Mann and M. L. Goldberger, Phys. Rev. 
91, 398 (1953); S. Sunakawa, Progr. Theoret. Phys. Japan 14, 
175 (1955), 


struct the solution of a given Schrédinger equation 
(E—Ho— V)¥=0, (1) 


which satisfies certain asymptotic boundary conditions. 
This problem is solved in a formal way by the Lippmann 
Schwinger integral equation. 


V=limv", 
Hy—V+ie)' (2) 


iE 
®+(E—Hotiec VU. 


Wyle 


The solution obtained in this way is unique. However, 
the Lippmann-Schwinger equation is more often written 
in the following way. 


VW =6+lim(E—Hotie VW. (3) 


While any solution obtained by the procedure of Eq. 
(2) will satisfy Eq. (3), Eq. (3) has solutions which 
cannot be obtained by the procedure of Eq. (2). 

We can show that the solution of Eq. (3) is not unique 
by showing the existence of a solution to its homogene- 
ous counterpart, 


W=lim(E—Hy+ie) VY. (4) 
e/ 


Then, clearly, by adding an arbitrary multiple of a 
solution of Eq. (4) to the solution of Eq. (3), we get a 
second solution of Eq. (3). 

The simplest case where this occurs is the problem of 
the mutual scattering of two particles by a potential V 
acting between them provided a bound state of the two 
particles in the potential exists. For convenience, let us 
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refer to the two particles as neutron and proton and 
the bound state as a deuteron, although this particular 
reference is quite unnecessary. In this case a plane wave 
of deuterons of the correct total energy EZ is a rigorous 
solution of Eq. (4) with Ho=T=the total kinetic 
energy operator. This can be verified by direct sub- 
stitution. Of course, the difficulty can be easily cir- 
cumvented in this case if one specifies the total mo- 
mentum as well as the total energy of the sclution, but 
such considerations are inadequate for dealing with 
more complicated problems. 

As an example of a case in which the sclution to 
Eq. (3) cannot be made unique by fixing the total 
momentum of the system, consider a system consisting 
of three particles—N (a neutron), P (a proton), and C 
(a carbon nucleus). Let Vwp be the interaction potential 
between N and P, and let Vep be the interaction be- 
tween C and P. Assume no interaction between C and 
N. Then the Schrédinger equation reads 

(E—T—V pc— Vpn) ¥=0, (5) 
where T is the total kinetic energy operator. 

Suppose we want to describe the situation where we 
have a beam of neutrons incident on bound C+P 
systems, Then the wave function, ¥;, is a solution of 


V,=O+limGo Vn pV, (6) 
e 


where 
(E—T—Vcp)?=0, 
(E—T—Veptie)™, 


Go"* 


and ® is the wave function for the incident beam. If, 
on the other hand, the incident beam consists of carbon 
nuclei incident on deuterons, the Lippmann-Schwinger 
equation reads 


V.=x+limGo?Verp¥2, (7) 


where 
(E-T 
1) (Ek 


Vvp)x=9, 
T—Vwptte). 

Suppose now that our system is partly in state VW, and 
partly in state VW». Then the wave function would be 
given by 


V =a¥,+b¥,=lim¥™, 


WO) =de(E—T— Vep— Vyp+ie)'(ab4 bx). 


Equation (8) can be rewritten as follows: 


aGo p+ bGo" ye (Go '—Vy pv 


= (Go - Vep)¥™, (9) 


FOLDY AND 


W. TOBOCMAN 


Operating through by Go" or Go‘ and taking the 
limit e—0 gives 


V=ab+limGyVy pV 
«0 
+b limie(E—T—Vep+iex (10A) 
eal 


or 
WV =by+limGoVeph 
0 
+a limie(E—T—Vwp+ie)®. (10B) 
«0 


The last terms on the right of Eqs. (10A) and (10B) 
vanish? and the V‘* which occurs in the second terms 
on the right can be replaced by V.’ Thus 


WV =ab+limG,’? Vy pV (11A) 
tal] 


=by+limGoV ep. (11B) 
"0 


We see that if we set a=1, then 


WV =0+limGo'? Vy pV (12) 
eal) 

has infinitely many different solutions corresponding to 

all the possible choices for the constant b. 

If one wishes to generate a particular eigenstate of 
H=T+Vcrp+Vwp by some scheme of successive 
approximations, the safest procedure would be based 
on Eq. (8) whose solution is unique rather than on 
Eq. (12) whose solution is not. Ultimately one would 
take the limit «0. However, in basing an approxima- 
tion scheme on Eq. (8) one must be certain that this 
scheme converges uniformly in ¢ in a finite region con- 
taining «=O if one is to insure that the resultant ap- 
proximate solution will yield a good approximation to 
the particular solution desired. This is 4 consequence 
of the fact that the undesired solution is an approximate 
solution to the homogeneous equation to order e. Hence 
if the convergence is not uniform, one may find a 
residuum of the undesired solution in the limit e—0. 

An approximation scheme which makes use of both 
Eq. (11A) and Eq. (11B) would appear to be safe from 
the difficulties under discussion. However, although it 
is certainly plausible that a simultaneous solution of 
Eq. (11A) and Eq. (11B) is unique, a rigorous proof to 
this effect is lacking. 


2B. A. Lippmann, Phys. Rev. 102, 264 (1956). 
*W. Tobocman and L. L. Foldy (unpublished). 
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The cross section for the production of one additional pion in a pion-nucleon scattering is calculated using 
the Chew-Low theory of P-wave pion-nucleon scattering. The transition matrix element for the scattering of 
one meson into two mesons is defined in terms of exact eigenstates of the total Hamiltonian and an approxi 
mate expression is derived which expresses the one- to two-meson matrix element as a product of an elastic 
scattering matrix element and a meson-emission matrix element. Experimental elastic scattering phase shifts 
are used in calculating the two-meson cross section. The results of this calculation are used to estimate the 
effect of two-meson states on elastic scattering. The contribution to the effective range for elastic pion 
nucleon scattering is small. Cross sections are also obtained for all possible two-meson charge states from 


either a w* oran 
retical work of Barshay. 


I, INTRODUCTION 


HE problem of elastic scattering of pions by a 

nucleon has been approached recently by a new 
method! which involves the use of exact eigenstates of 
the total meson-nucleon Hamiltonian taken in the static 
limit (fixed nucleon). In this paper this method, in the 
form introduced by Wick for one-meson states, is used 
to investigate the two-meson eigenstates of the Hamil- 
tonian and to calculate the transition matrix for scat- 
tering from a one-meson state to a two-meson state. 
Barshay‘ has made a recent calculation similar to this 
one using Low’s method, but the results are quite 
different from those obtained here because of different 
approximations introduced by Barshay in evaluating 
the T matrix. Barshay introduces sums over two com- 
plete sets of eigenstates and then makes the approxima- 
tion of limiting one sum to include states with up to one 
real meson and the other to include only states with no 
real mesons (physical nucleon). The approximation is 
also made by Barshay of neglecting the energy of one of 
the outgoing mesons in certain energy denominators. In 
the present paper the procedure used corresponds to 
summing exactly one of Barshay’s complete sets and 
including only the physical nucleon states in the other 
while all energy denominators are treated exactly. 


II. TWO MESON EIGENSTATES 


In the static limit the pion-nucleon Hamiltonian has 
the form® 


H=Hy— Eot+H1, (1) 


where 
Hy S, aptapwr, (2) 


te 


Eo is a constant energy subtracted to make the self- 

* Based on a dissertation submitted in partial fulfillment of the 
requirements for the Ph.D. degree at the University of Illinois. 

t Now at Columbia University, New York, New York. 

1G. C. Wick, Revs. Modern Phys. 27, 339 (1955). 

*F. E. Low, Phys. Rev. 97, 1392 (1955). 

3G. F. Chew and F. E. Low, Phys. Rev. 101, 1570 (1956). The 
notation used in this paper follows that of Chew and Low. 

‘Saul Barshay, Phys. Rev. 103, 1102 (1956). 

5h and ¢ have been set equal to unity. 


meson incident on a proton, Comparison is made with experiment and the recent theo 


Wrenergy of a single nucleon zero, 


H, >. V ay | V >» ta,t, (3) 
and 


Vp = i(4a)8(f /p)e- ker ygn(k)/ (2w)!. (4) 


Here a,! and a, are, respectively, creation and annihila- 
tion operators for single, bare mesons, w= (u*+*)!, (© 
is the unrenormalized coupling constant, @ is the nucleon 
spin vector, rx is the &th component of the nucleon 
isotopic spin operator and v(&) is a cutoff function which 
approaches zero for large momenta. In the notation used 
here the meson quantum numbers are all described by a 
single symbol (k) which includes, the three components 
of momentum and the isotopic spin. 

A two-meson eigenstate corresponding to one meson 
of type p; and one meson of type p» can be found from 


the assumed form 


V p1,p2'? [apy!apy'Vo4 xi?" | v2, (5) 


which represents a state with two plane-wave mesons 
produced by the two creation operators acting on the 
eigenstate, Vo, corresponding to a physical nucleon and 
an (outgoing/incoming)-wave scattered part, x’. If 
this form of the two-meson eigenstate were used in 
matrix elements, however, the two creation operators 
appearing in the first term would lead to two energy 
denominators requiring expansions in two complete sets 
of states. For this reason, it is better for most calcula 
tions to use a two-meson eigenstate of the form 


WV pipo’? [ apy'V p24 x(t] v2, (6) 


where Wp,'* is a one-meson eigenstate, Equations (5) 
and (6) will be shown to represent identical states, but 
the effect of using the latter is to sum exactly one of the 
expansions required by the use of (5) and condense the 
resulting equations. Because of this, (6) will lead to a 
simpler and more accurate result than (5) for the same 
level of approximation. 

The normalization of the eigenstates has been chosen 
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so that® 


(Voipe Weyko) =4 (Spiked pr2ket Spiked pokes), (7) 


and then, in any sum over p, and 2, the sum can go over 
all p,; and p2 without regard for the fact that Vp,p2‘ 
and WV p2p;'* are the same state. 

The x‘* appearing in (6) can be determined in a 
manner analogous to that used by Chew and Low. The 
WV »:p2'* are solutions of the Schrédinger equation with 
energy (w;+w:), so that 


[H (w+ ws) Wop 0, (8) 


and substitution of (6) into (8) results in 


(H Wi We Ix‘ (HH Wy" We lap !W py po. 
From the explicit form of the Hamiltonian, the commu- 
tation relation 

Ha,’ } W pf »' t Vv” (9) 
follows, and then 


(H—w, V py OV po“, 


W? Ix! 


Using the inverse of (J7—w,—wy:) gives 
1 
WV pipe” apy WY py 
| 
; V pO pe 
H- Wi We Fle 


(10) 


for the two-meson eigenstate, where the (+#)ie is 
inserted to produce outgoing/incoming waves in x‘*. 
The x‘*’ in (5) can be determined in a similar manner, 
with the result: 


1 
WV pipo'* ap\'dpe'WVo 


Va H Wi” 


wo 1e 


x ( V py ape! t Viva!) Vo . (11) 


Now (10) can be reduced to (11) if the one-meson 
eigenstate appearing in (10) is written as 


1 


WV 9 +) a p'Vo = V p Wo, 


— Wp Fie 


(12) 


and use is made of the identity 


1 1 
a,' 
H-o,.Fie H-wp—-wy Fie 


1 
x a p' + Vv» ; 
H —w Fie 


* The proof of (7) follows the method used by Wick to show the 
orthogonality of the one-meson states given by (12), although the 
proof here is more complicated. It is also possible in this way to 
show explicitly that the two-meson eigenstates as given by either 
(10) or (11) are orthogonal to the one-meson states, 


(13) 
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which follows from the commutation relation (9). Thus 
either of the forms (10) or (11) can be used for the two- 
meson eigenstates and, for the reasons already given, 
(10) will be used in the evaluation of matrix elements. 
The reduction of (10) to (11) also shows that the 
symmetry between the two mesons is preserved by the 
use of (10) even though this symmetry is not as ap- 
parent as in (11). 

It is of interest to note that the method used here can 
be generalized to describe an eigenstate for any number 
of mesons in terms of the eigenstate for one less meson. 
The general result is 


V,Y= (n!) an. pi? 


1 
_ Vp OWUn no, (14) 
H—E,¥te 


where V,,‘*) is a state of m mesons of types p,-- +p, and 
Vn—p,' is a state with (n—1) mesons of types pi: +: pr 
excluding type p;. The form (11) can also be generalized 
to any number of mesons, resulting in 


V+ =(n!)-4 [TT aps! 


i=] 


n n 
. > Vo I] an We (15) 
H—E,¥Fte i= ini 

and repeated application of (12) and (13) should reduce 


(14) to the form (15). 


III. MESON PRODUCTION EQUATIONS 


The transition matrix element for the process of one 
meson of type & scattering into two mesons of types pr; 
and pz» is 

Tx (pips) (W pipe! rs VW), (16) 
and an equation for this can be derived using the form 
of Vpin™ given by (10). This leads to 


1 
1; ( pips) =— (one ) ViOWo) 
v2 


1 
-( V py OF po vow) | 
H—w,—wotte 


and using the identity 


aVo= —_—- V pM (17) 
H+w» 


results in 


1 1 
T,( j=- | (v nun, Vi Vp vs) 
k( Pipe i r k Hie, PL 


| 
. vow) (18) 
H—wi—wo—ie 


+ (vn , Vy 
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Expanding in a complete set of eigenstates of the 
Hamiltonian gives 


an 1 ss (V py OW po PP) (GAY VOW) 
T's (pip2) = — Z| 
Vv n 


E,—w1— we 1 


(VOW po Wa) (Wa, Vir Wo) 
+ | (19) 


re tw 


where the complete set could be either outgoing- or 
incoming-wave solutions but the VW, are used because 
the matrix elements of the form (V py'W po" W,,) that 
appear can be related to 7 matrix elements with two 
mesons in the final state. Since w,; does not appear in the 
denominators in (19), the dependence of 7,(pip2) on the 
energy of the initial state is a trivial one as was the case 
for the elastic scattering 7 matrix. 

The “crossing symmetry” pointed out by Gell-Mann 
and Goldberger’ and applied to the elastic-scattering 7 
matrix by Chew and Low can be seen in (19). This 
symmetry is a consequence of the fact that, for any 
given Feynman diagram representing meson-nucleon 
interaction, there must also exist diagrams obtained by 
interchanging any two meson lines. Inspection of the 
form of (19) shows that, on the energy shell (w,=a, 
+w»), it possesses the crossing symmetry with respect 
to the incident meson and one outgoing meson and this 
is reflected in the occurrence of the energy of only one 
of the final mesons in the denominator of the ‘‘crossed”’ 
term. The other crossing symmetries are not apparent 
from the form of (19) because the two outgoing mesons 
have not been treated identically. The complete sym- 
metry would be more evident if the 7 matrix were 
constructed from a two-meson eigenstate of the form 
(11),° but this would not be as readily related to the 
elastic scattering phase shifts. 

Before (19) can be used as an equation for the meson- 
production 7 matrix, the matrix elements of the form 
(Ve OW po» W,") which appear in the sum on the 
right-hand side must be investigated and related to the 
T matrix. For the n=0 terms, these matrix elements 
reduce to the elastic-scattering 7 matrix which is 
known, either from theory or experimental phase shifts. 
For the n= 1 terms, the matrix elements have the form 
(Vp, OV po» ¥,.) and this will be related to the 
meson-production 7° matrix. 

An equation for (Vp)Wp2"” We) can be obtained 
by using (12) to expand ¥,"*’. Then 


(Vip OW pa Wa) = (V1 V2 Jano) 


l 
a ( V py OW po! ¢ vi). (20) 
H—a,—1e 


™M. Gell-Mann and M. L. Goldberger, in Proceedings of the 
Fourth Annual Rochester Conference on High-Energy Physics 
(University of Rochester Press, Rochester, 1954). 

* Substitution of (11) into (16) leads to the form of the meson 
production T matrix given by Barshay [ Eq. (10) of reference 4). 
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In order to evaluate the first term on the right in (20), 
the quantity a,W¥p,“ has to be determined. This can be 
done by making use of a complete set of eigenstates of 
the Hamiltonian : 


p> Y,,' (W,' OW po' ) 
: V,,' (a,'W,,' W p2' ’), 


ag po 


which, by using (14), becomes 


arn => v,' | Cin 1)! Wag ed?, Yr”) 


I 
+/( VOW, Vro' ) | 
H— En—on+te 


where V,,,4°~ is a state with (w+ 1) mesons as defined 
by (14). States with different numbers of real mesons 
will be orthogonal, and the one-meson eigenstates form 
an orthonormal set so that 


(Vuk? ?,V pe?) =6n ok, pa, (21) 


and then 


OW po” =bkpeWot+ dD Via 
n 


x ( a’ " 
We 


1 
V ON pa’ ) : 
Wk | = 1€ 


Finally, applying closure, 


V pO WW po! ( )2) 
wot le 


AV po! bk 


H + Wk 
Using this result in (20) gives 


(Vp OW pe We) 


l 
V py 'bkpe (v.00 . Vn) 
I +-wp— wate 


l 
(Vnitrers - views), (2 $) 
H We 1€ 


and introducing the complete set of eigenstates, V,, 


1 
(V py OW po! w,*) 
v2 
1 }* 
V py "be P22 i 


v2 v2 n 


( V pO NW po! Vv.) (9, ' , , V py Wo) 
4 
Ent+w,—wo- te 
(V py OW po! Wn) (HAP VOW) 
+ . (24) 


En—wn-i 
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The V» in (24) is now in terms of the renormalized 
coupling constant, i.e., Ver=(Wo,Vr,Wo) = (f/f) Vo. 
Comparison of (24) with (19) shows that on the energy 
shell (w,=w;+w,) the right-hand sides are identical, 
so that for a description of a real process either 
(WV pi po‘ Vie) or (1/V2) (V pW po! iw ,) could be 
taken as the T matrix. The sums in (19) and (24) are 
not limited to the energy shell, however, so that the 
behavior of (Vr,WVp,,,) off the energy shell is 
also important, and here the delta function in (24) leads 
to singular contributions. The delta function corre- 
sponds to meson production with no change in the 
incident meson and should not be included in the 7 
matrix. A nonsingular 7 matrix can be defined by 


] 1 
(V py OW po! we) » V ps 'bkpo, (25) 
v2 Vv 


(popr| T | k) 


and then, separating out the zero-meson and one-meson 
terms from the sum in (24), the equation for the meson- 
produc tion 7 matrix becomes 
; 1 T (po) Vi Tx (p2)Vn1! 
(pPopi T\k, | 

v2 


Wk Wk We 1€ 


Vil pi (po*) aed 


Wk Wk We { i€ 


(pok| T’\qg)T ri(q*) 


q Wo 1eé 


(popil 7 os 
Wq— Wh 1€ 


+terms with m>1. (26) 
The T7y(pot) in (26) is defined by T7,(p:2*) 

(Vo V4) and is closely related to T,(p2), the 
only difference being that 7,(p2*+) depends on e~* siné 
instead of e sind. 

There are additional terms which have the appearance 
of one-meson terms. These come from singular two- 
meson terms corresponding to a state with two incident 
mesons, only one of which interacts with the nucleon. 
rhe contribution of these terms should be included with 
the one-meson terms in (24) and then, if contributions 
from states with more than one real meson are neglected 
(except for these singular terms), (24) becomes an 
integral equation for the meson-production 7 matrix. 
This equation is rather complicated and no attempt has 
been made to solve it, the numerical results of this paper 
being obtained from the first four terms of (24) which 
constitute the inhomogeneous part of the integral 
equation. 

The procedure used in this section is not the only one 
by which an equation for meson production could be 
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obtained. Starting from (25), the meson-production T 
matrix could be evaluated by expanding the final meson 
eigenstate, Wp:~. This would result in the meson 
production being described in terms of elastic scattering 
at the incident energy. It was felt that the resonance in 
the elastic scattering was more likely to be important 
for the outgoing mesons and this reasoning led to the 
procedure used here. 


IV. APPROXIMATE T MATRIX 


Keeping only the first four terms of (26) results in 


1 T(p2)Voit =Tp1(p2)V 
(osn|T|4)= Su ~ Tu(bs)Vnu'_ Tm(ps)Vs 


WI Wk 


pee (27) 
w1 Wk 


as an approximation to the meson-production 7 matrix. 
The symbol S;2 means that the expression to the right is 
to be symmetrized with respect to 1 and 2 [i.e., Si2f(1,2) 
= 4$[ f(1,2)+ (2,1) ]]. The approximate expression (27) 
has to be symmetrized explicitly because neglecting 
higher order terms in the sum over states destroys the 
inherent symmetry between the two outgoing mesons. 

Equation (27) can be interpreted as representing two 
modes of meson production. One, corresponding to the 
first term in (27), is the production of one outgoing 
meson followed by the scattering, off the energy shell, of 
the incident meson into the other final meson. The other 
mode, corresponding to the third term in (27), has the 
scattering occurring before the production. The second 
and fourth terms in (27) are a consequence of the 
crossing symmetry of the 7 matrix and result from 
crossing one of the outgoing-meson lines with the 
incident-meson line in the first and third terms, re- 
spectively. The physical reasonableness of the terms in 
(27) and the fact that a large part of the meson- 
production 7 matrix has been treated exactly by 
relating it to the elastic-scattering JT matrix, suggest 
that the approximation of neglecting nonsingular “real 
meson” terms in (24) does not distort the picture too 
greatly. The approximation used here corresponds to 
treating the scattering of the incident meson exactly and 
using the Born approximation for the production of the 
other meson. All /* terms for meson production are 
correctly included in (27). 

Comparison of Eq. (27) with the recent calculation by 
Barshay [Eq. (15) or (20) of Barshay | shows that 
Barshay’s result, aside from a factor of 1/V2 resulting 
from different normalizations, is exactly twice the first 
term of (27) and Barshay does not obtain the other 
terms of (27). The second term of (27) vanishes for the 
pure } state of isotopic spin (r+ on protons) which 
Barshay considers, but the rest of the discrepancy be- 
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tween Barshay’s results and those of this paper is a 
consequence of the different approximations used by 
Barshay to identify certain parts of the meson-produc- 
tion T matrix with the elastic-scattering 7 matrix. For 
example Barshay reduces the quantity [the third term 
of Eq. (10) of Barshay | 


(Vo, V Ow, + ) 
K (Vn, VOU ™) (Vn, V 2 Mo) 


taf - diate 
? (En+c01-+02) (Em-+w2) 


, (28) 


to 


ViVi! 
28 ae 


| 


(Ho Vi gO) (H gO, Vr Wo) \ Via! 
, ® ) (29) 


4 Wa tw we 
by limiting the sum over m to zero-meson states and the 
sum over # to zero- and one-meson states and neglecting 
the w, in the first factor of the denominator of (28). The 
factor in parentheses in (29) is then recognized as the 
one-meson approximation to the ‘‘crossed”’ term of the 
Chew-Low scattering matrix [7;(p,) |. This reduction 
can be done more exactly by using closure to sum the 
series in (28) and then noticing that 


1 1 
281( Vo ait V pt V0) 
H+-a,+w2 H+-w2 


1 1 
an (v. Vi, V pt V pot 
H+wit+we H+-we 


1 
+ V pot vfs) 
H + WwW) 


(Vo, Via pia p2Vo ) 


. - (Wo, VO ap¥ m' ; ’) (Vm ; , V po Wo) 
= Sin pis 


m Em { W2 


(30) 


If the sum over m in (30) is now limited to zero-meson 
states, the result is equivalent to (29), except that the 
exact “crossed” term appears and the result in (30) is 
one-half that of (29), Extending the sum over m in (30) 
produces a singularity which leads to the third term of 
(27). The rest of the discrepancy comes from combining 
the second term of Eq. (10) of Barshay with the third 
term of that equation to obtain the final result. Actually, 
for a more exact identification with the elastic-scattering 
T matrix, only one-half of this second term should be 
combined with the third term, the other half combining 
with the first term of Barshay (10) to lead to the second 
and fourth terms of (27). 

The T matrix for meson production is more readily 
applicable to various initial and final states if it is 
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expanded in terms of eigenstates of the two-meson final 
state. This can be done by using projection operators for 
scattering from a one-meson eigenstate of isotopic spin 
and total angular momentum to a two-meson eigenstate. 
The isotopic spin projection operators for the process of 
one meson of type & scattering into two mesons of types 
p and q are 


T,0(qp,k) 
T;,1(¢p,k) 
T3,2(qp,k) 
Ts,1(gp,k) 


hSapTe, 

(rT p—Sep)Te/3V2, 

(rgd pet gk Boopte)/V/10, 
Sap) te |/V2. 


TO pk—T Pak A(T oT 


The first subscript on the projection operator is twice 
the total isotopic spin and the second subscript is the 
isotopic spin of the two outgoing mesons. The states 
with even meson isotopic spin are symmetric with re- 
spect to interchange of the isotopic variables of the two 
outgoing mesons and the states with odd meson isotopic 
spin are antisymmetric. The projection operators for 
angular momentum, J;,0, J1,1, J32, and J31, have the 
same general properties and can be obtained from the 
isotopic spin projection operators by the identifications 


tg V3e-q and 5,,—3q-p. (32) 


The projection operators defined by (31) and (32) are 
exact and their application is not limited to the particu 
lar approximation used in this paper. 

The elastic scattering 7 matrix appearing in (24) can 
be expressed in terms of phase shifts: 


4rv(p)v(k) 
T(p) 2, 


(4w oy)? emt 18,8138 


halp)Palpk), (33) 


where the ?,.(pk) are projection operators as given by 
Chew and Low for the four eigenstates of total angular 
momentum and isotopic spin of a system of one meson 
and one nucleon, 7,(p*) is also given by (33) except 
that A.*(p) appears instead of ha(p). The ha(p) are 
related to the phase shifts 6,(p), by 


ha(p)=exp[iba(p) | sin[da(p) \/p'r*(p). (34) 


The phase shifts could be taken either from experimental! 
values or could be the solutions to the Low integral 
equations obtained by making the ‘“one-meson” ap 
proximation to the elastic-scattering 7 matrix. For the 
calculations in this paper experimental values, as fitted 
to the effective-range formula of Chew and Low by 
Orear,’ have been used. Since, experimentally, hy, Ays, 
and fy, are small compared to fy; and have no well 
defined values, the approximation will be made that 
only has does not equal zero 

Using (33) for the elastic-scattering 7 matrix and the 
projection operators given by (31) and (32), the meson- 


9 J. Orear, Phys. Rev. 100, 288 (1955). 
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production 7 matrix becomes 
(papi | T| k) 
—i(4ar)*(f/u)o(k)v( pi)o( po) 
(4814002)! 
hgs( 2) hss( 2) 
Su 4 One - B(pxp,k) ——— 
@) Wk 
has*( has*(p2) 
Cth 4+ 0ee be, 


@) Wk 


(35) 


where 
A = (1/36)[ 87's, o—4V2T), 1+ (10)'7g, 2— 5V275, 1] 
[BI 1, o— 4V2I 1, + (10) 5, 2— SV2S 5, 1 J, 
B= (2T,96—V27\,1)(2J1,0—-V2J;,1), 
C=4{ (10)97's 2—V27 5, (10) 5 2—V2J 4,1), 
D= (1/9) (67), o4+-V27T), :+-2V27 3, 1) 
XK (61, o4+V2S 1, 1:4+2V2S 5,1). 


(36) 


Vv. CROSS SECTIONS 


The differential cross section for the scattering of a 
meson of type & into meson of types p; and pz is 


da (k, pi,pP2) 
dey dQ dQe 


Pipmwwe 
\(papil |), 
(297) V0) 

(wi=w*—we); (37) 
where 0,» is the relative velocity between the incident 
meson and the nucleon and, in the static limit, 2.) 

k/w,. No attempt has been made to correct either 2) 
or the phase space factors for nucleon recoil because this 
would not be consistent with the no-recoil approxima- 
tion used in evaluating the 7 matrix. The energy w* 
which is the incident-meson total energy plus the nucleon 
kinetic energy [w*=w,+(k?+M*)'—M] in the bary- 
centric system, has been used in the energy conservation 
in (37) rather than w, because it would seem to more 
nearly represent the amount of energy available to the 
two outgoing mesons. In substituting for (pipo| 7|k) in 
(37), the approximate result given by (35) will be used. 


1. Total Cross Sections for Incident Eigenstates of 
Total Isotopic Spin and Angular Momentum 


For the extension of the Low equations to include two- 
meson states, the total meson-production cross sections 
for the “11,” “13,” “31,” and “33” eigenstates of total 
isotopic spin and total angular momentum are needed. 
These are obtained by taking the absolute square of the 
T matrix as given by (35) and summing (or integrating) 
over all p, and p2, making use of the properties of the 
projection operators, and keeping separate all those 
terms corresponding to the same initial eigenstate. The 
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result is 


a1(w*) 576 64 
exon = (1/243) 360 I,+ — 80 
a3(w*) 954 


4360 


In+ | 304| Ts 


424 64 
— 288 
ie | 0 16 
~712 
{ — 3528 
Ie | 0 I 
0 


— 2592} 


1480) 
I+} 0 


+]—272 


. OA 

0 

+| 0 
— 450 


—72) 
— 1800 


it | 0 
0 








800 
+ 100 |r 


"S60 
200 


560 |b (38) 
' 200 J 
where 


[= me) f/u)? f v"(pi)0" (po) pr pordurk a, 
y (w2=w*—w,) (39) 

and 

P= | hsa(p2) |?/w’, 

F'2= hg3* (po) hss(pi)/wwe, 

F y= | hss(p2) |?/w™, 

F’o=has* (po)hsa(pi)/w™, 

F y= | hss(p2) |?/ww*, 

Fo=hgs* (pa)hss(pi)/wiw*, 

F,= Re[ hss" (p2) |/w:’, 

y= Rel Ags" (p2) |/w™, 

Fy= Rel hgs(p2)hsa(pr) |/w*?, 

Fyo= Rel hs3"(p2) |/wiw*, 

F1,= Re{has(p2)has( pr) |/ww*. 


The (1,3) and (3,1) cross sections are equal and so the 
three cross sections O1= O11, C2013 7n1, and 03> 033 
have been used in (38). The energy dependence of hgs 
has been obtained by using the effective-range ap- 
proximation of Chew and Low, 


COtd33(k) = w* (8.05 — 3.8u*) /k’, (41) 


which Orear has used to fit the experimental phase 
shifts up to at least 300 Mev (about w*=2.5y in the 
barycentric system). The energies at which hg; is needed 
are those of one of the outgoing mesons and this will 
usually be within the range of validity of (41). This fact 
coupled with the dominance, in the integrations, of the 
resonance in /33; makes it sensible to use (39) at all 
energies. Equation (39) corresponds to f?=0.093 and 
this value has been used in calculations. None of the 
integrations is critically dependent on the cutoff since 
they all have finite upper limits and the cutoff function 
has been set equal to unity throughout. 

The integrations have been done numerically and the 
results for the total meson-production cross sections for 
the various initial eigenstates are plotted in Fig. 1. 
Limiting the sum in (18) to include only those states 
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with no real mesons, has destroyed the unitarity of the 
meson-production S matrix and therefore the total 
cross sections are not limited by the geometrical cross 
section (wX*) in this approximation. This is not too 
serious a defect because the energies at which the total 
cross sections approach wr? are above those at which the 
static approximation should be expected to have validity 
anyway. However, to investigate the contribution of 
two-meson states to the elastic scattering equations the 
total cross sections are required at all energies; what has 
been done here is to use the cross sections plotted in 
Fig. 1 up to energies at which they approach wi? and 
then to use rX* beyond that energy. This procedure 
probably overestimates the contribution of the two- 
meson states since the actual cross sections must tum 
over smoothly and always remain below the geometrical 
cross section. 


2. Contribution of Two-Meson States to the 
“Effective Range” for Elastic Scattering 


The effect of two-meson states on Low’s equations for 
elastic scattering will be investigated by looking at their 
contribution to the effective range defined by Chew and 
Low. The effective-range approximation results from 
expanding A,’ cot[ 6.(w*) |/w* in powers of the incident 
energy, w*. The coefficient of the linear term in the ex- 
pansion is the effective range, r4, and is given by 


1 = de® 3 
la>= J [oa(w*) + DY Aasos(w*) J, (42) 
4 rat, kv (k)w* -“ 
where o,(w*) is the total cross section for the state a and 
energy w* and 
(—4 ony 8 16 
n= 40/0) “1, A=(1/9)|-2 7 4], 
2 | 4 — 


(43) 


as given by Chew and Low. The contribution, 7,7", of 
the two-meson states to the effective range has been 
calculated using the meson-production cross sections in 
Fig. 1 and these results are compared in Table I to the 
effective range, rq°'!, calculated from the elastic scat- 
tering cross sections obtained by using (41) with the 
approximation that only 433 is not zero. 


3. Partial Cross Sections for p+2x* and p+-x 


The projection operators in (35) can be used to give 
partial cross sections for various charge states. The 
procedure is as follows: The initial state of a nucleon 
and a meson of type & is described by V1, »(&)X4,., where 
Y;,m is a spherical harmonic in isotopic space and 
X,,, is a nucleon isotopic spin function; m and s are the 
projections on the z axis in isotopic space; m= +1,0, —1 
corresponds to #*, x’, x~, respectively and s=(+)4 toa 
(proton/neutron). This initial pion-nucleon state is then 
expressed in terms of the total isotopic spin 4 and 4 
states by using Clebsch-Gordan coefficients. The pro- 
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Fic. 1. Total meson production cross sections for incident 
eigenstates of total enguies momentum and isotopic spin. The 
dashed curve represents the geometrical cross section (#w\*) which 
is an upper limit for meson production. 


jection operators defined by (31) project out eigenstates 
of total isotopic spin and a given meson isotopic spin 
and these states are expanded in charge states for each 
outgoing particle using the appropriate Clebsch-Gordan 
coefficients. This procedure gives the 7 matrix for the 
production of any particular charge state from any 
given initial charge state and the cross section for each 
process will depend on |7'|*. The angular integrations 
are easily done when one makes use of the properties of 
the angular momentum projection operators. 

The procedure outlined above has been applied to the 
case of a rt or w~ meson incident on a proton, and the 
cross sections for the various possible reactions are 


| 


a oar! 0 


+ + 


1 
wt—>nt +9" 
w 


{) 


1 
rar” a” | 
on +t | 
396 48 
360 208 
268 | [,+ 
| 136) 
136) 
48 f 
0 
694 I+] - 


| 0 | 
752/9| Tat | 208 | I, 


(1/81) 
| 288 | 


16/9 | 
656! 


214 J 
48 | 
QO | 
218% | I+ 
| 96 128 | 
| 1654) — 245} 
{ — 180 0 
| 120 0 
+} —73hlIr+| 1069/5 
| —664 |= 160 | 
40 | - 3463 
ee} 
| 0 | 
+ | —149} | I+ 
~224 
— 4103 


320 

0 
1664/9 >, 
2134 
2752/9 


(44) 





JERROLD 


Taste I, Contributions to the effective range.* 


a 


sl 
Val 


raf" ra’ 4 la 
—0).293 —().00470 1.6% 


—0.293 ~0.0123 4.2% 
0.366 0.00778 2.1% 


State 


11 
13 or 31 
33 


* The effective ranges are in units of 1/p 


where the J, are given by (39) and (40). The cross 
sections given by (44) at several energies are listed in 
Table IL. By charge independence the cross sections for 
x* on protons also apply to x* on neutrons. 


VI. DISCUSSION 


The contribution of two-meson states to the effective 
range for elastic scattering is small in the approximation 
used in this paper as can be seen from Table I. The 
smallness of the ratio r°*/r' seems to be another instance 
of the dominance of the “33” elastic scattering reso- 
nance in integrals involving meson-nucleon cross sec- 
tions; including two-meson states in a solution of the 
cutoff-model elastic-scattering equations will not be 
worth while if they contribute as little to the effective 
range as indicated in Table I. 

The only experimental information in the range of 
energies at which the partial cross sections in Table II 
apply comes from an investigation by Blau and 
Caulton” of meson production by 500 Mev (w*= 3.7) 
7” mesons on emulsion nuclei. On the basis of their 
findings. they make a rough estimate of 3.5—10 mb for 
the cross section for the production of charged mesons 
by free nucleons. This cross section corresponds to the 
average (assuming equal numbers of neutrons and 
protons in the emulsion) of the cross sections for the 
processes p+mr—n+a- +n and n+r—>p+r+r, 


“ M. Blau and Martin Caulton, Phys. Rev. 96, 150 (1954) 
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Taste II, Partial cross sections for meson production, 


2.54 
260 Mev 


Center-of-mass energy (w*) 
Laboratory kinetic energy 


Process 


*p+at +x 
omn-+nt+-art 
*pt+a +r 
m+1 +7 
ata +e 


Sy 4u 
360 Mev 570 Mev 


Cross section (mb) 
1.04 
0.97 
0.66 
0.30 
0.39 


6.54 
9.25 
4.20 
2.47 
2.94 


0.037 
0.041 
0.029 
0.007 
0.016 


for which the theoretical prediction from Table II is 
about 4.5 mb. 

The p+? cross sections found in this paper are 
generally smaller than those of Barshay for the reasons 
given earlier. Also, the large percentage of r° production 
which Barshay found does not hold for the cross 
sections found here because of the added terms in the 7 
matrix. 

A strong limitation of the approach used here or by 
Barshay is the neglect of nucleon recoil which, among 
other things, restricts the treatment to p-wave mesons. 
To include nucleon recoil in the theory, the most 
promising possibility at present would seem to be a 
relativistic “dispersion” relation of the type which has 
been found for elastic scattering" and photoproduc- 
tion.” Experience so far has shown that for every Low- 
Wick type equation in the cutoff model there is a 
corresponding dispersion relation. Thus one should ex- 
pect to find a relativistic equation of the same general 
form as Eq. (24). 

I wish to express my sincere appreciation to Professor 
Geoffrey I’. Chew for suggesting this problem and for his 
continued assistance. This work would not have been 
possible without his guidance and encouragement. 


4M. L. Goldberger, Phys. Rev. 99, 979 (1955). 
2 FE. Low, Sixth Annual Rochester Conference on High-Energy 
Nuclear Physics (Interscience Publishers, Inc., New York, 1956). 
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Meson-Nucleon Scattering in the Tamm-Dancoff Method* 


Katsumi TANAKA 
Argonne National Laboratory, Lemont, Illinois 
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The lowest-order old Tamm-Dancoff equation for pion-nucleon scattering without the closed loop con 
tribution, is renormalized by using Cini’s method. It is found that the spurious pole of the modified propaga 
tor including the nucleon self-energy effect does not appear for any momenta and for energies of the system 
where the lowest-order renormalization scheme is expected to be valid. For the 7'=} Py state, a good fit 
with the experimental results up to 300 Mev is obtained with G,*/4r= 11.6, For the T=  S, state, the 
value G,*/4m = 12.5 is required to give rough agreement with the experimental results up to 200 Mev. 


I. INTRODUCTION 


HASE shifts for pion-nucleon scattering have re- 

cently been discussed for the pseudoscalar coupling 
theory, using the lowest possible old Tamm-Dancoff 
approximation (OTD) by Dyson et al.,! and Kalos and 
Dalitz.? No attempts have so far been made to find the 
renormalization corrections to the phase shifts in the 
OTD method because of difficulties arising from closed 
loops and also because the usual covariant subtraction 
method applied to the OTD method does not lead to 
an absolutely convergent result. 

We have carried out a renormalization of the old 
Tamm-Dancoff equations for pion-nucleon scattering 
including the nucleon self-energy, and find that the 
spurious poles do not appear for any momenta and 
energies of the system where the lowest order re- 
normalization scheme is expected to be valid. The 
closed loop contributions will not be discussed. While 
renormalization is not carried out for all singularities, 
it still seems useful to extract the finite parts from the 
nucleon self-energy, rather than to omit the entire 
term as was done by Dyson el al.' One can expect an 
improvement of the agreement with experiment, and 
this is indeed the result of our partial renormalization. 
In the last section the 7=4, Py and Sy phase shifts for 
pion-nucleon scattering are calculated, taking into 
account the correction due to the 
nucleon self-energy. 


renormalization 


II. NUCLEON AND MESON RENORMALIZATION 


We consider the scattering of a pseudoscalar meson 
by a nucleon with the interaction Hamiltonian 


H(t) =G f Vx) rob 4) rabel dx 


The old Tamm-Dancoff equation for the amplitude 
a(pu, — pa) corresponding to one nucleon pu and one 


*Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 Dyson, Ross, Salpeter, Schweber, Sandaresan, Visscher, and 
Bethe, Phys. Rev. 95, 1644 (1954). 

2M. H. Kalos and R. H. Dalitz, Phys. Rev. 100, 1515 (1955). 

*F. J. Dyson, Phys. Rev. 91, 421 (1953). 


— Ppa is® 
Aa(pu, — pa) 


meson 
(V+M)a(pu, — pa) 

+G*(interaction terms), (1) 
where 
(p? ty*)!, 


A= E—E,—wy= E— (p?+m’)! 


i3mG? 
face Fill (iy sSp(E)Ar(é)ysu), (2a) 
4E, 


iG? 


face Elbo Spl yeSr(é)yeSe(—§)J, (2b) 


4w> 


(E,,p) and M is 
p), & is the total 


N is the nucleon self-energy with p 
the meson self-energy with p’= (w», 
energy of the system, and G is the unrenormalized 
pseudoscalar coupling constant. 
The self-energies of the nucleon and meson may be 
written as*® 
” 
N= 


1 
(a(p)>,(p)u(p)), (3a) 


E, 
1 
M = ——-Z,,(p’), 


Wp 


1 
f ater reat fds 4-6). (s), 
(29)! 
1 
fazer rrsiea fate th EC). (R*), 
(2m)! 


iG dk 
aitiee te te | 
(2n)'J (s—h+m)(k?—y?) 


ds(s?—m?— sk) 


— f 
(29)*J (s?—m?*)[ (s—k)? m?) 


(3b) 
with 
rn(p) (4a) 


Ym(p’) (4b) 


(5a) 


(Sb) 


Om (b) 


Equations (4a) and (4b) may be reduced to a more 
familiar form by substituting (5) into (4) and then 
integrating over df. We separate out the finite parts of 


‘W. M. Visscher, Phys. Rev. 96, 788 (1954) 
*R. H. Dalitz and F. J. Dyson, Phys. Kev. 99, 301 (1955). 
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(3) by the usual relativistic subtraction procedure. 


00,(8) 


{2,,(s) =22,,(m) + (s—m) +2,,"(s), (6a) 


Os 
An (K?) 


pn (2) = yn (ys) +P-¥)] 
ak? 


+2,%(k2). (6b) 
krmy?* 


Carrying out the integration with respect to df and 
ds in (4), we find 


1 
f asa 5o,P) 
mri 


1 
So E>» 


1 
[dente —_ p) 
2mi 


z,(p) 


-_— + (7a) 
Ate e~EetA-+te 


Xm p) 


1 1 
abl 
ko—wyp—A—te 


| (7b) 
wptA+ie 


It is noted that for the NTD method the sign of A in 

the denominator of the second terms of (7) is reversed, 

so that one immediately obtains, using 1/(a+ie) 
P(1/a)*¥iné(a) (P: principal value), 


> (Pp) 
dom p) 


Then with the procedure (6), 2,” and Q,,” for the 
NTD are the finite parts of 2, and Q,,.*° However, for 
the OTD the terms 2,” and Q,,“ give a divergent con- 
tribution to (7).* The divergent part can be removed 
by an additional coupling-constant renormalization as 
follows. We again use the relation 1/(a+-ie)= P(1/a) 
f iwb(a) for the terms in (7). The principal-value parts 
may be combined to give a term with a factor 4 multi- 
plied by a divergent integral. Thus, after substitution 
of (6) and (7) into (3), the result may be written as 


ky 


2,(Zy+A, p), 
Qn (W p+ A, —p). 


m (R,+R,’) 
Q,(m)+4A\(p) +4 
E 2 


“p 


(8a) 


1 
Qn (ue?) + A(A o(p) + 4B) 
ee (Re 
LsG— 


z.') 
(8b) 


~ 


The divergent first terms on the right-hand side of (8) 
can be transferred to the left-hand side of (1) and 
regarded as a correction to the nucleon mass and meson 
mass, respectively. The second terms on the right-hand 
side of (8) are divergent constants and can be absorbed 
in the coupling constant renormalization. Compared to 
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the NTD, the OTD has the disadvantage that the 
renormalized coupling constant G; depends on | p| and 
E. We also have to ignore the term A’B in (8b) as was 
the case for the NTD.* 

The terms R, and R,, have been evaluated by Dalitz 
and Dyson.® The terms R,’ and R,,’ are immediately 
obtained from R, and R,,’, by changing the sign of 4 
that appears in them, and will not be reproduced here. 

Equation (1) becomes, when one takes (8) into 
account, 


AS a(pu, — pa)=G,* (interaction terms), (9) 


where 


5= 1—Gi?(Rat Ra’ +Rmn— Rm')/2, (10) 


and A is expressed in terms of observed masses. The 
asymptotic forms of R,’(p) and R,,’(p) for very large 


p are 
3 —8 
reign fal 


)-} 
329 m? 
1 —8y? 
'(p)~— Inf ——— }-2]. 
Ra (#) | of m? ) 


The product AS of (9) is the modified propagator of 
the pion-nucleon system. When S=0, there exists a 
spurious pole whose existence would imply the existence 
of a nonphysical singularity in the wave function of the 
pion-nucleon state. We now examine whether there is 
such a spurious pole of the modified propagator in the 
physically interesting range of values of the total energy 
E and renormalized coupling constant G,, for any 
momentum p. For numerical work, let us ignore the 
imaginary part of the logarithms and take into account 
only the nucleon self-energy. We feel that the part of 
S due to the meson self-energy is not reliable enough 
to warrant numerical work. The further analysis is 
confined to S’ given by 


S’=1—G2(R,+R,’)/2. 


(11a) 


(11b) 


(12) 


The asymptotic form of S’ for very large p is obtained 
by combining (1la) and the asymptotic form of R, 
given in reference 5, and is 


3 —4p 
S'1+G— in - )>o 
64? \ E 


for G?>0, E~m, and |p|/m>1. Thus the second 
factor S’ of the modified propagator does not have any 
singularity at some high momentum p. 

The terms R, and R,’ are zero on the energy shell 
A=0, by definition. Hence S=1 on the energy shell 
and is positive for large values of |p|/m. So, if 
G2(R,+R,')/2 does not increase to the value one for 
some value of | p|/m and reasonable values of G,;? and 
E, S’ does not vanish and we do not have any spurious 
poles in this range of values of G,’ and £. It should be 
noted that in the case of the NTD for E=m 5S varied 


(13) 





MESON-NUCLEON SCATTERING 


TABLE I. Phase shift for Py state of T=}. 


Eww (Mev) 0 161 186 272 


‘te Deli S 0 cor ar 
533 A=11.6 0 67° 87° 
i Res 59° 80° 


from 1 to — © and thus had a singularity at some high 
momentum p. 

The behavior of G,?(R,+R,')/2 for momenta | p|/m 
= 0 to 2 will now be examined using the complete forms 
of R, and R,’. We choose for the energy of the system 
E, the values E=m, 1.5m, and 2m, and for the re- 
normalized coupling parameter G,*/4r=13. The term 
G?(R,+R,')/2 is plotted in Fig. 1 as a function of 
| p| /m for values of E given above. The curves increase 
up to some maximum value less than 1 and then de- 
crease and become negative. That is, for the three 
given values of E G,°(R,+R,')/2 does not become 1, 
and thus S’>0 and there is no singularity in this range. 
When we increase the value of G,*/4a we find the 
critical value below which there are no poles to be 
about G,*/4r= 21.6 for energies up to E= 2m. 

For higher values of the energy of the system Z£, it is 
expected that 5S’ will have a singularity for some value 
of | p|/m. For such energies, many more configurations 
should be taken into account, and we do not expect 
the approximation which considers the lowest-order 
nucleon self-energy correction to be valid. 


Ill. EVALUATION OF PHASE SHIFTS OF 
T=3/2 STATES 


We now examine the effect the renormalization cor- 
rection due to the nucleon self-energy has on Py-wave 
533 (1 =}, J= 4) and S;-wave 6; (T=4$,J=}4) pion- 
nucleon phase shifts. This has already been discussed 
by Visscher and Dalitz and Dyson’ for the NTD 
method where they included the renormalization cor- 
rections due to nucleon and meson self-energy. They 
found a nonphysical singularity in the modified prop- 
agator of the system which prevented the use of the 
renormalization method for calculating self-energy cor- 
rections to the phase shifts.° This nonphysical singu- 
larity does not occur for the OTD method considered 
previously, for interesting values of G, and any value 
of | p|, and we can now carry out the numerical analysis. 


* It may be remarked here that this is the pole first mentioned 
by G. Feldman, Proc. Roy. Soc. (London) A223, 112 (1954), 
that appears in the modified propagator of the nucleon which in 
turn leads to new infinities that cannot be removed by renor 
malization. The modified propagator Sp;'(p) may be written as 
Spi (p)=Za"Sp'(p)=h'(p), where Z, is a renormalization con- 
stant. The poles of Sr;'(p) are the roots of h(p). G. Kiallén and 
W. Pauli, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 30, 
No. 7 (1955), have shown that the function A(p) for the Lee 
model [T. D. Lee, Phys. Rev. 95, 1329 (1954) ] has an additional 
root which gives rise to the so-called ghost state. Thus, the 
spurious pole of the modified propagator and the ghost state of 
the Lee model have the same origin. [Y. Takahashi (private 
communication). } 
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Fic. 1. Plot of self-energy function G,?(R,+R,')/2 for G,2/4r = 13 
and (a) E=m, (b) E=1.5m, (c) E= 2m. 


As has been shown in (9), the self-energy term ap 
pears as a modification of the pion-nucleon propagator. 
This is equivalent to replacing the coupling constant 
G, by an effective coupling constant G, given by 


G2=G?/(1—-G2(R+R,’)/2]. (14) 


To obtain accurate values of the phase shifts, we must 
have accurate numerical values of the kernel of the 
integral equation for the wave function /(p) for each 
of the eigenstates of the orbital and total angular 
momentum and isotopic spin. These values have been 
given by Dyson ef al.! and by Kalos and Dalitz.2 We use 
their values and make estimates of the phase shifts 
including the effects of renormalization. The effective 
coupling constant G, depends on EF and |p|. We set 
E=m and allow G, to depend on |p| only. At each 
value of the meson kinetic energy we plot the phase 
shift versus coupling parameter \=G,'/43. From the 
curve and its extrapolation, we find a rough estimate of 
the phase shift for the effective coupling parameter 
\.=G?/4n corresponding to a given value of A. This is 
not a bad approximation because the dependence of the 
phase shift on A is almost linear at each energy. 

For the phase shift 553, the analysis is carried out for 
the four energies 113, 161, 186, and 272 Mev in the 
laboratory system corresponding to center-of-mass 
momenta k=0.18m, 0.22m, 0.24m, and 0.30m, re- 
spectively. We plot the phase shift 533 versus the cou- 
pling parameter \ at A= 4.6m, 4.8m, Sa, 5.49 at each of 
the energies above. The values of the phase shifts were 
obtained from the 433 curve given by Dyson et al.!7 The 
effective coupling parameter \, is obtained from (14) 
and Fig. 1 for various values of \. Using the curves 
533 versus X and looking at the 433 corresponding to d, 
for each A, we obtain Table I for \= 11.5 and 11.6. 

The interpolated experimental! phase shifts are given 
in the fourth row.’ The curve connecting the calculated 
phase shifts 533 for \= 11.6 is in agreement with experi- 

7H. A. Bethe and F. de Hoffmann, Mesons and Fields (Row, 
Peterson and Company, Evanston, 1955), Vol. 2, pp. 243 and 241. 
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Tasie II. Phase shift for Sy state of T=}. 


200 272 


26° 
20° 
19° 


136 
18° 


11° 
135° 


Eve (Mev) 0 39 


—b #116 0° 10° 
—b; #125 0° 5° 
=h, Rup 5° 


39° 
35° 
25° 


ments for the energy range 0-120 Mev, is slightly 
above for the range 120 Mev-190 Mev, goes through 
resonance at about 194 Mev, and is slightly below for 
the range 190 Mev-272 Mev. Beyond 272 Mev, we 
observe from Fig. 1 that A, increases further and seems 
to reach a maximum and then go down. As a result, 
the phase shift 435 increases further to come into closer 


agreement with experimental results and then de- 
creases and does not approach 180°, It is expected that 
the decrease of 63; is not physical but is rather an 
indication that higher configurations should be in- 
cluded at higher energies. The renormalization makes 
the phase shift increase much faster with energy and 
thus brings the curve for 633 into much better agreement 
with experimental results. 

The value \= 11.6 is lower than the value \~15, 16 
previously’? needed to fit the experimental results 
using the unrenormalized TD method. This low value is 
closer to the \ obtained from the S-wave photoproduc- 
tion data, following the arguments of Kroll and 
Ruderman,® namely, A= 12. 

For the phase shift 63, the analysis is carried out for 
the four energies 39, 136, 200, and 272 Mev in the 
laboratory system corresponding to c.m. momenta 
k=OAm, 0.2m, 0.25m, and 0.30m. We plot the phase 
shift 53 versus the coupling parameter A at A= 13 and 
15.52 at each of the above energies. The values of the 
phase shift at the energies above were obtained from 
the 63 values given by Bethe and de Hoffmann’ for \ = 13 
and the plot of 43 given by Kalos and Dalitz? for 

15.52. Since we are using only two points to deter- 
mine the phase shift for a given A, the results will depend 


*N. Kroll and M. Ruderman, Phys. Rev. 93, 233 (1954). 
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sensitively on the values given at \= 13 and 15.52. The 
results of carrying out an analysis similar to that for 
das, are given in Table II for \=11.6 and 12.5. 

The phase shift 6; for \= 11.6, the value which gives 
the best experimental fit for 533, is given in the second 
row. The value A= 12.5, which gives the best fit with 
experiments, is in the third row. The interpolated ex- 
perimental phase shifts are in the fourth row.’ 

The phase shift 6; for A=11.6 is in much closer 
agreement with experiment than the corresponding 43 
for \= 15.52 in the unrenormalized theory, although the 
magnitude of the calculated value here is much larger 
than the experimental 63. The phase shift 6; for A= 12.5 
gives good agreement with the experimental results up 
to about 200 Mev above which the calculated value 
appears to decrease more rapidly. 


IV. CONCLUSIONS 


We have considered the properties of the factor S’ 
of the modified propagator given by (12), where only 
renormalization of the nucleon self-energy was taken 
into account. Since the renormalization corrections to 
the scattering states due to the meson self-energy and 
the closed loops were not considered, we have obtained 
a rough estimate of the renormalization effect. The re- 
sult is that for the physically interesting range of energy 
E from m to 2m and values of \<21.6 the modified 
propagator does not have a spurious pole for any value 
of | p| . 

The renormalization correction to the phase shifts 
533 and 63 was estimated. It was found that the re- 
normalization correction reduces the value of the 
coupling constant compared to the theory without 
renormalization and brings the phase shifts 63, and 43 
into much better agreement with experiments. It also 
reduces the discrepancy between the coupling con- 
stants needed to fit 533 and 6; data and brings it closer 
to the coupling constant obtained from S-wave photo- 
production data. 

The author would like to thank Dr. H. Ekstein and 
Dr. J. C. Swihart for helpful criticisms of this work. 
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The photoproduction cross sections of charged mesons from deuterons are calculated in the impulse ap- 
proximation. Expressions for the angular distribution and total cross section are obtained in terms of free- 
nucleon cross sections and the nuclear potential. The results are in good agreement with the experimental 


measurements of r* production near threshold. 


INTRODUCTION 


N a recent experiment' the photoproduction of mt 

mesons from deuterium and hydrogen very near 
threshold has been measured. We present here, follow- 
ing the approach of Chew and Lewis,’ a calculation of 
photoproduction from deuterium which explains reason- 
ably well the ratio of deuterium to hydrogen total cross 
sections. It is necessary to attempt to understand 
photoproduction from deuterium because the ratio of 
the process 


ytd + p+ p (1) 
to 


yt+d—nt+n-+n (2) 
is used as a measure of the r~/n* ratio, i.e., of 


ytn—1- +p (3) 
to 


yt port +n. (4) 


The ratio of (1) to (2), corrected for Coulomb effects, 
can be expected to equal the ratio of (3) to (4) only 
if the photoproduction processes in deuterium can be 
explained in terms of the photoproduction from free 
nucleons. At present, experimental values of the m~/m' 
ratio at threshold are in disagreement with theoretical 
predictions.* 

In this paper the cross sections for processes (1) and 
(2) are calculated using the impulse approximation, 
The closure theorem is used to sum over final states of 
the two-nucleon system. The effects of the nucleon- 
nucleon potential (including the Coulomb potential) 
are included. The effects of the Coulomb force between 
the x~ meson and the protons [process (1) ] have been 
neglected. 


* Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission, by the Na- 
tional Science Foundation, and by a General Electric predoctoral 
fellowship. 

t National Science Foundation postdoctoral fellow. 

1 Leiss, Penner, and Robinson (to be published); S. Penner and 
C. S. Robinson, Bull. Am. Phys. Soc. Ser. II, 1, 173 (1956). 

2G. F. Chew and H. W. Lewis, Phys. Rev. 84, 779 (1951). 

3 An experimental value of 1.91-+-0.11 is given by Beneventano, 
Bernardini, Carlson-Lee, Stoppini, and Tau, Nuovo cimento 4, 
323 (1956). 

‘Present theoretical predictions are about 1.3 [G. F. Chew 
(private sumieaniention} 


GENERAL CONSIDERATIONS 


The fundamental assumption of the impulse approxi- 
mation is that the meson production amplitudes from 
the nucleons are linearly superposable to form the 
production amplitude for the whole nucleus. Sufficient 
conditions for validity® are (1) small individual ampli- 
tudes in comparison with the distance between nucleons, 
(2) long mean free paths for the photon and meson 
compared to the dimensions of the nuclear system, and 
(3) a “collision time” short compared to the period of 
the nuclear system. These conditions are well satisfied 
in photomeson production near threshold. 

We use a notation in which h=c=1 and the meson 
mass is also set equal to unity, & is the energy and k 
the momentum of the incident photon in the center- 
of-mass system, q is the momentum and w= (q’+1)! 
is the energy of the final meson. If we let H(r, a1, oo, 
"1, t2) be the nuclear Hamiltonian in the center-of-mass 
system of the two nucleons, H¥,=e,¥,, where, for 
n=(), Vo is the deuteron wave function and — eo is the 
deuteron binding energy. With this notation the initial 
nucleon wave function in the center-of-mass system (of 
the deuteron and photon) is Vo exp(—ik-R), where R 
is the coordinate of the center of mass of the nucleons, 
R=4(r,+-12), and the final nucleon wave function is 
WV, exp(—iq-R). The transition probability from the 
initial state to a final state in which the meson mo- 
mentum is q and the nuclear system is in the state is 


Ant (q) 2 KVn exp( * iq: R)| T;* 
<exp(iD-r,)|\ Vo exp(—ik- R))/? 
Xb6(Egt+en—Eo—eo), (5) 
where E,=w+q°/4M, Eo=k+k?/2Ma, and De k—q 
is the momentum transferred to the nuclear system, 
M is the nucleon mass and M, the deuteron mass. 
Tj*= 1;*(0;- K*+-L*) describes the photoproduction of 
a + meson from the jth nucleon acting alone. 
Using an integral representation of the delta function 
and the relation exp(iH1)W,,= exp (ie t)V,, we have 
wa 


An*(q) f dt exp[it(2,— Eo) | 


aH 


Kd (Wo! (Tn*)! exp(—iP,. t+-ill) | Vn) 


X>o(,| T+ exp(iP;)-r—iH)|Vo), (6) 
i 
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where (7';*)' is the Hermitian conjugate of 7;+, and 
P= (—1)*"D/2. 

We now obtain the cross section for a particular final 
meson state and all final states of the nuclear system 
by summing over final nuclear states: >°,.W,(¥,)t=1. 
Thus 


a*(q) f dt exp[il(E,— Eo) } 


—s 


XE Wol (Tn* 


m,j 


)t exp(—iP,,- r+iHt)T;4 
Xexp(iP;-r—iHt)|Wo). (7) 


Now expanding exp(iH1) in a power series, keeping 
the first three terms, we obtain 


a*(q) f dt exp[it(Eg— Eo) | 


_—s 


exp(—iP,,-1)7;* exp(iP;-1)) a 


KD ((Tn*)! 
m,j 
til((T,*)' exp(—iP,,- r)LH,7;* exp(iP;- 1) })m 
hf ((T,,*)' exp(- iP,,: 1) 
< (H,CH,7;* exp(iP;-r)]])mj}, (8) 


where ( ), indicates expectation value in the deuteron 
ground state. 


EVALUATION OF CROSS SECTIONS 


Separating the deuteron wave function into isotopic 
spin, ordinary spin, and spatial parts, respectively, Vo 
o£ 5y,.u(r), m= +1, 0, —1. All results are to be aver- 
aged over the three spin states. The above factorization 
of the wave function does not strictly hold in the pres- 
ence of tensor forces. However, none of the important 
results depend upon this point. 

If we consider only the leading term in (8), 


2er{ (K*)?-+ (L*)?— F(D)[4(K+)?+ (L*)*]) 
X5(w+g?/4M—k—k?/2M4), (9) 


o i (q) 


under the assumption that K* and L+ do not depend 
on nucleon variables. This assumption limits the va- 
lidity of the result to the energy region w<M. 


F(D)= face exp(iD-r) (10) 


is evaluated for the Hulthén wave function in refer- 
ence 2. 

In order to evaluate the higher order terms in (8), 
we must assume a definite form for the nuclear Hamil- 
tonian. We will use 


H=—V2/M+4[14+0+ (1—n) Pw) 


X(PVitPVitVrSi)+PeVe, (11) 
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where Py is the Majorana exchange operator and 7 
measures the strength of the two-nucleon potentials in 
odd, relative to even, angular momentum states 
(O<n<1). P, and P, are the usual triplet and singlet 
projection operators, and V, and V, are the triplet 
and singlet central potentials. Vr is the tensor poten- 
tial, and S;.=3(@;- re: r)/r’—@;-¢2. Vc is the Coulomb 
force, and P¢ vanishes except in diproton states. Pc 
=4(1+-733)(1+723) if T= (#;)z. 

Evaluation of the commutators in (8) is straight- 
forward but tedious. If we assume that K+ and L+ 
commute with H (this is again the assumption that 
w<M ), we obtain 


[H,T,;* exp(iP;-r)] 


Dt iP;-¥ 
= 7+ exp(iP;- n[—— ———¥}(1+7,3) ve| 
4M M 


+4(1—n)74Lexp(—4P)-1) —exp(iP;-1)} 

K (PWV it VrSi2)+i7;4L (14+) exp(iP;-r) 

+(1—n) exp(—iP;-r) {LA(Vi- V.)—Vr] 
Xoj-opX Kt+3V ere; 1X K*(o,-r)}. (12) 


All terms which will give zero contribution to the 
matrix element have been dropped, and p¥ j. 

The matrix element in the second term of the power 
series (8) may now be calculated directly. 


2X ((Tm +)t exp(—iP,,-r)LH,7;* exp(iP;-r) ]) 
"= (D*/4M){(K*)*+( L+*)*—[4(K+*)*+ (L+)?] 
x (exp(iD- r))w} — (2M)“[4 (K+)?+ (1+)? ] 
X (sin(D-r)D-¥)w+L(K-)?+ (L-) (Ve) 
—(4(K-)*+ (L-)? (Ve exp(iD- 1) )n 
—4(K+)*((V,—V,—4Vr)[1+cos(D-r)])m 
—2(r-*V (4X K*)*[1+cos(D- 1) })m 
— (1—n) [9 (K+*)?+ (L*)*(V [1 —cos(D-r)])m 
— (4/3)(1—n)((3r-*(r- K+)? 


— (K+*)?]Vrl1—cos(D-r)])u. (13) 


It should be noticed that the only terms which depend 
on the pion angle are terms containing the tensor po- 
tential, and that the Coulomb term is zero in the case 
of w+ production. The first two terms on the right-hand 
side of (13) are small dynamical corrections. We will 
henceforth neglect the second of these because 
(sin(D-r)D-¥) wD". 

Putting (13) into (8), making the approximation 
1+11D*/4M = exp(itD*/4M), and performing a partial 
integration on the terms arising from the commutator 
bracket, we obtain the cross section as a function of 
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photon energy and meson angle. 

(da /dQ)*= xof (Ko*)?+ (Lo*)* 
— F (Do)(4(Ko*)?+ (Lo*)*)} 
+onrxagr*{ (—Ve)wl(Ki-)?+ (Li?) 
+(Vec exp(iD-r)) m4 (Ki-)?+ (Li-)* }+- (4/3) (1—n) 
 ((37-2(r- K,+)?— (Ki*)?]Vr(1—cosD,:8))w 
+(1—n)[9(Kit)?+(Li*)?(V,(1—cosD1- 8)» 
+4(Ki*)*((Vi— V.—4Vr)(1+-cosDy: 1)» 


+2(r-*Vr(rX K,*)*(1+cosD,-1r))w}. (14) 


In (14), 


x= G1 +0;/M)7(14+k/Ma (j=0,1) (15) 


is the phase space factor introduced by Bernardini and 
Goldwasser.’ (Ko*)? and (Lo*)* are functions of qo, 
which satisfies 


wot qo?/4M — k—k®/2M a+ D.?/4M =0, (16) 


/ 


while (K,*)* and (L,*)* are functions of q;, which 
satisfies 


witgi’/4M —k—k?/2M 4=0. (17) 


wo, w;, and Dy, D, are the values of w and D corre- 
sponding to qo and q,, respectively. 

In order to obtain the form (15) for the phase space 
factor, a factor of (24)-?(kw)~' was factored out of 
(K+)? and (L*)?, and a flux factor (1+k/M4)™ 
inserted, 

The validity of neglecting the terms in (8) which are 
quadratic in H may be seen as follows. The quadratic 
term in (8) is of the order 


f Pdt exp[it(Eq— Eo) ZIP (Tm*)'Tj*)m 
—w md 
~(Ke)«@ f fdt exp[it(Ey—Es)]. (18) 


—L 


Putting in the density of final meson states, we obtain 
after two partial integrations the contribution to the 
cross section of this term. 

A (da/dQ)*~xuu*eq? (K*)*q-*. 
Since e°<~3X10~, the contribution of this term to the 
cross section (14) is completely negligible except for 


g<K0.1. 
TOTAL CROSS SECTION NEAR THRESHOLD 


(19) 


The cross sections for processes (3) and (4) are 
(1/x) (do/dQ)*= (K*)*+ (L+)?. 


Near threshold the production from free nucleons (20) 


(20) 


*G. Bernardini and E. L. Goldwasser, Phys. Rev. 95, 857 


(1954). 


CHARGED MESONS 
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Fic. 1. The functions G(D) and H(D) for square well poten 
tials. Other reasonable (central) potentials may change G and H 
by as much as 15%. However, the effect on the cross section 
[Eq. (21) ] of such a change is negligible 


is nearly isotropic® (at least for rt production). Thus 
the cross sections given by (14) will also be nearly 
isotropic. 
slightly angle-dependent for fixed k, and because of the 
tensor force corrections. At low photon energies the 
relative energy of the two nucleons in the final states is 
of order 1/4M~5 Mev. Therefore the shape of the 
nuclear potential should be unimportant. Using pure 
central forces and »=0 for the nuclear potential we 
obtain the total cross section: 


Small anisotropic terms occur because go is 


ort wr 
™{((K,*)? |w ot [ (Li*)? | a(: ew) 


WX1 qi 


w| 
—| F(D,) WVeexp(iD))s| 
qv 


% (ALC Ki*)* Jo o +L (Li*)* In 0} 


Ww) 
+ “| G(D1 AL Ket)" ECL) 
qi 
H(D,) | 
[ (K,*)? Ino}. (21) 


It is to be understood that Ve=0 in the case of x 
production. ((K,*)* ]w ¢ and [(L;*)* | 6 are the values 
of (K,*)* and (L,*)? averaged over angles. G(D) 

* Beneventano, Bernardini, Carlson-Lee, Stoppini, and Tau, 
Nuovo cimento 4, 323 (1956). 
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lic, 2. Ratio of photoproduction of x* mesons from deuterium 
and hydrogen as a function of meson momentum. The solid curve 
is calculated from Eq. (21). The result for $0.08 is subject to 
considerable error due to the neglecting of higher order terms in 
the power series expansion, Iq. (8). The experimental results are 
taken from reference 1, The cross section in deuterium was 
actually measured as a function of photon energy and correspond 
ing meson momenta assigned by means of Eq. (17). 


((1—cosD-r)V,)y and H(D)=((V,—V,)(14+cosD 
‘r))» are shown in Fig. 1 for the case of square well 
potentials and the Hulthén wave function described in 
qi, Which is accurate 
region under 


reference 2, In (21) we have set qo 
few the energy 
consideration, 

Strictly speaking, D, k q;| is a function of angle 
for fixed k. However, | q;|<<k, and D,, (K*)*, and (1+)? 
are symmetric (or very nearly so) about 90°, and (K*)? 
contains a large isotropic term in the energy region 
near threshold, It is therefore sufficiently accurate to 
use D,= (k’+-q*)!, the value at 90°, at all angles. This 
approximation was used in order to obtain (21). 

If we set [(K*)* ]y o= A+B and [(Lt)* Jw o= Ce, 
A and (B+C) from our experimental 


to a percent in 


we can obtain 


determination of the total cross section for process (4).! 
Taking B/C=—0.5, a value consistent with experi- 
mental results (the evaluation is at any rate quite in- 
sensitive to B/C), we may calculate the ratio of at 
production in deuterium and hydrogen as a function 
of meson momentum using Eq. (21). The result is 
compared with the experimental values in Fig. 2, A and 
(B+C) were obtained by making a least squares fit 
to or/4arx=A+(B+C)q of our experimental values 
for x* production from hydrogen. Experimental values 
of or*(qi)/4rx, for deuterium were divided by A 
+(B+C)¢ at the same value of g to obtain the experi- 
mental points in Fig. 2. The errors shown in Fig. 2 are 
only the statistical errors in the deuterium cross section. 
Inclusion of all types of errors would increase the size 
of the uncertainties by a factor of about 1.5. 


CONCLUSIONS 


The photoproduction of charged mesons from deu- 
terium has been calculated in the impulse approxima- 
tion, relative to production from free nucleons. The 
results are found to be in good agreement with experi- 
ment in the case of #* production near threshold. 

A decrease in the x~ production from deuterium by a 
factor of about 1—(w/q*)(Vc)s near threshold due to 
the Coulomb repulsion between the two residual protons 
is predicted in agreement with other results.? 
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Intensity Distribution of the X-Ray 
Diffraction Pattern of a Finite Crystal 
Containing Point Defects 


J. B. Sampson anv C. W. Tucker, Jr. 
Knolls Atomic Power Laboratory,* General Electric Company, 
Schenectady, New York 
(Received October 19, 1956) 


ECENT interest in the effect of point defects on 

crystal lattices, particularly irradiation-produced 
defects, has focused attention on understanding the 
changes in the x-ray diffraction pattern due to such 
defects. This letter considers x-ray effects predicted fora 
finite crystal on the basis of a conventional elasticity 
model and corrects an error present in several past 
publications due originally to a suggestion of Eshelby.' 
The model considered cannot be expected to agree com- 
pletely with experiment since the position of lattice 
points quite close to a defect should deviate from that 
assumed in this model. However, any observed differ- 
ences from predictions of an approximate model can be 
properly interpreted only if the model is correctly 
understood. Therefore the two principal x-ray effects 
are discussed in relation to the model, and a correction 
is pointed out in the relative magnitudes of these effects 
over that previously proposed.'” 

The model regards a point defect (interstitialcy, 
vacancy, foreign atom) as a center of pressure in an 
isotropic elastic medium, in which the crystal lattice is 
imbedded. The distortion resulting from a uniform con- 
centration of such defect changes the x-ray diffraction 
pattern, Such changes, first predicted by Huang,’ have 
been observed by Tucker and Senio.? These changes are: 
(1) the positions of the principal maxima, or Bragg re- 
flections shift, corresponding to a change in the mean 
lattice parameter ; (2) the intensity distribution is modi- 
fied so that a diffuse background appears at the expense 
of the intensity of the Bragg reflections. 

It may be noted that these changes are of two essen- 
tially different types. The sharp Bragg reflections result 
from the constructive interference from many scatterers. 
The apparent position of any scatterer, deduced from 
the reflections, is an average under the influence of a 
number of defects, most of which are many interatomic 
distances away. Hence the elastic model should describe 
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adequately the change in position of the Bragg re- 
flections. The modification of the intensity distribution, 
however, results from variations in the regular spacing 
of the scattering centers. Therefore this modification 
should be predominantly sensitive to displacements 
caused by the nearest several defects. The elastic 
model should, therefore, predict the intensity pattern 
less closely than the position of the Bragg reflections. 

The elasticity model predictions have evolved grad 
ually. Huang? first considered the x-ray pattern in de- 
tail. He restricted himself to an infinite medium in 
which an atom distant r from a defect undergoes a 
displacement ¢/r*. He obtained results for both principal 
x-ray effects which are proportional to the defect 
strength, c. Eshelby* has since considered how to extend 
Huang’s results to a finite crystal. He concluded that 
the existence of a free outer surface caused all of Huang’s 
predictions to be increased by the additional factor 
y=3(1—0)/(1+0), where a is Poisson’s ratio, so that ¥ 
is 1.5 to 1.8. Actually Eshelby proved that the factor y 
applied to the additional shift in Bragg reflection posi 
tion as well as to the volume expansion, However, an 
additional factor y was suggested, rather than proved, 
to apply to the intensity distribution. The conclusions of 
Eshelby have since been quoted in at least one other 
paper.? 

A question which was referred to us by Cochran of 
the Cavendish Laboratory’ has caused us to conclude 
that, contrary to Eshelby’s suggestion, the intensity 
distribution is not increased by the presence of a free 
surface. That is, we propose that the correct extension 
of Huang’s analysis to an actual crystal is such that the 
shift in Laue spots is increased, but the intensity 
distribution is unchanged. 

The above proposal is readily established in the spe 
cial case of spherical geometry. Let S designate a spher 
ical region in an infinite medium which originally con 
tains no center of pressure. Next add a uniform distri 
bution of centers of pressure inside .S, so that it expands, 
within the surrounding medium, to the new position 
S’> S. The elastic state is readily calculable,® since the 
c/r type displacement applied. The volume annulus 
between S and S’ is AV/V 
of defects per unit volume. The traction across surface 
S’ due to each defect is known. The total traction from 
all defects turns out to be normal to S” in this case and 
of magnitude p= (16r/3)unc, where yu is the modulus of 
rigidity. 

If the medium surrounding .S’ 
finite case is obtained. The only additional elastic 


4irnc, where n is the number 


is next cut away, the 


change is a uniform expansion due to the relief of the 
hydrostatic pressure, p, so that S’ goes to S” > S$’. The 
additional volume expansion between SS’ and S” is 

AV/V = p/k=8yc(1—20)/(1+0), 


where & is the compressibility. Hence the result of 
freeing the surface increases the volume uniformly by y, 
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Such a uniform expansion will cause a proportional 
shift in the Bragg reflection position. But such a uni- 
form expansion has no effect on the intensity distribu- 
tion because no local disorder is produced. 

There is no obvious generalization of the above proof 
to a more general geometry. However, for any body of 
reasonably regular shape the effect of freeing S’ is to 
introduce an additional elastic displacement function 
which varies slowly with position. Such a slow variation 
can have only a trivial effect upon the intensity dis- 
tribution. 

To restate, the elastic model predictions of Huang of 
the effect of a uniform concentration of point defects 
upon the x-ray diffraction pattern is modified for an 
actual finite crystal as follows: (1) the shift in position 
of Bragg reflections is increased by a factor y (Huang’s 
sum I); (2) the intensity distribution is not modified 
(Huang’s sums II and III); (3) therefore the relative 
magnitude of these two effects is modified by y. 

*The Knolls Atomic Power Laboratory is operated by the 


General Electric Company for the U. $. Atomic Energy Com 
mission. 

1 J. D, Eshelby, J. Appl. Phys. 25, 255 (1954). See particularly 
p. 259. 

*C. W. Tucker and P. Senio, Phys. Rev. 99, 1777 (1955). 

*K. Huang, Proc. Roy. Soc. (London) 190, 102 (1947). 

*W. Cochran (private communication). 

* See, for example, A. E. H. Love, A treatise on the Mathematical 
Theory of Elasticity (Dover Publications, New York, 1944), p. 142. 


Ultrasonic Attenuation in Germanium 
and Silicon 
F. J. Batt 
Department of Physics, Michigan State University, 
East Lansing, Michigan 


(Received November 5, 1956; revised manuscript received 
December 17, 1956) 


N the theory of lattice scattering of electrons in n 
type germanium and silicon, one of the parameters 
which is as yet only known imperfectly is the coupling 
constant for intervalley scattering. Recent work of 
Keyes! indicates that this coupling constant is signi- 
ficantly smaller than the corresponding constant for 
intravalley scattering. A theoretical calculation of the 
intervalley coupling constant cannot be performed very 
readily because the Bardeen-Shockley method,’ which 
works well for phonons of long wavelength, is not appli- 
cable to intervalley scattering where phonons of wave 
vector comparable to a reciprocal lattice vector are 
involved. We suggest here an experimental procedure 
which may shed additional light on intervalley scatter- 
ing and may permit a direct determination of the cou- 
pling constant for this process. 
An important mechanism for attenuation of ultra- 
sonic shear waves in m type germanium and silicon 
should be one analogous to that proposed by Kittel for 
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metals. The ultrasonic strain alternately lowers the 
band edge of one group of ellipsoidal energy surfaces and 
raises the band edge of another group of ellipsoids. 
Equilibrium of the electronic distribution now requires 
a transfer of electrons from those energy valleys that 
have been raised to those that have been lowered in 
energy. This transfer takes place through intervalley 
scattering of electrons. Intervalley scattering alone is 
probably not the only process by which electrons dissi- 
pate energy to the phonon spectrum; once an electron 
has been scattered into a lower energy ellipsoid it will 
dissipate some energy by intravalley scattering events. 
Since the relaxation time for intravalley scattering is 
significantly shorter than that for intervalley scattering, 
it is the latter mechanism which will determine the 
over-all relaxation time for this absorption process. 

The energy absorbed per cycle by this mechanism 
may be estimated from the measured elastoresistance 
coefficients‘ using the interpretation given by Herring,® 
and assuming that wr<1, where w is the frequency of 
the ultrasound. This condition is probably satisfied at 
normal temperatures and in the range of 10 to 100 
megacycles per second. One then finds that for n= 10!*/ 
cm* the logarithmic decrement to be expected is about 
10-*, which corresponds to an attenuation of about 
0.8 db/microsecond at a frequency of 100 megacycles/ 
sec. Attenuations of this order of magnitude have been 
found by Granato and Truell® and were attributed by 
them to dislocation damping. Since these workers did 
not find any correlation between attenuation and 
carrier concentration, somewhat larger concentrations 
may be required before this viscous mechanism be- 
comes predominant. However, it may be argued that 
the mechanism is already important in the strongly 
doped samples used by Granato and Truell. If disloca- 
tion damping were the only mechanism, one might 
expect the attenuation to decrease with increasing im- 
purity concentrations because pinning of dislocations at 
impurities should reduce the length of the dislocation 
loops. This decrease in attenuation due to dislocation 
damping may have been compensated to some extent by 
the onset of the viscous mechanism discussed above. 

A number of procedures should permit the separation 
of this mechanism from others which also contribute to 
the damping. One might compare the attenuation in a 
highly doped m type sample with that in a sample which 
is well compensated but contains nearly the same 
number of impurities. In the region wr1 the ab- 
sorption should be proportional to the carrier concentra- 
tion and inversely proportional to temperature, and 
this temperature dependence could be exploited. More- 
over, absorption due to intervalley scattering should 
reach a maximum when wr is unity. If 7 is reasonably 
long, as it may well be, it may be possible to observe the 
maximum by lowering the temperature and/or in- 
creasing the frequency. Thus, a direct determination of 
the relaxation time for intervalley scattering may be 
possible 
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The absorption mechanism discussed here is not 
limited to m type materials. A somewhat similar mech- 
anism should also be operative in p type specimens 
according to the interpretation of elastoresistance given 
by Adams.’ Here the mechanism involves scattering 
from one part of the distorted Fermi surface to another 
part of the same energy surface. One would expect the 
relaxation time for this mechanism to be considerably 
shorter than for intervalley scattering. 

1R. W. Keyes, Phys. Rev. 103, 1240 (1956). 

2 J. Bardeen and W. Shockley, Phys. Rev. 80, 72 (1950). 

*C. Kittel, Acta Metallurgica 3, 295 (1955). 

*C, S. Smith, Phys. Rev. 94, 42 (1954). 

°C, Herring, Bell System Tech. J. 34, 237 (1955). 

* A. Granato and R. Truell, J. Appl. Phys. 27, 1219 (1956). 

7E. N. Adams, Phys. Rev. 96, 803 (1954). 


Many-Body Problem in Quantum 
Mechanics and Quantum Statistical 
Mechanics 
T. D. Ler, Columbia University, New Vork, New York 
AND 
C. N. YANG, Institute for Advanced Study, 
Princeton, New Jersey 
(Received December 10, 1956) 


HIS is a progress report on some work! concerning 
the quantum mechanical calculation of the 
fugacity coefficients b; (which correspond to the classical 
cluster integrals) of a Bose, a Fermi, and a Boltzmann 
gas at low temperatures. A “binary collision expansion” 
method is developed which allows for the systematic 
calculation of b; as expansions in powers of a/\, where a 
represents the parameters of the dimensions of length 
that characterize the low-energy two-body collision and 
\ is the thermal wavelength. To any power of (a/X) the 
calculation of any specific 6; is reduced to a finite number 
of quadratures. The method, therefore, is the low- 
temperature counterpart of the high-temperature 
expansion of by. 

By going to the limit 7-0, the binary collision ex- 
pansion method can also yield the ground-state energy 
and ground-state wave function in a systematic expan- 
sion. It also supplies information concerning the density 
of energy levels near the ground state. 

The method is applied to the case where the inter- 
action is a hard-sphere interaction with diameter a. The 
particles are assumed to have spin J, where J is taken to 
be zero for the Bose and Boltzmann gases, and left 
arbitrary for the Fermi gas. We use the following 
notations and units: A=1, m=mass of particles=}, 
N=number of particles, V= volume of box, p= N/V, 
Py=maximum Fermi momentum=[ 69’p/(2J+1) }!, 
and \= (49/kT)!. The results are tabulated below: 

(A) For the Fermi gas, the fugacity expansion is 
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(B) For the Bose gas, the fugacity expansion is 


Np/kT gy(2) 2[ gy (z) Pia d) 


+8g,(z)[gy(z) ?(a/A)?+-8F (2) (a/A)*+-O(a'/d*). (4) 


(C) For the Bose gas, the pressure and density at the 
transition point are given by 


NM p/kT = 1.34—2(2.61)*(a/A)+Of[ (a/d)*], 


Np=2.61—4(2.61m)4(a/A)*+O[a/d }. (5) 


To obtain this expression it was necessary to sum the 
dominant terms in the fugacity expansion to all orders 
of (a/d) near z= 1. 

(D) The ground-state energy per particle for a Fermi 
gas at a finite density p and infinite volume is given by 


E/N = (3P°/5)+8mapJ (2J+1)" 


x! 1+6(11—2 log.2)P pa, 35a O(P ra’) |. (6) 


(E) The ground-state energy per particle for a Boltz- 
mann gas and for a Bose gas at a finite density and 
infinite volume is 
(7) 


E/N = 4mapl 1+128(pa*)*/154!-+-O(pa") |. 


The parameters of expansion in Eqs. (6) and (7) are 
determinable by a simple argument without explicit 
calculation. 

The ground-state wave function and the thermo 
dynamical behavior in cases (D) and (I) near T= 0 
were also obtainable in these computations. Details of 
the binary collision expansion method and the above 
calculations will appear in a later publication. 

The binary collision expansion method is being 
applied to a more realistic interaction, Calculation with 
the Lennard-Jones potential is feasible for bs at low 7. 
Work in this direction is under contemplation, 

Equations (4) and (6) have been obtained before’ by 
the method of pseudopotentials. By using the same 
method it is not difficult to obtain also Eq. (1). It was 
emphasized in reference 1 that the method of pseudo- 
potentials is not applicable to all orders of a. With the 
binary collision expansion method the full range of 
applicability of the pseudopotential becomes clear, One 
concludes that it should be possible to obtain also Eqs. 
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(5) and (7) by the pseudopotential method. This 
problem was looked into in collaboration with Dr. 
Kerson Huang. It turns out that it is extremely simple 
to obtain (7) by the pseudopotential method. A detailed 
description of this computation will be published 
shortly. 

It should be emphasized that the expansions quoted 
above are probably all asymptotic expansions. One is 
led to this conclusion by the following argument. A 
small and negative value of a corresponds to the case 
where the force is purely attractive with the scattering 
length a, for which the gas (for any statistics) 
collapses. The formula should therefore become mean- 
ingless for negative a. This would result if, for ex- 
ample, the physical quantities contain such terms as 
exp. [—a-*p ]. 

‘A description of the binary collision expansion method, to- 
gether with formulas (4) and (5) below, had previously been given 
at the International Conference on Theoretical Physics at Seattle, 
1956 (unpublished). 


*K. Huang and C. N. Yang, Phys. Rev. 105, 767 (1957); Huang, 
Yang, and Luttinger, Phys. Rev. 105, 776 (1957). 


Regeneration of 6,° Mesons by a 
Magnetic Field* 
Myron L. Goop 


Radiation Laboratory, University of California, Berkeley, California 
(Received October 22, 1956) 


HIS letter is to point out a surprising phenom- 

enon that should occur if the @ particle has a 
spin and a magnetic moment. The sequence of events is 
shown schematically as follows: 


4, (4%) + i02(4*) 
=- ——— 04(14) = 


v2 decay i 


(11) — Ot) 


(tt) 


P+ 
—_——) —_—_ = — 9, —+2r. 
mag. field iv? decay 


A ® meson is made, in associated production with a 
hyperon, and let us say the spin (first arrow) is up. 
After ~10~-" sec, 6; decay has left only the @, component 
of the original wave.' This also has spin up. The 62 is 
part @, part #, each of which has, of course, spin up. But 
the magnetic moment (second arrow) of the # will be 
oppositely directed from that of the @, since it is the 
antiparticle of the #. Therefore, if the 6, beam, in vac- 
uum, encounters a uniform vertical magnetic field, 
there will be an energy difference Ae= 2uH between the 
®, ®, and a difference Ace/h in their De Broglie fre- 
quencies. The 6°, # components will therefore, in time, 
get out of phase. Once they are out of phase, the 
particle is no longer entirely a 62, but has a 6, component. 
The 6, component then quickly decays into two m 
mesons. 
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Fic. 1. Regeneration of 6’s by magnetic field for y=6, r=10-” 
SCC, we—wi=1/7;= AE meg (which corresponds to 22.7 kg if 
w=enh/mxc). 


A long-lived 6, beam can therefore be “quenched” 
by a magnetic field, if the #° has a magnetic moment. 

For a moment p= eh/m,c, the fields and times re- 
quired are about like those needed to rotate a nuclear 
spin by ~1 radian, or on the order of 10* or 10° gauss- 
feet. The effect could therefore be observed experi- 
mentally. 

The equation for the regenerated 6, amplitude can be 
derived in a manner entirely similar to that of Case.? 
A plot of |a;|? vs distance into the magnetic field (a, 
is the amplitude of 6,) is given in Fig. 1. The values of 
the parameters used are: r;=10~™ sec, r2==@ (11,2 
= 6; 2 lifetime) ; y= 1/(1—f*)!=6, w2—wi= (mass differ- 
ence frequency)=1/271, and 2pH/h=1/27r, (for u 
= ¢h/mxc, this corresponds to a field of 22.7 kilogauss). 

Figure 1 implies that if the magnet is 60 cm long, 
10% of the incident 62’s would decay just beyond the 
magnet. However, |a;|*(1/ryBc= 1/18 cm) is the prob- 
ability, per cm of path, for decay in the magnet. Taking 
this into account, one sees that the reason the curve is 
falling, for magnet length > 100 cm, is that most of the 
particles have decayed in the magnet. The effect is 
therefore quite large. 

It is interesting to speculate whether experiments 
already performed can rule out reasonable values of the 
magnetic moment. A quick look indicates that probably 
this is not the case. Experiments where #’s are produced 
in a magnet cloud chamber do not have much 6, path 
length. On the other hand, in the experiment by Leder- 
man ef al.,’ a strong sweeping magnet preceded the 
cloud chamber. This could have the effect of wiping 
out all but the m=0 substate (which is unaffected by 
the field). This substate would then not regenerate in the 
cloud chamber magnet, since its field was parallel to 
that of the sweeping magnet. Rather, the typical 6, 
three-body decays would be seen. 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 

1M. Gell-Mann and A. Pais, Phys. Rev. 97, 1387 (1955). 

*K. Case, Phys. Rev. 103, 1449 (1956). 

‘Lande, Booth, Impeduglia, Lederman, and Chinowsky, 
Brookhaven National Laboratory Report BNL-2857, 19 
(unpublished). 
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Mass Value for the =~ Hyperon* 


STANLEY C. FREDEN AND Harotp K. Ticnot 
Department of Physics, University of California, 
Los Angeles, California 
(Received December 6, 1956) 


N our systematic search for K~ mesons stopping in 

nuclear emulsion, we have found one event (1/40-1) 

which can be interpreted as a capture by hydrogen 
according to the reaction 


K-+ p-2> +4". (1) 


A projection drawing of this event is shown in Fig. 1. 


Fic. 1, Projection drawing of Event 1/40-1 showing a K~ meson 
captured in hydrogen according to the reaction K~+p>2Z~+-*. 


The tracks had dip angles of 21° before development. 
The =~ hyperon apparently stopped and was captured 
by an emulsion nucleus in the same pellicle in which it 
was produced, The resulting three-pronged star con- 
sisted of two probable protons with energies of 1 and 
24 Mev and a 0.5 Mev negative pion, possibly resulting 
from a mesonic decay of the A°. This pion was captured 
in turn, yielding a typical o star. 

The pion and hyperon tracks are collinear to within 
+0.5 degree. The measured range of the hyperon is 
70243 microns, the uncertainty quoted being due to 
the uncertainty in the shrinkage factor of the emulsion 
(2.2+0.1). 

The density of this emulsion at the time of exposure 
was measured to be 3.850+-0.007 g/cc. When one 
normalizes the measured range to an emulsion density 
of 3.815 g/cc and includes the intrinsic straggling, the 
hyperon range becomes 708+ 10 microns, 

If one assumes that the K~ meson and the hyperon 
came to rest before being captured, the mass of the 2 
and its velocity at emission can now be calculated from 
its range, utilizing the range-energy relation on one 
hand, and the kinematics of reaction (1) on the other. 
Employing the corrected range-energy curve of Barkas 
et al.’ (assigning to it an uncertainty of 0.5%), the 
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Cohen’ pion mass of (273.25-+-0.12)m,, and the r-meson 
Q value’ of 75.08+-0.20 Mev [yielding a K-meson mass 
of (966.740.5)m,|, we have obtained My y—-= 2340.7 
+1.3m, and yy-=1.0106+0.0001. The errors in these 
quantities are mainly due to the uncertainty of the 2 
range caused by straggling. The 2~ mass obtained here 
is in good agreement with mass values obtained pre- 
viously.‘ 

We wish to thank Dr. E. J. Lofgren and Dr. W. H. 
Barkas for arranging the exposure. Our thanks are also 
due Mr. David Hopp for finding this event. 

* Supported in part by the U. S. Atomic Energy Commission, 

t On leave to the Radiation Laboratory, University of California, 
Berkeley, California. 

1W. H. Barkas ef al., Phys. Rev. 100, 1797 (1955). 

* Cohen, Crowe, and DuMond, Phys. Rev. 104, 266 (1956). 

* Heckmann, Smith, and Barkas, Nuovo cimento 4, 51 (1956). 

4W. F. Fry et al., Phys. Rev. 104, 270 (1956); Proceedings of the 
Sixth Annual Rochester Conference on High Energy Physics 
(Interscience Publishers, Inc., New York, 1956). 


Sources of Error in Experiments on 
Reorientation Effect in Coulomb 
Excitation* 


G. Breit, R. L. GLucKsTEeRN, AND J. E. Russeie 


Yale Univeristy, New Haven, Connecticut 
(Received December 12, 1956) 


OSSIBILITIES of obtaining information regarding 
nuclear excited states making use of finite-amplitude 
effects! in Coulomb excitation and of the related nuclear 
axis reorientation effect? have been recently brought out. 
It is now desired to point out sources of error caused by 
atomic hyperfine structure (hfs) which in y—¥ correla- 
tions is known to introduce** factors [1+ (2mvr)* }"', 
where r is the mean life and v the frequency of hfs split- 
ting. The same factors appear in Coulomb excitation 
and introduce corrections especially for atoms with un- 
balanced s electrons. In ground states of many atoms 
with even Z, pairing of s electrons eliminates the effect. 
However, Coulomb excitation collisions involve ion pas- 
sage through all electron shells, a condition resulting in 
atomic excitation, Estimates made for a fixed distance 
of closest approach to the nucleus corresponding to 
5-Mev protons on Pt with variable projectile charge 
Z,e, show small probabilities of excitation by protons 
and appreciable effects roughly proportional to Z,? on 
outer shells by N*, Removal! of s and p electrons gives 
rise to hfs effects, thus affecting the interpretation ot the 
data. 

The effects on inelastic scattering caused by re 
orientation during the collision are not influenced by the 
hfs, the collision time being small. It is difficult to 
estimate the chance of electron excitation with certainty 
because of possible cooperative effects of several elec- 
trons. Disregarding these, estimates indicate removal 
of outer s electrons as the main and relatively harmless 
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effect. Quantitative interpretation of heavy-ion experi- 
ments on reorientation appears possible in view of the 
following circumstances: (1) excitation of an inner s 
electron such as 5s in Pt is not directly harmful, the life 
of the hele being short ; (2) occupation of shells such as 
5p and 5d, as well as small overlap of atomic eigen- 
functions for different n, reduces the probability of ex- 
citation; (3) removal of an outer electron such as 6s of 
Pt may even be a simplification; (4) coincidence experi- 
ments’? on ions and gamma rays provide an internal 
consistency test of the theory; (5) application of 
magnetic fields’ to the target, especially along the 
y-ray direction, should test for the presence of hfs 
effects and, barring existence of long-lived atomic states 
with larger than usual hfs, should eliminate them. 

A recoil energy of 9.4 Mev is imparted to Pt™ by a 
N* ion with energy adjusted to give the distance of 
closest approach obtained with 5-Mev protons. The 
corresponding recoil velocity, c/98, suffices for excita- 
tion of outer electrons of Pt in atomic collisions and 
modifies the hfs effect. This effect is largest for head-on 
collisions which do not produce a reorientation effect on 
the distribution of y rays following Coulomb excitation 
from J=0 to [= 2, : 

The sources of error mentioned above operate in 
addition to the well-known possibility of axis deorienta- 
tion by inhomogeneous electric fields. 

* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army. 

1G. Breit and J. P. Lazarus, Phys. Rev. 100, 942 (1955). Ina 
forthcoming review in the Reviews of Modern Physics, K. Alder 
and A, Winther remark that the above reference appears to 
contain an extra factor 49/4 in the excitation probability estimate. 
However, since the object of Breit and Lazarus was to estimate 
the chance of reorientation after the first excitation, it was appro- 
priate to use the relation between the static quadrupole moment 
and the mean yr radius of the nuclear charge distributions. 
The value used for the moment of the target nucleus was on the 
upper limit of those indicated by data on nuclear ground states. 

* Breit, Gluckstern, and Russell, Phys. Rev. 103, 727 (1956). 


*G. Goertzel, Phys. Rey. 70, 897 (1946). 
*K. Alder, Helv. Phys. Acta 25, 235 (1952). 


Electronic Structure of F Centers in KCl 
by the Electron Spin Double- 
Resonance Technique 


G. Frener 
Bell Telephone Laboratories, Incor porated, 
Murray Hill, New Jersey 
(Received December 10, 1956) 


HE electron spin resonance absorption in 

F centers was first observed by Hutchison' and 
investigated in detail by Kip et al.? They were unable 
to resolve any hyperfine structure but Kip ef al.’ calcu- 
lated the contact term of the hyperfine interaction 
from the measured line width. In this letter we wish 
to report the direct experimental determination of the 
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Fic. 1. Interaction of the F center electron in KCI with its 
nearest chlorines and K*. The magnetic field is parallel to the 
[100] direction. The additional structure on the chlorine line is 
the result of quadrupole interaction. 


hyperfine and quadrupole interactions of the F center 
electron with its nearest neighbors. 

The fact that the F center line is inhomogeneously 
broadened’ makes it possible to apply the electron 
spin double-resonance‘ technique to this problem. In 
this technique the electron spin resonance line is 
partially saturated. Upon application of an auxiliary 
radio-frequency field, whose frequency corresponds 
to the interaction energy of the F center electron with 
one of its neighboring nuclei, the saturation parameter 
is changed, resulting in a change of the microwave 
signal. Since the nuclear line width was found to be 
of the order of 20 kc/sec in comparison to 150 Mc/sec 
for the electron line width, this technique improved the 
resolution by about four orders of magnitude. 

The F centers were produced by bombarding KCl 
with 1-Mev electrons, which resulted in an F center 
concentration of 2 10'’ cm~*. The sample was placed 
in a magnetic field of ~3000 oersteds at 1.2°K and 
partially saturated with a microwave field at ~9000 
Mc/sec. Figure 1 shows the microwave signal when 
the auxiliary radio field is swept between 3.4 and 6.2 
Mc/sec. This part of the spectrum is due mainly to the 
interaction of the electron with its nearest chlorines 
(and partly to the K" which are only 7% abundant). 
This run was made with the magnetic field parallel to 
the [100] direction of the crystal. When the angle 
6 between Hy and the [100] direction is changed, the 
pattern changes as indicated in Fig. 2. This anisotropic 
part of the hyperfine interaction is a measure of the 
p character of the wave function. Each of the lines in 
Fig. 2 can be associated with a chlorine at a particular 
lattice site as shown in Fig. 3. The additional splitting 
of the lines (see Fig. 1) is due to quadrupole interactions 
of the chlorines (J=3/2) and is a measure of the 
electric field gradient at the respective nuclei. The 
interaction of the electron with its nearest potassium 
nuclei was analyzed in a similar fashion. 

The experimental results may be conveniently sum- 
marized by writing for the part of the Hamiltonian 
describing the nuclear interaction in a crystal with 
axial symmetry’®: 


K=a(I-S)+6(31,S,—1-S)+0'U72—-4(+1)]. (1) 
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Fic. 2. Variation of the hyperfine and quadrupole splitting 

with angle between Ho and the [100] direction, Ho remaining in 

the y—z plane. Each level corresponds to a particular chlorine site 
(see Fig. 3), 


The nuclear transition frequency is then given to first 
order by: 


hv= +g:BvHy+4[a+6(3 cos*a—1) } 
+0'(3 cos’a—1)(m—4), (2) 


where g; is the nuclear g factor, 8y= nuclear Bohr mag- 
neton, a is the angle between //) and an assumed axis of 
symmetry passing through the nucleus in question, m is 
the higher value in the Am;=1 transition and Q’ is 
the electric quadrupole interaction [3eQ/4/(27—1) ] 
X (0°V /d2*), which for J = is just }e0(0°V/0,). By fit- 
ting the experimental data to Eq. (2), we find for K®: 
a/h=21.6 Mc/sec; b/h=0.95 Mc/sec; Q’/h=0.20 
Mc/sec. For Cl*: a/h=7.0 Mc/sec; b/h=0.50 Mc/sec. 
While we found the hyperfine interaction of the 
chlorines to have axial symmetry within experimental 
error,*this is not required by the symmetry of the 
crystal about this point. We did in fact find that the 
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Fic. 3. F center in KCl. The chlorine vacancy is indicated by V. 
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electric field gradient tensor was not axially symmetric. 
Two of the quadrupole coupling components are: 


00 /8V ce (PV 
( - )=0032 Mc/sec, ( ) =0.015 Mc/sec. 
2h\ dx* 2h\ dy" 


The third component, (eQ/2h) (d°V /d2"), must by defini- 
tion be equal to either the sum or the difference of 
these. Since we could not resolve it experimentally, 
we believe it to be the difference 0.013 Mc/sec. The 
values of a obtained above are in excellent agreement 
with the values inferred by Kip ef al.’ from their line- 
width determinations. 

Many more lines were resolved at frequencies below 
4 Mc/sec. They presumably arise from the electronic 
interaction with next nearest neighbors although the 
possibility of another center is not excluded. They are 
being analyzed at present. 

I would like to thank Dr. W. L. Brown for bombard- 
ing the KCI crystal, Dr. P. W. Anderson for many 
enlightening discussions, and Mr. E. A. Gere for his 
assistance in the experiment. 

1C. A. Hutchison, Phys. Rev. 75, 1769 (1949). 

* Kip, Kittel, Levy, and Portis, Phys. Rev. 91, 1066 (1953). 

*A. M. Portis, Phys, Rev. 91, 1071 (1953). 

4G, Feher, Phys. Rev. 103, 834 (1956). 


*A, Abragam and M. H. L. Pryce, Proc. 
A205, 135 (1951). 


Roy. Soc. (London) 


Interband Magneto-Optic Effects 
in Semiconductors 


E. Burstein Anpb G, S. Picus 
Naval Research Laboratory, Washington, D. C. 
(Received December 7, 1956) 


United States 


N a magnetic field the quasi-continuous levels of the 

allowed energy bands of a crystal are coalesced 
into “one-dimensional” magnetic sub-bands. For simple 
energy bands, the magnetic sub-bands with H/ directed 
along the z direction have the form! 


Wk? 


Ey=——+hw (+4), 
2m* 


where hw,= ehH]/m*c is the separation between the sub- 
bands, / is a positive integer or zero, and the condition 
for obtaining well-defined sub-bands is w,.r>1. This 
coalescence of energy band levels into magnetic sub- 
bands may be expected to have an appreciable effect on 
optical interband transitions in semiconductors. 
Recent studies of the effect of magnetic field on 
intrinsic absorption in InSb have shown that the mag- 
netic field increases the optical band gap and thus shifts 
the absorption edge to shorter wavelengths.” This effect 
was attributed to the increase in energy, with magnetic 
field, of the lowest (l=0) magnetic sub-band in the 
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Fic. 1. Intensity of radiation transmitted through an intrinsic 
specimen of InSb (approximately 10 microns thick) plotted as a 
function of magnetic field for several photon energies. The mag- 
netic field was parallel to the face of the specimen. 


conduction band. These studies have now been extended 
to higher photon energies using specimens about 10 
to 20 microns thick. It is found that for magnetic fields 
as low as 15 000 gauss, the intrinsic absorption spec- 
trum exhibits several prominent absorption peaks. 
These absorption peaks are attributed to vertical 
optical transitions between magnetic sub-bands of the 
V» (light hole) valence band and the magnetic sub- 
bands of the conduction band. 

In Fig. 1, the room temperature transmission of an 
intrinsic specimen of InSb is plotted as a function of 
magnetic field at different photon energies. The in- 
crease in transmission with magnetic field in the lowest 
photon energy curve is due to the shift of the absorption 
edge to higher photon energies. The oscillation in trans- 
mission with increasing magnetic field, in the higher 
photon energy curves, is reminiscent of de Haas-van 
Alphen effects. In Fig. 2, the relative transmission, 
T(H)/T(H=0), is plotted as a function of photon 
energy at several magnetic fields. The curves exhibit 
three pronounced transmission minima, i.e., absorption 
peaks, whose positions shift to higher photon energies 
with increasing magnetic field. 

On the basis of available experimental and theoretical 
information about the free carriers in InSb,’ it appears 
that, at the magnetic fields used in these experiments, 
the condition w,7> 1 is satisfied for the holes in the V2 
valence band as well as for the electrons in the conduc- 
tion band, but is not satisfied for the holes in the V; 


(heavy hole) valence band. The levels of both the 
conduction band and the V2 valence band are therefore 
coalesced into well-defined magnetic sub-bands.‘ (See 
Fig. 3.) It is tentatively suggested that the absorption 
peak at the lowest photon energy involves transitions 
from the /=0 magnetic sub-band in the valence band 
to the /=0 magnetic sub-band in the conduction band; 
that the middle absorption peak involves transitions 
from the /=1 valence sub-band to the /=0 conduction 
sub-band; and that the highest photon energy ab- 
sorption peak involves transitions from the /=0 
valence sub-band to the /=1 conduction sub-band. 
The separation between the first two peaks is accord- 
ingly associated with the separation between the /=0 
and /= 1 valence sub-bands, and the separation between 
the first and third peaks is associated with the separa- 
tion between the /=0 and /=1 conduction sub-bands. 
The absence of other prominent peaks may indicate 
the existence of a selection rule for A/. These energy 
separations indicate a value of 0.044m for the effective 
mass of the light holes. This value is only an upper limit 
since the coalescence of the valence band levels involves 
quantum effects arising from the degeneracy of the 
valence bands. A value of 0.016m is obtained for the 
effective mass of the electrons, in good agreement with 
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Fic. 2, Relative transmission, 7(H)/T(H=0), of InSb at 
room temperature plotted against photon energy at several mag- 
netic fields. The effective slit width used in the measurements was 
approximately 0.001 ev. The transmission minimum at 0.217, in 
the curve for H = 50 000 gauss, coincides with an absorption band 
in the cement used to mount the InSb specimen. The transmitted 
energy in this region was very low and the indicated band is 
therefore believed to be spurious, 
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Fic. 3. Schematic energy-momentum diagram of the conduction 
and valence bands of InSb in the presence of a magnetic field 
showing the magnetic sub-bands (/,=0, 1, 2) of the V2 (light hole) 
valence band and those (/,=0, 1, 2) of the conduction band. The 
nonparabolic character of the bands and the quantum effects in 
the valence band have not been taken into account, and it is 
assumed that the V; (heavy hole) valence bands are not appre- 
ciably affected by the magnetic field. The Vs valence band which 
is split away from the V; and V, valence bands by spin-orbit 
interaction is also not shown. 


the value of 0.015m obtained from infrared cyclotron 
resonance experiments® at comparable magnetic fields. 

The effect of magnetic field on optical interband 
transitions, the interband magneto-optic (IMO) effect, 
is related to cyclotron resonance in the same way that 
the Zeeman effect is related to paramagnetic resonance. 
Both the IMO effect and cyclotron resonance involve 
the coalescence of energy band levels in a magnetic field. 
However, the IMO effect involves optical transitions 
between magnetic sub-bands belonging to different 
energy bands, whereas cyclotron resonance involves 
optical transitions between magnetic sub-bands belong- 
ing to the same energy band. For intrinsic absorption, 
the IMO effect does not depend on the presence of free 
carriers and can therefore be studied under conditions 
where the free carrier concentration is either too small 
or too large for cyclotron resonance experiments. 
Furthermore, the IMO effect should be particularly 
useful for obtaining information about energy surfaces 
away from the band edge, as well as about the effective 
masses of energy bands whose edges occur away from 
the forbidden energy gap. 
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We wish to express our appreciation to F. Blatt 
E. O. Kane, and R. F. Wallis for valuable discussions. 
We are also indebted to S. Slawson for preparing the 
polished thin sections used in the experiments, to A. 
Mister and R. Anonson for operating the NRL Bitter 
Magnet, to S. Adler and W. M. Cole for assistance in 
designing and setting up the optical equipment, and to 
B. W. Henvis for a number of the calculations. 


1F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
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Distribution, Production Rate, and Possible 
Solar Origin of Natural Tritium* 
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IBBY and co-workers have estimated the produc- 
tion rate of natural tritium as @=0.14 T atom/ 
cm? of earth surface (cm,’)-sec, based on their measure- 
ments of the tritium content of natural waters,'? Q was 
calculated separately from material balance considera- 
tions over (1) the oceans, and (2) the continents, 
equating the cosmic-ray production rate with the net 
loss from the oceanic and continental atmospheres by 
precipitation; the values obtained were, respectively, 
0,12 and 0.16, in good agreement.’ A Q value of 0.14, 
coupled with an average surface ocean concentration 
(pre-thermonuclear tests) of 0.24 atom T per 10'* atoms 
H (0,24 tritium unit or T.U.), was calculated as indi- 
cating uniform mixing of the sea to a depth of about 100 
meters, assuming no T to be stored below this depth.’ 
Tritium production by high-energy protons on nitro- 
gen and oxygen has been measured; the cross sections 
are about 30 mb with excellent agreement between two 
sets of data.’* From these measurements and considera- 
tions of the cosmic-ray primary flux and neutron contri- 
bution, Q is calculated, independently of observed con- 
centrations, to be approximately* 0.2 T atorn/cm,? sec, 
and, more precisely,’ 0.14903", in agreement with 
the rate indicated by the natural concentrations. 
However, the tritium production rate must be a good 
deal higher than the figures quoted above. The average 
residence time of water below the oceanic thermocline is 
very probably less than 500 years, and certainly less 
than 1000 years, as determined by oceanographic 
measurements,®® data on the heat flux through the 
ocean floor,’ and measurements of, and calculations 
based on, the distribution of radiocarbon in the atmos- 
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phere and sea.*- These times correspond to residence 
times in the mixed layer of the sea of 10-20 years, 
comparable to the 18-year mean life of tritium. Equa- 
tions relating the atmospheric production rate of a 
radioactive isotope to its concentration in the atmos- 
phere, in the sea above and below the thermocline, and 
to the various mixing rates involved, were derived and 
applied to the distribution of radiocarbon,’ and of 
tritium,” The tritium calculations show that for rea- 
sonable limits on the average deep-sea residence time of 
water of 100-500 years, the tritium flux into the sea (Q 
units) must be from 5.4 to 1.7 times the tritium concen- 
tration in surface sea water (T units). Taking the 
surface concentration as 0.24 T units,’ the tritium flux 
into the sea should be between 1.3 and 0.4 T atom/ 
cm sec, 

Accordingly, the T production rate over the North 
American continent was recalculated, using Libby’s 
data* but taking into account removal of T from the 
continent by the outgoing water vapor flux," as well as 
by runoff. The average net T production in the North 
American atmosphere is found to be about 1,2+0.5 
atom/cm? sec, the main uncertainty being the storage 
time of continental water. 

To calculate Q, the effects of geomagnetic latitude, 
and of holdup in the stratosphere consistent with the 
10-year stratospheric residence time of Sr from wea- 
pons tests, reported by Libby,” must be considered. 
About half of the cosmic-ray production probably takes 
place above the tropopause, and horizontal mixing in 
the stratosphere appears to be rapid enough to overcome 
geomagnetic effects in that region.” Q was calculated by 
two different assumptions ; 

(1) All T is made by cosmic rays (assuming an un- 
detected mechanism), half above, and half below, the 
tropopause, with a 10-year holding time in the strato- 
sphere and geomagnetic correction to be applied only 
to the tropospheric production. Then Q (total world 
average) is 1.0, and the net flux of T into the sea is 0.8, 
both in atoms/cm,’ sec. ; 

(2) Only 0.2 T atom/cm/? sec are produced by cosmic 
rays, as indicated by experimental data, the remainder 
being accreted from an extraterrestrial source into the 
stratosphere, With correction factors similar to those 
used in (1), then Q (from accretion plus cosmic rays) is 
1.7, with a net flux into the sea of about 1.0 atom/cm? 
sec, 

From these figures the average residence time of 
water below the oceanic mixed layer is calculated to be 
about 150-200 years, in good agreement with the few 
reliable C™ data,*® measurements of the secular de- 
crease of dissolved oxygen in deep Atlantic water,*® and 
the oceanographic estimates. Moreover, a direct cal- 
culation of the T/H ratio in tropospheric molecular 
hydrogen, based on the mixing rate through the tropo- 
pause and the water vapor content of the stratosphere, 
predicts a T concentration of the order of 10° T units, 
in excellent agreement with recent extensive measure- 
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ments by Begemann and Libby (personal communica- 
tion). The low production rate calculated from the 
measured transfer of T into the sea by oceanic precipi- 
tation,’ indicates that most of the tritium enters the 
sea by direct molecular exchange across the sea surface. 
The world inventory of natural tritium is found to be 
about 20 kg, or 200 megacuries, most of which is in the 
deep sea with a predicted concentration of about 
0.015 T units. 

Details of the present study will be published else- 
where. The purpose of this note is to point out that 
approximately 1+0.5 T atom/cm? sec, i.e., the bulk of 
the world production, cannot be accounted for by pres- 
ent estimates of the contribution from cosmic rays; 
the discrepancy is about one order of magnitude. The 
cross section for production by protons on N2 and O, 
has been found to be the same, within experimental 
error, at 450 Mev and 2,2 Bev‘; thus it appears unlikely 
that cosmic-ray production can account for the tritium 
flux into the atmosphere. Tritium production in rocks 
by neutrons on lithium has been shown to be negligible.” 
Moreover, a lower limit for the production rate of He’, 
computed from an estimated terrestrial production and 
escape rate of He‘, may be as much as 10 atoms/cm? 
sec, an order of magnitude higher yet than the pres- 
ently computed tritium production rate. 

If these elements are being accreted by solar emission, 
it may well be that the production of light elements on 
the surfaces of stars is a more widespread and common 
occurrence than has been estimated as possible by the 
proponents of the idea,'® and serious attention should be 
given to experimental attempts to detect accretion of 
these and other light elements. Solar contribution of 
heavy nuclei (Z > 10) has recently been suggested"* as an 
explanation of an observed daily variation in intensity 
without an associated neutron intensity variation. 

A discussion of possible explanations of the high T 
flux will be communicated by the writer and B. Feld, 
who suggested the possible solar origin on the basis of 
his preliminary confidence in the present evaluation of 
cosmic-ray contributions.'? I wish to thank Bruno 
Rossi for discussions on the primary cosmic-ray flux, 
and F. Begemann and M. Rubin for unpublished data 
on tritium and carbon 14. 

* Contribution from the Scripps Institution of Oceanography, 
New Series, No. 865. This paper represents in part the results of a 
general study carried out while the writer was a member of a 
National Academy of Sciences Study Group on oceanographic 
effects of nuclear phenomena. Part of this research was supported 
by the Office of Naval Research, 
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EL. Fireman and F. S$. Rowland, Phys. Rev. 97, 780 (1955). 
‘Currie, Libby, and Wolfgang, Phys. Rev. 101, 1557 (1956). 

*W. Wooster and B. Ketchum, Final Report, National Acad- 
emy of Sciences Committee on Effects of Atomic Radiation on 
name ge and Fisheries (to be published). 

*L. V. Worthington, Deep-Sea Research 1, 244 (1954). 


TR. Revelle and A. E. Maxwell, Nature 170, 199 (1952). 
* Unpublished C“ measurements on deep sea water by M, 
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Rubin, U. S. Geological Survey Radiocarbon Laboratory, kindly 
communicated to the writer. (See references 9 and 10.) 

*H. Craig, Tellus (to be published). 

” H. Craig, reference 5. 

" Benton, Estoque, and Dominitz, Science Report No. 1, Civil 
Engineering Department, Johns Hopkins University, 1953 
(unpublished). 

#2 W. F. Libby, Science 123, 656 (1956); Proc. Nat. Acad. Sci. 
42, 365 (1956). 

4 P, Morrison and J. Pine, Ann. N. Y. Acad. Sci. 62, 69 (1955). 

4K. Mayne, Geochim. et Cosmochim. Acta 9, 174 (1956). 

* Fowler, Burbidge, and Burbidge, Astrophys. J. Suppl. 2, 167 
(1955). 

1° M. Koshiba and M. Schein, Phys. Rev. 103, 1820 (1956). 

" Note added in proof.—The results of these calculations were 
discussed with F, Begemann and W. F. Libby during the summer 
of 1956; they now find that their recent data on the tritium 
balance in the Mississippi Valley, taking into account outward 
vapor transport of tritium as discussed above, indicate a produc- 
tion rate over that area equal to the value calculated above for 
North America. Recently J. Arnold has also concluded from con- 
sideration of the present calculations that tritium is probably 
being accreted from the sun. 


Catalysis of Nuclear Reactions 
by y Mesons* 
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Crawrorp,t P. FaLk-Varrant, M. L. Goon, J. D. Gow, 
A. H. Rosenre.p, F. Sotmitz, M. L. Stevenson, 
H. K. Ticuo, ann R. D. Tripp 
Radiation Laboratory, University of California, Berkeley, California 
(Received December 17, 1956) 


I‘ the course of a recent experiment involving the 
stopping of negative K mesons in a 10-inch liquid 
hydrogen bubble chamber,' an interesting new reaction 
was observed to take place. The chamber is traversed 
by many more negative u mesons than K mesons, so that 
in the last 75 000 photographs, approximately 2500 yo 
decays at rest have been observed. In the same pictures, 
several hundred w~ mesons have been observed to disap- 
pear at rest, presumably by one of the “Panofsky reac- 
tions.”” For tracks longer than 10 cm, it is possible to 
distinguish a stopping » meson from a stopping x meson 
by comparing its curved path (in a field of 11 000 gauss) 
with that of a calculated template. In addition to the 
normal #~ and w~ stoppings, we have observed 15 cases 
in which what appears (from curvature measurement) 
to be a w~ meson coming to rest in the hydrogen, and 
then giving rise to a secondary negative particle of 1.7- 
cm range, which in turn decays by emitting an electron. 
(A 4.1-Mev yw meson from r—y decay has a range of 
1.0 cm.) The energy spectrum of the electrons from 
these 15 secondary particles looks remarkably like that 
of the 4 meson: there are four electrons in the energy 
range 50 to 55 Mev, and none higher ; the other electrons 
have energies varying from 50 Mev to 13 Mev. The 
most convincing proof of the fact that the primary 
particle actually comes to rest, and does not—for 
example—have a large resonant cross section for 
scattering at a residual range of 1.7 cm, is the following: 
in five of the fifteen special events, there is a large gap 
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Fic. 1, Example of H-D reaction catalyzed by u~ meson. The 
incident meson comes to rest, drifts as a neutral mesonic atom, 
is ejected with 5.4 Mev by the H-D reaction, comes to rest again 
after 1.7 cm, and decays. 


between the last bubble of the primary track and the 
first bubble of the secondary track. This gap is a real 
effect, and not merely a statistical fluctuation in the 
spacing of the bubbles, since in some cases the tracks 
form a letter X (see Fig. 1), and in another case the 
secondary track is parallel to the primary, but displaced 
transversely by about 1 mm at the end of the primary. 
These real gaps appear also (although perhaps less 
frequently) between some otherwise normal-looking yu 
endings and the subsequent decay electron; they are 
thought to be the distance traveled by the small neutral 
mesonic atom.’ 

One may quickly dispose of the most obvious sug- 
gestion that the events are x~—y~—e~ decays. If, by 
some unknown process, negative m mesons could decay 
at rest in hydrogen, their secondary yu’s would have a 
range of 1.0 cm, rather than the observed unique range 
of 1.7 cm. But, most importantly, the curvature of the 
stopping particles definitely precludes any possibility 
that they are w’s. Therefore, if one is to explain the new 
observations in terms of known particles, he must say 
that the primary is a » meson (as determined by curva- 
ture and range), and the secondary is also a u meson (as 
determined by its decay-electron spectrum). The prob- 
lem presented is then to find the source of the energy 
that “rejuvenates” the u meson after it has come to rest. 
The energy that must be supplied to the ~ meson is 5.4 
Mev, as determined from the range-energy relationship 
in hydrogen. (We explored the possibility that one of the 
particles was an ordinary » meson, while the other was 
either heavier or lighter by about 6 Mev. In this case, 
the heavier could not decay into the lighter in free space, 
as a m decays into a yw, because this process requires more 
of a mass difference between the two particles than was 
allowed by the measurements. One could just stay 
within the experimental limits by assuming that the 
decay took place in the field of a proton, and that the 
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lighter particle then decayed in the usual y-meson 
manner.) 

The following explanation seems satisfactory.‘ If the 
u— p mesonic atom referred to above finds a deuteron, 
and the deuteron becomes bound in the mesonic equiv- 
alent of an H-D molecul:. ion, then the mean H-D 
spacing is about 1/200 as large as that in the ordinary 
H-D molecular ion. The meson, in effect, confines the 
two nuclei in a small box. Rough estimates of the barrier 
penetration factor (approximately 10~*) and the vibra- 
tion frequency (approximately 10'7 per second) indicate 
that the time required for a nuclear reaction between 
H and D should be small compared with the life of the 
» meson, In some yet unknown fraction of the cases, the 
reaction energy is taken up by the w meson, which 
appears in the bubble chamber with a kinetic energy of 
5.4 Mey, i.e., nearly the mass difference between H+ D 
and He’. (The recoil He*® should not be visible in any 
case, ) 

If, as we believe, the explanation outlined above is 
correct, several apparent discrepancies must be re- 
solved. For example, early suggestions that deuterium 
might have something to do with the observations were 
discarded because the ratio of 1.7-cm y’s to decay elec- 
trons is about 1/200 whereas the deuteron contamina- 
tion in the bubble chamber is only about 1/5000. It 
seems possible to overcome this difficulty if a deuteron 
is able to rob the meson from a proton. The » mesons will 
be bound more tightly by deuterons than by protons, 
because of the 5% larger reduced mass. This amounts 
to 135 ev for the ground state, This effect, and several 
others of a similar nature, are being investigated ex- 
perimentally by increasing the concentration of deu- 
terium in the bubble chamber. 

It may also be that the surprisingly long gaps at the 
end of some of the stopping yu’s can be understood by 
invoking the 135 ev available for reccil when the 
deutercn robs the w~ from a u»— H mesonic atom during 
a collision. 

It is interesting to speculate on the practical im- 
portance of this process if a sufficiently heavy, nega- 
tively charged, weakly interacting particle more long- 
lived than the y is ever found, The particle cbserved by 
Alikanian e/ al.® in the cosmic rays has a mass of about 
500 m,, and was cbserved to come to rest in a cloud 
chamber without interacting or ejecting a decay frag- 
ment, A bubble chamber filled with liquid deuterium 
should be an excellent detector for such particles, One 
might expect to see large “stars” at the end of the 
heavy meson track, due to a sequence of catalyzed 
reactions that would continue until the meson disap- 
peared by decay. 

We wish to express our thanks to the bubble chamber 
crews, under the direction of R. Watt and G. Eckman, 
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and to our scanners. We are also indebted to the three 
new members of our group, M. Cresti, L. Goidzahl, and 
K. Gottstein; and to E. Teller for an interesting dis- 
cussion. 


Nowe added in proof,—We have obtained preliminary results on the 
effect of increasing the deuterium concentration. The following numbers 
come from spot-checking and fast scanning only: 


Natural 0.3% 

se 2541 2959 

H+D—-He +y~ 15 57 

He*+-y™ per w~ ending 06% 2% 
Preliminary analysis indicates that the frequency of visible gaps in »—¢ 
decays at first increases with increasing deuterium concentration; however, 
at the 4.3% concentration, gaps are no longer seen, We have seen one 
case where the same y™ catalyzes the He*+p™ reaction twice. We have 
seen a few events which we interpret as the reaction D +D—-H' +H}, 


Deuterium Concentration: 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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HE authors of a recent communication’ appear to 
have overlooked a previous determination made 
in this laboratory two years ago.’ The experiments there 
briefly described have now been completed: a full 
account will shortly be published.? The Columbia result 
Oxw= (0.074+0.02)X10™ cm? is not in disagreement 
with our final value, + (0.113+0.02) 10™ cm?, which 
is based on a complete analysis of the hyperfine struc- 
ture of 5 *P; in weak and strong magnetic fields. No 
assumptions are made concerning the ratio of the a 
factors in the P; and P, levels: these are determined 
independently of each other. The sign of Q is deter- 
mined unambiguously in our experiments. Our final 
value differs from the preliminary value by an amount 
within the limits of error of the latter. 
1 Buck, Rabi, and Senitsky, Phys. Rev. 104, 553 (1956). 
*G. J. Ritter and G. W. Series, Proc. Phys. Soc. (London) 
A68, 450 (1955). 


3G. J. Ritter and G. W. Series, Proc. Roy. Soc. (London) 
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